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Abstract

In positron emission tomography (PET), a quantitative reconstruction of the tracer distribution
requires accurate attenuation correction. We consider situations where a direct measurement of
the attenuation coefficient of the tissues is not available or unreliable, and where one attempts to
estimate the attenuation sinogram directly from the emission data by exploiting the consistency
conditions that must be satisfied by the non-attenuated data. We show that in time-of-flight
(TOF) PET, the attenuation sinogram is determined by the emission data except for a constant
and that its gradient can be estimated efficiently using a simple analytic algorithm. The stability
of the method is illustrated numerically by means of a 2D simulation.

1Dept. of Nuclear Medicine, Vrije Universiteit Brussel, B-1090, Brussels, Belgium,
mail: mdefrise@vub.ac.be,
2Dept. of Nuclear Medicine, Katholieke Universiteit Leuven, B-3000, Leuven, Belgium,
mail: ahmadreza.rezaei@uzleuven.be,
3Dept. of Nuclear Medicine, Katholieke Universiteit Leuven, B-3000, Leuven, Belgium,
mail: johan.nuyts@uzleuven.be.



Time-of-flight PET data determine the attenuation sinogram up to a constant. 2

1. Introduction

In positron emission tomography (PET), an accurate quantitative reconstruction of the

tracer distribution requires taking into account the attenuation of the photons by the

tissues. The spatial distribution of the attenuation coefficient (the attenuation image) is

usually estimated by means of a CT scan, extrapolated to the required photon energy of

511 keV, and forward projected to obtain the attenuation sinogram [1]. There are situations

however where this external information about the attenuation is unavailable, incomplete,

or potentially inaccurate due for instance to patient motion between the transmission scan

and the emission scan or to the utilization of radiological contrast agents [2]. Despite recent

progresses [3, 4, 5], estimating the attenuation from MR data in PET-MR scanners remains

complex and more prone to errors than with PET-CT scanners. In all these cases, any

additional information should be exploited to improve the stability and accuracy of the

reconstruction. Potential sources of additional information include known values of the

attenuation coefficients in various types of tissues [6] but also the emission data themselves,

which have long been known to contain significant information about the attenuation. An

interesting illustration of the latter is given for two-dimensional (2D) PET by theorem 2.1 in

[7]: if the tracer distribution consists of finitely many point sources, one of which is outside

the convex hull of the attenuating medium, then the attenuation factors are determined in

a unique way for all lines of response containing a source, i.e. for all lines of response

for which the attenuation factors are needed for image reconstruction. This theorem and

similar properties explain the success of statistical iterative algorithms that simultaneously

estimate the tracer distribution and the attenuation image from the combined emission and

transmission data. The goal of these algorithms is to supplement the poor signal-to-noise

ratio in the transmission data measured with external rotating positron sources in PET

scanners of the previous generations [8, 9, 10, 11].

The question then naturally arises: is it possible to estimate the attenuation correction

factors using only the emission PET data ? The answer is negative: emission data do not

determine the attenuation correction factors [7]. The simplest examples of non-uniqueness

involve problems where the tracer distribution and the attenuating medium are both radially

symmetrical. There have nevertheless been attempts to solve this problem. Natterer et al

[12, 13] use the Helgason-Ludwig consistency conditions to estimate the coefficients of a

simple parametric model of the attenuation image, such as a uniform ellipse mimicking

the abdomen. Iterative methods have also been described, see e.g. [14, 15, 16], as well as

methods based on discrete consistency conditions [17]. Despite some encouraging results, the

problem is poorly determined and in most cases the estimated attenuation image contains

artefacts, which mirror structures of the activity image (these errors are referred to as

cross-talk artefacts). The poor stability of this problem also explains why PET images

reconstructed without attenuation correction are not only quantitatively inaccurate, but also

structurally inaccurate, missing for instance lung tumors where the increased attenuation

almost exactly compensates the increased tracer uptake [18].
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This paper deals with attenuation correction in time-of-flight (TOF) PET. Recent

studies [19, 20, 21, 22] have shown that time-of-flight (TOF) reconstruction is more robust

than non-TOF reconstruction when the attenuation image is not known accurately. We

provide new insight into this issue, with the following results. First, by exploiting the

consistency condition for the TOF Radon transform, we prove in section III that under

fairly general assumptions the emission 2D TOF data determine the attenuation sinogram

up to an additive constant. Secondly, section IV presents an analytical algorithm to solve

this problem, and an approximate analysis of noise propagation is given in section V.

Numerical results with simulated 2D TOF data in section VI illustrate the performance

of this algorithm.

2. Time-of-flight 2D PET data

We parametrize the 2D TOF data of a tracer distribution f(~x = (x, y)) as

p(φ, s, t) =
∫ ∞
−∞

dl f(sû⊥ + lû) w(t− l) (1)

where s and φ are the usual transaxial sinogram coordinates and w(t) is the TOF profile.

The unit vectors

û⊥ = (cosφ, sinφ) û = (− sinφ, cosφ) (2)

are respectively orthogonal and parallel to the line of response. The TOF bin t = 0

corresponds to the mid-point of the line of response (LOR). The attenuation coefficient

is denoted by µ(~x) and the attenuation factors are

a(φ, s) = exp{−
∫ ∞
−∞

dl µ(sû⊥ + lû)} = exp{−(Rµ)(φ, s)} (3)

with R denoting the 2D Radon transform. The attenuation sinogram (Rµ)(φ, s) is the

Radon transform of the attenuation image µ(~x). The measured data are m(φ, s, t) =

p(φ, s, t)a(φ, s).

We make the following assumptions:

(i) The TOF profile is a Gaussian with standard deviation σ <∞,

w(t) = e−t
2/2σ2

/
√

2πσ. (4)

(ii) For each measured line of response (φ, s), the TOF data are measured for all t ∈ IR.

(iii) The tracer distribution f(~x) and the attenuation coefficient µ(~x) are non-negative

functions with continuous first derivatives and bounded supports.

(iv) No line of response is totally attenuated, so that a(φ, s) > 0 for all φ, s.

Define the sinogram region Ω as the set of lines of response that contain activity,

Ω = {(φ, s) ∈ [0, π)× IR |m(φ, s, t) > 0} (5)

With these assumptions, the following results hold true:
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• Theorem 1: The emission data determine the φ and the s derivatives of the Radon

transform Rµ of the attenuation image for all (φ, s) ∈ Ω.

• Corollary 2: The emission data determine the Radon transform Rµ of the attenuation

image up to an additive constant within the region Ω.

• Corollary 3: If the attenuation factor a(φ, s) is known for some line of response

(φ, s) ∈ Ω, then the emission data determine in a unique way all attenuation factors

within Ω.

3. Proofs

3.1. Proof of Theorem 1

Consider some line of response (φ, s) ∈ Ω. Let f1(~x) and f2(~x) be two tracer distributions

and µ1(~x) and µ2(~x) two attenuation images which satisfy

m(φ′, s′, t) = p1(φ
′, s′, t)a1(φ

′, s′) = p2(φ
′, s′, t)a2(φ

′, s′) (6)

for (φ′, s′) in a neighborhood of (φ, s) and t ∈ IR. Here pj and aj, j = 1, 2 are defined by

equations (1) and (3) with f and µ replaced by fj and µj. To prove theorem 1, we must

show that

∂(Rµ2 −Rµ1)

∂φ
=
∂(Rµ2 −Rµ1)

∂s
= 0. (7)

The noise-free, attenuation corrected, 2D TOF data (1) satisfy a range condition defined

by the partial differential equation ([23], see [24] for the extension to 3D TOF PET):

Dp = t
∂p

∂s
+
∂p

∂φ
− s∂p

∂t
+ σ2 ∂

2p

∂s∂t
= 0. (8)

For completeness the proof of this property is given in appendix I. Applying the differential

operator D to m, and using the fact that (8) is satisfied by p1 and p2 and that a1 and a2

are independent of the TOF variable t, one obtains the following identity:

Dm = p1(t a1,s + a1,φ) + σ2a1,s p1,t = p2(t a2,s + a2,φ) + σ2a2,s p2,t (9)

where we omit the variables (φ, s, t) and the subscript ,ξ denotes the partial derivative w.r.t.

a variable ξ, thus,

aj,s =
∂aj(φ, s)

∂s
aj,φ =

∂aj(φ, s)

∂φ
pj,t =

∂pj(φ, s, t)

∂t
j = 1, 2. (10)

Defining the functions

qj(φ, s, t) = pj(φ, s, t) exp(t2/2σ2) j = 1, 2 (11)

and their partial derivatives qj,t = ∂qj/∂t, equation (9) can be rewritten after multiplication

by a2 exp(t2/2σ2) > 0 as,

a2 a1,φ q1 + σ2a2 a1,s q1,t = a2,φ a2 q2 + σ2a2,s a2 q2,t. (12)
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From equation (6), a2q2 = a1q1 and a2q2,t = a1q1,t (because the functions aj(φ, s) are

independent of t), and therefore equation (12) becomes

(a2 a1,φ − a1 a2,φ) q1 + σ2(a2 a1,s − a1 a2,s) q1,t = 0 (13)

or, using aj > 0 and dividing by a1a2,

α q1 + σ2β q1,t = 0 (14)

with

α =
∂ log(a1)

∂φ
− ∂ log(a2)

∂φ
=
∂(Rµ2 −Rµ1)

∂φ
,

β =
∂ log(a1)

∂s
− ∂ log(a2)

∂s
=
∂(Rµ2 −Rµ1)

∂s
. (15)

For the fixed line of response (φ, s) that we are considering, equation (14) is an ordinary

differential equation (ODE) in t, which must be satisfied for all t ∈ IR.

We first show that β = 0. For, suppose β 6= 0. Then the solution of the ODE (14) is

p1 = exp(−t2/2σ2)q1 = C exp(−(t+ α/β)2

2σ2
) (16)

with C > 0 because m(φ, s, t) > 0. But comparison with equation (1) shows that p1 defined

by equation (16) corresponds to a tracer distribution which, along the line (φ, s), is a point

source at t = −α/β. This can be verified by noting that the unique solution of the equation

C exp(−(t+ α/β)2

2σ2
) =

∫ ∞
−∞

dl f1(sû
⊥ + lû)

1√
2πσ

e−(t−l)2/2σ2

(17)

is f1(sû
⊥ + lû) =

√
2πσC δ(l+ α/β)‡. A point source is contradictory with the assumption

that f ∈ C1, and therefore we conclude that β = 0. Equation (14) then reduces to α q1 = 0,

which implies α = 0 because q1 > 0. This concludes the proof of theorem 1.

3.2. Proof of Corollary 2

From theorem 1, the φ and s derivatives of Rµ are determined by the emission data for all

lines of response within the domain Ω defined by equation (5). Consider two arbitrary lines

of response A = (φa, sa) ∈ Ω and B = (φb, sb) ∈ Ω. From the Lemma in Appendix 2, these

two lines of response can always be linked by a continuous piece-wise smooth curve LAB in

the sinogram, defined parametrically by (φ(u), s(u)), u ∈ [0, 1] with (φ(0), s(0)) = (φa, sa)

and (φ(1), s(1)) = (φb, sb), and such that (φ(u), s(u)) ∈ Ω for 0 ≤ u ≤ 1. Integrating

equation (7) along LAB yields

Rµ2(φ, s)−Rµ1(φ, s) = K (18)

for (φ, s) ∈ Ω and for some constant K, or equivalently a2(φ, s) = e−Ka1(φ, s). This

concludes the proof of Corollary 2. Corollary 3 immediately follows.

‡ This can be seen by taking the 1D Fourier transform w.r.t. t. Note that since α and β both change
sign when swapping the indices 1 and 2, f2 is also a point source along that line, at the same location but
possibly with another intensity C.



Time-of-flight PET data determine the attenuation sinogram up to a constant. 6

3.3. Remarks

(i) Theorem 1 and the two corollaries allow estimating the attenuation factors a(φ, s) only

within Ω, the interior of the support of the emission sinogram, but this is all that

is needed to reconstruct the tracer distribution f(~x). On the other hand, when the

support of the attenuating medium is larger than the support of f(~x), reconstructing

the attenuation image µ(~x) is impossible unless additional information is available such

as information over the patient bed.

(ii) The third hypothesis for Theorem 1 limits its applicability to functions f and µ with

continuous first derivatives. This condition is not satisfied in general but the PET

detectors act as low pass filters and the data are therefore samples of a smoothed

function p. This low-pass filtering is shift variant and it is unlikely that it would

preserve the consistency condition. However, the major limitation to the practical

accuracy of the method is probably related to the discrete data sampling and to the

noise rather than to this differentiability condition.

(iii) The condition m(φ, s, t) > 0 defining the region Ω where the sinogram gradient can be

recovered becomes in practice m(φ, s, t) > ε, with ε some lower bound on the activity

along a line of response. Therefore, stability problems are expected for lines of response

close to the boundary of the support of the sinogram. This problem will be illustrated

in section VI.

(iv) According to Corollary 2, the attenuation sinogram is determined by the emission data

only up to an additive constant K. Note however, that if the support of the tracer

distribution and of the attenuation image are both the disk of radius R, the constant

sinogram

(RµK)(φ, s) =

{
K |s| ≤ R

0 |s| > R
(19)

corresponds to an attenuation image

µK(~x) =


K

π
√
R2−|~x|2

|~x| ≤ R

0 |~x| > R
(20)

This attenuation image is singular at the boundary of the disk and hence does not

satisfy assumption (iii) in section II. It is likely that an iterative algorithm including

a smoothness constraint or an upper bound on the attenuation coefficient would not

reach this solution.

(v) One way to apply Corollary 3 is to add outside the convex hull of the scanned object

a small reference object with known attenuation and activity [25]. The attenuation

a(s, φ) is then known for any LOR that crosses this reference but does not cross the

scanned object, and Corollary 3 then allows recovering a(s, φ) for all LORs in Ω.

(vi) The proof of Theorem 1 can be extended to the case of 3D TOF-PET with a cylindrical

scanner. Only a sketch of this extension is given here. Consider a cylindrical scanner
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of length L with axis along the vertical axis z, and two LORs A and B which have

activity. The LOR A intersects the detector area (the lateral surface of the cylinder)

in two detector points with coordinates (x1
A, y

1
A, z

1
A) and (x2

A, y
2
A, z

2
A) with |z1

A| ≤ L/2,

|z2
A| ≤ L/2. Similarly for B. The two LORs can be related continuously as follows:

(a) Applying Theorem 1 within the vertical plane (i.e. parallel to the z-axis) containing

A, move continuously from A to its projection Ap onto the transaxial plane z = 0.

Ap is the LOR linking the two detector points (x1
A, y

1
A, 0) and (x2

A, y
2
A, 0).

(b) Applying Theorem 1 within the transaxial plane z = 0, move continuously from

Ap to the projection Bp of LOR B onto the transaxial plane z = 0. Bp links the

two detector points (x1
B, y

1
B, 0) and (x2

B, y
2
B, 0). See the lemma in appendix 2.

(c) Applying Theorem 1 within the vertical plane containing B, move continuously

from Bp to B.

One easily checks that each step can be achieved involving only intermediate LORs

that connect detectors with |z| ≤ L/2, thus belonging to the active area of the

cylindrical scanner. For most realistic configurations, all these intermediate LORs have

activity and in that case one therefore concludes that the 3D TOF-PET emission data

determine, up to a single global constant, the integral of the attenuation image µ along

all LORs which have activity. Due to the axial truncation of the scanner, the lemma

of appendix 2 cannot be extended to 3D, and for some non simply connected activity

images, several constants may be needed.

4. Analytic inversion

This section describes an analytic algorithm to estimate the gradient of the attenuation

sinogram from 2D emission TOF data, following essentially the logic of the proof of theorem

1. Using the same notations, consider some line of response (φ, s) ∈ Ω. The attenuation

corrected data m/a are consistent and must therefore satisfy equation (8). Noting that

a(φ, s) 6= 0 and replacing p by m/a, equation (8) becomes

0 = D
(
m(φ, s, t)

a(s, φ)

)
=

1

a(s, φ)
Dm(φ, s, t)− m(φ, s, t)

a(s, φ)2

(
t
∂a(φ, s)

∂s
+
∂a(φ, s)

∂φ

)
− σ2

a(s, φ)2

∂m(φ, s, t)

∂t

∂a(φ, s)

∂s
(21)

Multiplying this equation by a(s, φ), we obtain

t
∂m(φ, s, t)

∂s
+
∂m(φ, s, t)

∂φ
− s∂m(φ, s, t)

∂t
+ σ2∂

2m(φ, s, t)

∂s∂t
(22)

= m(φ, s, t)

{
t
∂ log a(φ, s)

∂s
+
∂ log a(φ, s)

∂φ

}
+ σ2∂m(φ, s, t)

∂t

∂ log a(φ, s)

∂s
.

All factors related to m can be obtained from the data, and therefore we can estimate the

two quantities ∂ log a(φ, s)/∂s = −∂(Rµ)(φ, s)/∂s and ∂ log a(φ, s)/∂φ = −∂(Rµ)(φ, s)/∂φ

(see equation (3)) by means of a least-square fitting in t. In practice this fit is done using
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the measured TOF interval τ = [t1, t2], which should be large enough relative to the object

diameter to ensure good stability. Define (the variables φ, s are omitted)

Hss =
∫
τ
dt (mt+ σ2m,t)

2 , Hsφ =
∫
τ
dtm (mt+ σ2m,t) , Hφφ =

∫
τ
dtm2,

Js =
∫
τ
dt (Dm) (mt+ σ2m,t) , Jφ =

∫
τ
dt (Dm)m. (23)

Then the unweighted least-square estimate of the derivatives are

∂(Rµ)(φ, s)

∂s
= −JsHφφ − JφHsφ

HssHφφ −H2
sφ

,
∂(Rµ)(φ, s)

∂φ
= −JφHss − JsHsφ

HssHφφ −H2
sφ

. (24)

By Schwarz inequality, the denominator HssHφφ − H2
sφ is non-negative and is zero only if

m = C(mt + σ2m,t) for some constant C independent of t (but possibly depending on φ

and s). When this happens, one easily checks from equation (23) that the numerators in

(24) also vanish. This 0/0 undeterminacy only occurs if f is a point source along this line§.
Therefore, equation (24) can always be calculated except if the line of response only contains

a point source.

Using equation (24) for all lines of response (φ, s) ∈ Ω, we obtain the s and the φ

derivatives of the attenuation sinogram Rµ(φ, s). We are then left with the problem of

estimating a function Rµ(φ, s) from a noisy measurement of its gradient (∇Rµ)(φ, s) over a

domain (φ, s) ∈ Ω, up to an additive constant. In section VI, we use a straightforward

discretization of this problem with a two-point finite difference approximation of each

component of the gradient. This leads to a set of linear equations with a band-diagonal

matrix, which is solved with a simple linear iterative algorithm. Alternative methods exist,

see e.g. [26].

Some insight into the meaning of equation (22) can be gained by noting that the whole

problem is invariant for translation, hence we can consider the central time bin of a LOR

through the origin of the coordinate system, thus setting t = s = 0. The equation reduces

then to

∂m(φ, 0, 0)

∂φ
= m(φ, 0, 0)

∂ log a(φ, 0)

∂φ
+O(σ2) (25)

This equation reflects the fact that, in the limit of a small time resolution σ → 0, the data is

simply equal to m(φ, 0, 0) = f(0, 0)a(0, φ) and therefore in this limit the angular variation

of the data is equal to the angular variation of the attenuation. The terms in σ2 in equation

(22) provide the correction that takes into account the finite width of the TOF profile.

5. Approximate error analysis

The expressions (24) for the radial and azimuthal derivatives of the attenuation sinogram

are non-linear functions of the TOF data m(φ, s, t), and an exact analysis of the stability

§ This can be seen from equation (17) in the previous section. Note also that in the limit σ → ∞, any
distribution is essentially a point source relative to the TOF resolution, and in this case undeterminacy also
results.
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is impractical. We derive an approximate variance estimate by assuming that the major

contribution to the variance is due to the error onDm(φ, s, t). This approximation is justified

by the fact that Dm(φ, s, t) depends on a second derivative of the data, whereas Hss, Hsφ and

Hφφ in equation (23) only involve first derivatives of m. With this approximation, we only

need to consider the variance on Js and Jφ. Assuming that the samples of Dm(φ, s, t) are

independent random variables with variance ε2 and that the integrals over t are discretized

with a TOF sampling step ∆t, one has:

Var

(
∂(Rµ)(φ, s)

∂s

)
' ∆t

(HssHφφ −H2
sφ)2

∫
τ
dt ε2

(
(mt+ σ2m,t)Hφφ −mHsφ

)2

' ∆t ε
2

(HssHφφ −H2
sφ)2

(
HssH

2
φφ − 2HsφHφφHsφ +H2

sφHφφ

)
' ∆t ε

2Hφφ

HssHφφ −H2
sφ

(26)

and similarly

Var

(
∂(Rµ)(φ, s)

∂φ

)
' ∆t ε

2Hss

HssHφφ −H2
sφ

(27)

Recall that ε represents the noise on Dm(φ, s, t), which is expected to be larger than the

noise on the measured data m since D involves derivatives. Nevertheless, equations (26)

and (27) suggest that the derivatives of the attenuation sinogram can be recovered from the

emission TOF data with a good stability for LORs such that HssHφφ−H2
sφ is not too small.

To gain additional insight, consider a line of response along which the activity

distribution is a centred Gaussian with standard deviation σf and total activity equal to 1.

Using equation (1) and (4) the data is (we omit the φ and s variables):

m(t) =
exp(−t2/(2(σ2 + σ2

f )))√
2π
√
σ2
f + σ2

a (28)

where a = a(φ, s) = exp{−(Rµ)(φ, s)}, and hence

m(t) t+ σ2m,t(t) =
t σ2

f exp(−t2/(2(σ2 + σ2
f )))√

2π (σ2
f + σ2)3/2

a. (29)

Inserting this in (23) and integrating over τ = (−∞,+∞) yields

Hss =
σ4
f

4
√
π (σ2

f + σ2)3/2
a2 , Hsφ = 0 ; Hφφ =

1

2
√
π(σ2

f + σ2)1/2
a2 (30)

and from (26),

Var

(
∂(Rµ)(φ, s)

∂s

)
'

4∆t ε
2
√
π (σ2

f + σ2)3/2

σ4
f

a−2. (31)

For this simple example the variance on the radial derivative of the attenuation sinogram

increases as σ3 when the TOF resolution is larger than the object size (σ >> σf ), and

decreases down to a constant when σ << σf . In the limit of a point like object σf → 0, the

variance becomes infinite as expected from the proof in section III.
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6. Numerical example

A 2D TOF simulation experiment was performed to illustrate the method and to obtain a

first assessment of its stability to noise. In this experiment, the gradient of the attenuation

sinogramRµ is estimated from the TOF emission data using equation (24). Several methods

could be used to estimate the attenuation sinogram from its gradient. In this study, we have

used the iterative Landweber algorithm. Finally, to determine the additive constant (see

equation (18)), we assume that the image can be segmented to impose the known attenuation

coefficient to a region containing (mostly) tissue.

6.1. The software phantom

Figure 1 shows the true activity and attenuation distributions. The diameter of the field

of view was 40 cm. The TOF-resolution profile was Gaussian with a full-width at half

maximum (FWHM) of 500 ps, corresponding to a spatial FWHM of 7.5 cm. The attenuation

Figure 1. Activity f (left) and attenuation µ (right) images of the simulated phantom. The image
size is 40 cm × 40 cm, the simulated TOF resolution was 7.5 cm FWHM, corresponding to 500 ps.

coefficients were 0.095/cm for tissue, 0.0317/cm for lung, 0.142/cm for bone and 0/cm for

air. To generate the data, the activity and the attenuation images were sampled on a 384 ×
384 grid (pixel size of 0.104 cm), and forward projected to obtain sinograms of 128 angular

samples over 180◦, 384 uniform radial samples and 128 TOF-bins. The attenuation image

was forward-projected using Joseph’s method. The activity image was forward-projected

with a TOF-PET projector implemented by rotating the image for each angle φ such that

the LORs are parallel to the columns, and then convolving the image with the 1D Gaussian

TOF-kernel.

Prior to estimation of the attenuation sinogram, the simulated TOF data were rebinned

to 128 × 128 × 128 bins with pixel size ∆φ = 1.4◦ along φ, ∆s = 0.3125 cm along s and

∆t = 0.3125 cm along t. The attenuation sinogram was reconstructed into a 128×128 image

grid with pixel size of 0.3125 cm.
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6.2. Estimating the gradient of the attenuation sinogram

We observed that noise propagation can be strongly reduced by a moderate smoothing of

the attenuated emission sinogram in three dimensions. The noise-free and the noisy data

were all smoothed with a Gaussian kernel of 2 pixels FWHM along s (0.625 cm) and along

φ (2.8◦) and 0.7 times the TOF-FWHM along t (5.25 cm). This latter smoothing was

taken into account by increasing the value of σ accordingly in the subsequent calculations,

as σ2 = σ2
TOF + (0.7 × σTOF )2. The derivatives along φ, s and t were approximated as

finite differences, and the integrals over t in equation (23) were approximated as a Riemann

sum. Straightforward implementation of (24) then yields estimates of the derivatives of the

attenuation sinogram. Results for a simulation without and with noise are shown in figures

2 and 3 respectively. For the simulation with noise, the highest expected count (Poisson

mean) was 3.7 photons in the attenuated TOF-sinogram, and in the corresponding TOF-

integrated sinogram (i.e. the non-TOF sinogram shown in figure 3) the maximum expected

count was 132 photons.

Figure 2. Reconstruction from noise free TOF emission data. The attenuation sinogram Rµ is
shown at the left. The subsequent images show the estimated and true radial and angular derivatives
of Rµ.

Figure 3. Reconstruction from noisy TOF emission data. The TOF-integrated noisy emission
sinogram is shown at the left. The subsequent images show the estimated and true radial and
angular derivatives of Rµ.



Time-of-flight PET data determine the attenuation sinogram up to a constant. 12

6.3. Estimating the attenuation sinogram from its gradient

As illustrated in figure 2 and 3, the estimates of the derivatives are inaccurate near the

boundaries of the object, even in the absence of noise. This is expected from the discussion

in the previous sections, because these LORs have vanishing activity as one approaches the

boundary. To identify these unreliable estimates, the maximum of the absolute values is

computed in a central region of the derivative sinograms. All pixels with an absolute value

exceeding this maximum are excluded from the subsequent calculations, together with their

4 nearest neighbors along the same row φ. This heuristic approach eliminated most of the

unreliable values from contributing to the final estimate. For the example in figure 2 and 3

(2nd and 4th columns), the excluded pixels correspond to the totally white and the totally

black pixels, which are all located close to the boundaries of the sinogram.

An iterative Landweber algorithm is applied to estimate the attenuation sinogram Rµ
from its derivatives. We denote by Rs and Rφ the sampled 128× 128 derivative sinograms

estimated previously based on (24) and rescaled by the corresponding sampling intervals

so that Rs ' ∆s ∂Rµ/∂s and Rφ ' ∆φ ∂Rµ/∂φ. We denote by Sk the estimate of the

attenuation sinogram Rµ at the kth iteration. The algorithm updates the estimate as

S0 = 0 (32)

Sk+1 = Sk + ωαsMsD
∗
s(Rs −DsS

k) + ωαφMφD
∗
φ(Rφ −DφS

k) (33)

where Dξ is the discrete approximation of the derivative with respect to ξ = s, φ. We

implemented Dξ as a convolution with [−1/2, 0, 1/2] along ξ = s, φ. The adjoint operator

D∗ξ is the convolution with [1/2, 0,−1/2] along ξ. The diagonal matrix Ms selects the

reliable pixels from Rs as described above, and similar for Mφ. Finally, the parameters

αs > 0 and αφ > 0 define the relative weight given to the radial and azimuthal derivatives,

and ω is a relaxation factor. To ensure convergence of the Landweber iteration [27], the

relaxation factor should be in the interval (0, 2/L), where L is the largest eigenvalue of the

matrix A = αsD
∗
sDs + αφD

∗
φDφ. Ignoring subtleties near the image boundary, this matrix

is circulant and corresponds to a 2D convolution with the kernel

. . . 0 0 0 0 0 0 0 . . .

. . . 0 0 0 −αφ/4 0 0 0 . . .

. . . 0 0 0 0 0 0 0 . . .

. . . 0 −αs/4 0 αs/2 + αφ/2 0 −αs/4 0 . . .

. . . 0 0 0 0 0 0 0 . . .

. . . 0 0 0 −αφ/4 0 0 0 . . .

. . . 0 0 0 0 0 0 0 . . .


(34)

The eigenvalues of a circulant n× n matrix with elements ck are given by [28]:

eigenvaluem =
∑
k

cke
−2πimk/n, with i =

√
−1, m = 0, . . . , n− 1 (35)

It follows that the magnitude of the largest eigenvalue of D∗sDs and of D∗φDφ does not exceed

1, therefore the largest eigenvalue of A does not exceed αs + αφ. The results shown in this

paper were obtained with 5000 iterations, αs = αφ = 1 and ω = 1/2.



Time-of-flight PET data determine the attenuation sinogram up to a constant. 13

The estimated sinogram S has an arbitrary offset K, which can only be estimated

if prior knowledge is available. We assume here that a first reconstruction F 0
S is made,

that F 0
S can be segmented, and that one has some prior knowledge about the attenuation

coefficient(s) in some of the segmented regions. The value of K can then be estimated by

imposing the known attenuation coefficient(s) (for instance in a least squares sense). Here

this was done by using a unit non-TOF sinogram S1 (which is set to 1 for all LORs that

have some activity in the original sinogram and zero elsewhere) and its reconstruction F1.

The offset K is then obtained by requiring that the image F 0
S + KF1 satisfies the prior

knowledge about the attenuation.

In this experiment, we used as prior knowledge the attenuation coefficient of tissue and

used simple thresholding to obtain a region containing mostly tissue and bone. We forced

the median value of that region to the attenuation of tissue. The reconstructions were made

with filtered backprojection. These reconstructions are less accurate closer to the object

boundary, because of the increasing contribution of the unreliable boundary values during

application of the ramp filter. Attenuation sinograms estimated with this approach are

shown in figure 4 for simulations without noise, with moderate noise and with high noise.

The first two correspond to the results shown in figures 2 and 3 respectively. In the last

simulation, the maximum noise-free count in the TOF-sinogram was 1.23 photons. The

maximum in the corresponding non-TOF sinogram was 44.1 photons. Figure 5 shows a

horizontal profile through the four sinograms of figure 4. Note that estimating K from the

reconstructions created some bias in the sinograms, because of the reconstruction errors

near the boundary of the object.

Figure 4. The true and estimated attenuation sinograms for the cases with no, moderate and high
noise.

We also present in figure 6 the reconstructions of the attenuation image to illustrate

the performance of the method. However, as mentioned before, no reconstruction of the

attenuation image is needed for PET attenuation correction. For comparison, reference

images are shown as well, which were obtained from the attenuated emission sinogram

by assuming that the true activity distribution (figure 1) was known. In that case, the

reconstruction problem reduces to that in transmission tomography. These reference CT

reconstructions were made with filtered backprojection, and with a maximum-likelihood

algorithm (MLTR, [6]) dedicated to transmission tomography. We have applied smoothing

to the two FBP and MLTR reference images to obtain a resolution similar to that obtained
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Figure 5. Horizontal profiles through the sinograms shown in figure 4 (mean of 6 rows around row
25 (of 128)). The dashed curve is the true profile, the solid curves show the true profile and the
profiles through the noise-free and two noisy sinograms.

with the new algorithm.

Small residual cross-talk from the activity in the heart is visible in the three noise-

free reconstructions of the attenuation image in figure 6, this is tentatively attributed to

the use of different projectors for simulation and reconstruction. Figure 6 also shows that

the accuracy of the reconstructions is lower in the neighbourhood of the phantom external

boundary. This is true even for the two reference CT reconstructions because they use as

”blank” scan the (assumed known) unattenuated emission sinogram, which has low values

in the LORs tangent to the phantom boundary.

7. Conclusion

The main contribution of this paper is to show that when time-of-flight information is

available, the joint estimation of attenuation and activity from a PET emission sinogram

has a unique solution, except for a constant. The proof of this property suggested an

analytical method to estimate the attenuation sinogram, which is local in the sense that the

derivatives of the attenuation sinogram for a given line of response are calculated using only

neighboring lines of response. The implementation of the analytic method for simulated data

demonstrates that Theorem 1 is not only a theoretical result but has a practical impact.

As expected, equation (31) shows that the variance on the estimated derivative

sinograms reaches its asymptotic minimal value for perfect TOF resolution. However, at

least for a Gaussian object, the variance is only 10% higher than this asymptotic value

when the width of the object is 4 times larger than the width of the TOF kernel. That

indicates that with current state of the art TOF systems, good results are expected for

clinical applications.

How to optimally extract the information from the time-of-flight data is still an open

question. The analytic method was applied here for illustration and validation, but it is
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Figure 6. Reconstructions of the attenuation image from simulated data without noise (top row),
with noise (middle row), and with more noise (bottom row). From left to right: the true attenuation
image, the image estimated by the analytical method of section IV and FBP, and the references images
reconstructed with the maximum-likelihood MLTR algorithm [6] and with FBP. These reference
images were computed from the TOF-integrated attenuated emission sinogram, assuming that the
true activity distribution was known.

likely that iterative algorithms will lead to significantly superior results, on the one hand

by modeling the Poisson nature of the noise, and on the other hand by exploiting any

available additional information on the attenuation image. It remains to be seen whether

the analytic method might be useful to provide an initial estimate and thereby reduce the

required number of iterations. In [29] a method based on a maximum-likelihood approach

is proposed and evaluated with 2D simulations. The results of that study also indicate that

TOF stabilizes the joint estimation problem, even in the presence of noise.

This paper deals with 2D PET data. At the end of section II, we showed how the proof

of uniqueness can be extended to 3D TOF PET by applying Theorem 1 separately within a

sequence of axial and transaxial planes. A direct analytical implementation of this approach

is unlikely to be optimal however, and future work is ongoing to derive a 3D algorithm to

efficiently estimate the 4D gradient of the attenuation sinogram.
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Appendix 1

To prove (8), use dw(t)/dt = −tw(t)/σ2, dû⊥/dφ = û and dû/dφ = −û⊥ to rewrite the LHS

as ∫ ∞
−∞

dl w(t− l)
{
tû⊥ · ∇f + sû · ∇f − lû⊥ · ∇f + s

(t− l)
σ2

f − σ2 (t− l)
σ2

û⊥ · ∇f
}

=
∫ ∞
−∞

dl w(t− l)
{
sû · ∇f + s

(t− l)
σ2

f

}
= s

∫ ∞
−∞

dl
d

dl
(w(t− l)f) = 0 (36)

where the argument of f is everywhere as in equation (1).

Appendix 2

Lemma. Consider the 2D Radon transform p(φ, s) of some non-negative smooth function

f(~x), and two lines of response A andB such that p(A) 6= 0 and p(B) 6= 0. Then A andB can

be linked by a continuous piece-wise smooth curve (φ(u), s(u)) in the sinogram, parametrized

by a real parameter u ∈ [0, 1] and such that (φ(0), s(0)) = A and (φ(1), s(1)) = B, and such

that p(φ(u), s(u)) > 0 for 0 ≤ u ≤ 1.

Proof. Since p(A) 6= 0, there is at least one point ~a ∈ A such that f(~a) > 0. Similarly, take

some point ~b ∈ B such that f(~b) > 0. The curve is defined as follows: first rotate line of

response A around point ~a until it contains both ~a and ~b. Since all these lines contain ~a,

and f(~a) > 0 and f is smooth, one has that p > 0 for all these lines. Next, rotate the line of

response around ~b until it coincides with B. Again, p remains strictly positive during this

rotation because f(~b) > 0.
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