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Abstract— In positron emission tomography (PET) and single
photon emission tomography (SPECT), attenuation correction is
necessary for quantitative reconstruction of the tracer distribu-
tion. Previously, several attempts have been undertaken to esti-
mate the attenuation coefficients from emission data only. These
attempts had limited success, because the problem does not have
a unique solution, and severe and persistent ”cross-talk” between
the estimated activity and attenuation distributions was observed.
In this paper, we show that the availability of TOF information
eliminates the cross-talk problem by destroying symmetries in the
associated Fisher information matrix. We propose a maximum-
a-posteriori reconstruction algorithm for jointly estimating the
attenuation and activity distributions from TOF PET data. The
performance of the algorithm is studied with 2D simulations,
and further illustrated with phantom experiments and with a
patient scan. The estimated attenuation image is robust to noise,
and does not suffer from the cross-talk that was observed in
non-TOF PET. However, some constraining is still mandatory,
because the TOF data determine the attenuation sinogram only
up to a constant offset.

I. I NTRODUCTION

In nuclear medicine tomographic imaging (positron emis-
sion tomography (PET) and single photon emission tomogra-
phy (SPECT)), a quantitative and artifact-free reconstruction
of the tracer distribution can only be obtained if an accurate
correction for the photon attenuation in the body of the patient
is applied. The attenuation correction factors can be obtained
from transmission measurements with radioactive sources, or
be derived from well-aligned CT images [1]–[3]. Since both
approaches have their limitations, several groups have at-
tempted to jointly estimate the activity and attenuation images
from the emission data only [4]–[12]. These attempts were
based on the use of analytical consistency conditions, discrete
consistency conditions and (penalized) maximum likelihood
methods. Although some useful results have been obtained, the
results have generally been disappointing. Nearly all studies
report the so-called cross-talk problem, where localized errors
in the activity image are compensated by localized errors in the
attenuation image. This seems to be a fundamental problem. In
the maximum-likelihood approach, the problem is manifested
as the presence of local maxima in the likelihood function.
However, in cases where incomplete information about the
attenuation coefficients is available, these methods can be used
to estimate the missing information, which is a less ill-posed
problem than estimating the entire attenuation image [13]–
[15].

Time-of-flight (TOF) Positron Emission Tomography (PET)
was studied in the 1980’s, but its implementation as a clinical
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instrument was too challenging at the time. Thanks to recent
advances in electronics and in scintillation research, TOF PET
has now been introduced in commercial systems [16]–[20].
The use of TOF information results in faster convergence of
iterative reconstruction algorithms [21] and in an improved
contrast-to-noise ratio [16], [22]. Moreover, recent studies have
shown that in TOF PET, the artifacts induced by attenuation
correction errors are less severe than in non-TOF PET [20].
This finding indicates that TOF PET data contain information
about attenuation factors, that is not present in non-TOF PET
data, justifying a study of the joint estimation problem in TOF
PET.

In this paper, the simultaneous reconstruction of the activity
and attenuation from TOF PET projections is studied as a
maximum-likelihood problem, building on previous work for
non-TOF emission computed tomography [7], [14]. In the fol-
lowing section this algorithm, Maximum Likelihood Activity
and Attenuation estimation (MLAA), is briefly described. An
analysis of the Fisher information matrix gives an intuitive
explanation why local maxima in the form of cross-talk are
a problem in non-TOF systems and why the use of TOF
information eliminates this problem. However, the possible
presence of other local maxima in the TOF likelihood needs
further investigation. It is found that even with TOF PET
the problem is still under-determined, i.e., TOF PET data
determine the activity image up to a constant factor and
the attenuation sinogram up to a (related) constant term. In
the following section, some 2D simulation experiments are
described and the results are presented. A 2D small scale
simulation experiment was done to study the features of the
Fisher matrix. 2D TOF PET simulations of a thorax phantom
were done to study MLAA reconstructions with respect to
the visual quality as a function of the TOF resolution, the
constant factor/term and noise propagation. The stability of
TOF-MLAA is studied numerically by starting the algorithms
from a series of different initial images, including images
containing cross-talk from the non-TOF MLAA reconstruc-
tions. The thorax phantom is also used to study bias and
variance properties in a tissue region for MLEM and MLAA
reconstructed emission images for multiple noise realizations.
The method was applied to fully 3D TOF PET phantom
scans and a patient scan, acquired on a commercial TOF PET
system. Finally, the results of these 2D and 3D experiments
are discussed in section IV.



II. T HEORY AND METHODS

A. MLAA

In TOF PET, the expected count̄yit for line of response
(LOR) i and time differencet can be expressed as follows:

ȳit =
J∑

j=1

cijtλje
−P

k likµk + sit (1)

whereλj and µk are the activity and attenuation coefficient
at voxelj andk respectively,J is the total number of voxels,
cijt is the sensitivity of the detector at(i, t) for activity in
j in absence of attenuation,lik is the intersection length of
LOR i with voxel k, and sit is the expected contribution of
scatter and/or randoms. Assuming that the data are Poisson
distributed, the log-likelihood function can be written as

L(θ, yit) =
∑

it

yit ln ȳit − ȳit (2)

whereyit is the measured count at(i, t) and θ = [λT , µT ]T

is the set of2J parameters that has to be estimated. Note that
summation over the TOF index (t) yields the corresponding
non-TOF values, which are denoted by omitting the indext:∑
t cijt = cij ,

∑
t yit = yi and

∑
t sit = si.

The MLAA algorithm uses an interleaved updating: in every
iteration first the activity is updated keeping the attenuation
coefficients constant, and then vice versa. This can be written
as follows:

∀i : ahi = e−
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j lijµ

h
j (3)
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where the superscripth denotes the iteration number. The non-
TOF sinogramah represents the attenuation computed from
the current estimateµh, and the non-TOF sinogram elements
ψhi represent the expected TOF-integrated count for LORi,
but without the additive contributionsi. Expression (4) is
a standard Maximum Likelihood Expectation Maximization
(MLEM) iteration [23], which makes explicit use of the TOF
PET data. Expression (6) is the Maximum Likelihood for
Transmission tomography (MLTR) update [24], [25], which
only uses the TOF-integrated data. Note that the sinogram with
elements

∑
jt cijtλ

h+1
j plays the role of the blank scan, while

the TOF integrated datayi are treated as the transmission scan.
Both MLEM and MLTR can be accelerated with ordered

subsets. Furthermore, because the TOF information improves
convergence of MLEM but not that of MLTR, we typically
cycle through the subsets faster for the MLTR updates (us-
ing the same subsets definition for both). Thus, for every
MLEM updateN ≥ 1 MLTR updates are done, and when

all projections have contributed once to the activity updates,
they have contributedN times to the attenuation updates.
This decreases the processing time considerably, also because
the MLTR updates only involve non-TOF projections and
backprojections. Unless otherwise stated,N = 5.

B. The curvature of the likelihood

In [26] it has been shown that for TOF PET, the joint
estimation problem has a unique solution, except for a constant
scale factor. However, this result does not exclude the existence
of local maxima in the TOF likelihood function. Convergence
to a global maximum would be guaranteed provided that the
matrix of second derivatives of the TOF likelihood with respect
to the complete parameter space,θ, were negative definite.
Although the log-likelihood function is known to be concave
with respect toλ or µ, so far we have not been able to prove
concavity with respect toθ.

If the algorithm is started with initial images sufficiently
close to the true solution, then any gradient ascent algorithm
should converge to the global maximum of the likelihood,
even in the presence of (distant) local maxima. Therefore, it is
meaningful to study the stability of the ML-algorithm close to
the true solution. This stability is determined by the curvature
of the likelihood. In the following, we study that curvature
for both TOF and non-TOF systems. It is shown that close
to the true solution, other possible solutions still exist for the
non-TOF case (commonly referred to as cross-talk) whereas
these solutions are eliminated with the introduction of TOF
information.

In our analysis we ignore the non-negativity constraint and
the scatter/randoms contributions, assume the likelihood has
been maximized and then look for a small change∆θ that
does not change the gradient of the likelihood. If such a∆θ
can be found, then bothθ andθ+∆θ maximize the likelihood,
implying that the problem is under-determined. A small∆θ
does not change the gradient of the likelihood if it satisfies
the following equation:

∑

k

∂2L

∂θj∂θk
∆θk = 0, j = 0, ..., 2J (7)

Since we are at the likelihood maximum, we make the
approximation that the second derivative of the likelihood
can be replaced by its expectation, equal to minus the Fisher
information matrix (FIM) [27], [28]. Equation 7 then becomes:

F∆θ = 0 (8)

where,F is the 2J × 2J FIM and ∆θ is the 2J × 1 matrix
representing the change in the parameter space.

Replacingθ with [λT , µT ]T , the Fisher information matrix
can be rewritten in a quadrant form as follows

F = −E[
∂2L

∂θ∂θ
]

=

(
−E[ ∂

2L
∂λ∂λ ] −E[ ∂

2L
∂λ∂µ ]

−E[ ∂
2L

∂µ∂λ ] −E[ ∂
2L

∂µ∂µ ]

)
=
(
Fλλ Fλµ
FTλµ Fµµ

)
(9)



where E is the expectation operator and for allj, k =
1, . . . , J combinations,

−E[
∂2L

∂λj∂λk
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Replacing∆θ with [∆λT ,∆µT ]T , (8) becomes
(
Fλλ Fλµ
FTλµ Fµµ

)(
∆λ
∆µ

)
= 0 (13)

Fλλ is expected to be invertible, because the reconstruction
of the activity is fairly stable when the attenuation is fixed. If
Fλλ is indeed invertible, then∆λ can be eliminated, yielding

(Fµµ − FTλµF−1
λλ Fλµ)∆µ = 0. (14)

In the following, we show that for non-TOF systems, and in
particular near the center of uniform objects, the operators
Fµµ, Fλµ andFλλ are all very similar, such that the equation
is expected to be (almost) satisfied for many possible local
changes∆µ. The corresponding∆λ that results in cross-
talk can be computed from (13). The incorporation of TOF
information changes the operatorFλλ, such that (14) no longer
has solutions for local changes∆µ.

Inserting (10)-(12) into (13) yields
∑

kit
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ȳit
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P
ξ liξµξ∆λk =
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ki

cij like
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ξ liξµξ∆µk
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For the non-TOF case, the TOF indext must be dropped,
and the first equation in (15) becomes:
∑

ki

cijcik
ȳi

e−2
P
ξ liξµξ∆λk =

∑

ki

cij like
−P

ξ liξµξ∆µk

The coefficientscij and lij both represent the contribution
of pixel j to the acquisition along LORi and should have very
similar values. Assuming they are identical except for a factor
(which can be absorbed inλ or µ by changing the units), the
non-TOF equations become:

∑
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ȳi
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lik(e−
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ξ liξµξ∆λk − ȳi∆µk) = 0
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An extreme case is obtained when the attenuation corrected
counts ȳie

P
ξ liξµξ are constant for all LORsi that intersect

the region where∆λ is non-zero. In that case, the two sets
of equations in (16) become identical and will have non-zero

solutions. For example, if one considers a small change at a
single pixelk, the solution equals

∆λk
∆µk

= ȳie
P
ξ liξµξ . (17)

The use of time-of-flight changes the elements of the
submatrixFλλ in the Fisher information matrix, destroying
the similarity between the two equations. As a result, pixel-by-
pixel cross-talk becomes impossible. However, the existence
of other possible local maxima of the likelihood still needs to
be thoroughly analyzed.

C. Uniqueness of the solution

The analysis above indicates that TOF information elim-
inates high-frequency cross-talk between the emission and
attenuation reconstructions in the joint estimation. However, it
does not exclude low-frequency cross-talk. In our experiments,
we observed that MLAA produces images that are visually free
of artifacts, but differ from the true images by a scale factor.
Here we attempt to gain some insight in this scaling effect, by
deriving a scaled solution from the true image. Suppose the
images[λ, µ] maximize the likelihood. If we multiplyλ with
a constant, the computed sinogramȳ eq. (1) is multiplied with
the same constant. We show that we can always increase the
attenuation imageµ to compensate for that change, such that
we obtain an alternative solution that produces the sameȳ and
therefore the same (maximum) likelihood.

Assume that the true tracer distribution isλo and the true
attenuation image isµo. The sinogram attenuation factors due
to the attenuation imageµo equal exp(−Pµo), whereP is
the non-TOF projection operator. Consequently, the attenuated
emission sinogram (without the scatter/randoms contributions)
equals ȳ = (Ptλo) ∗ exp(−Pµo), where Pt is the TOF
projector operator. We also assume thatλo and µo have a
finite supportS, meaningλoj = 0 andµoj = 0, ∀j /∈ S, where
j is the voxel index.

Define a sinogram regionΩ as the set of lines of response
that contain activity (the projection ofS produces this sino-
gram region). Now consider a non-TOF sinogramU which is
uniform within the sinogram regionΩ:

Ui = ln(α), ∀i ∈ Ω

where i is the sinogram index,α > 0 and sinogramU is
allowed to have any values outsideΩ. Consistent sinograms
satisfying the above condition can be found so there exists an
imageµα such that insideΩ we haveU = Pµα = ln(α)
and henceexp(−Pµα) = 1/α. Thus, the attenuation created
by the modified attenuation image(µo + µα) equalsPµo/α.
It follows that sinogramȳ can also be obtained with activity
imageαλo and attenuation imageµo + µα, for anyα where
µo + µα ≥ 0. Note that with this construction, the activity
is globally scaled while the attenuation undergoes a position
dependent scaling.

Interestingly, when the sinogram regionΩ is known exactly
and the attenuation values are set to zero outside this region:

Ui =
{

ln(α), ∀i ∈ Ω
0. ∀i /∈ Ω



Fig. 1. Activity and attenuation images of the simulated phantoms: left: the
16x16 pixels phantom to study the Fisher information matrix, right: the 2D
thorax phantom.

sinogramU can no longer be expressed by a projection of a
bounded attenuation imageµα. This is due to the singularities
in µα present at the boundaries ofS making it unlikely for
any joint estimation reconstruction to reach a scaled solution
of the true images. This would imply that the solution of
joint estimation is truly unique with a known object boundary.
However, our first experiments indicate that the practical value
of this argument is questionable, because small errors in the
object’s boundary seem to be enough to reintroduce the scaling
problem.

In [26], this problem is studied based on a consistency
condition for 2D TOF PET data. It was shown there that the set
of scaled solutions{αλo, µo + µα : α > 0} described above
are the only solutions to the joint estimation problem from
TOF PET emission data. Thus, it will still be necessary to use
some a-priori knowledge about the expected intensities of the
activity and/or the attenuation images. In most cases, the most
convenient will be to use a-priori values for the attenuation in
tissue.

III. E XPERIMENTS

In the following figures, the activity images will be shown
in a white-to-black color map whereas a black-to-white color
map will be used to show the attenuation images.

A. 2D Simulations

Figure 1 shows the two phantoms used in our 2D phantom
studies. We use a Field-of-View (FOV) of 40 cm for the study
of the features of the FIM and the study of visual quality of the
reconstructions as a function of time resolution and iterations.
For the study of the influence of different initializations on
the induced constant factor/term, noise propagation and bias
and variance in emission reconstructions more realistic TOF
specifications adjusted to commercially available TOF PET
systems will be used.

1) The Fisher information matrix:In this study, the 16× 16
circular phantom shown in figure 1 with uniform activity and
uniform tissue attenuation was used. For this toy problem, the
Fisher information matrix can be computed explicitly because
its size is only 512 × 512. Non-TOF submatrices of the
Fisher information matrix were compared to a TOF system
with a spatial resolution of 2.5 cm FWHM corresponding
to a pixel resolution. These submatrices,Fλλ, Fλµ andFµµ,
are considered as operators and their impulse response is
computed for the pixel located near the center of the FOV.

Figure 2 shows the central row of each of the FIM subma-
trices defined in (9) reshaped into the size of the emission and

attenuation images. It should be noted that since only the first
term of the FIM incorporates both TOF projection and TOF
backprojection operators, the elements of this first term,Fλλ,
change for a TOF system while the other three terms remain
unchanged.

Fig. 2. The four Fisher Information PSFs for a change in the emis-
sion/attenuation of the pixel located near the center of the FOV. Top-left:
the effect of emission change in the emission image for a TOF and a non-
TOF system, top-right: the effect of attenuation change seen in the emission
image, bottom-left: the effect of emission change seen in the attenuation image
and vice versa, bottom-right: the effect of attenuation change seen in the
attenuation image.

The top left figures show the FIM response in the emission
image for a small change of the activity in the pixel located
close to the center of the FOV, for both TOF and non-
TOF systems. The top right and bottom left figures show the
influence of a small change in the attenuation and activity of
the central pixel seen in the emission and attenuation images
respectively. The bottom right figure shows the effect of a
change in the attenuation image for a change of attenuation for
the same pixel. Using the term Point Spread Function (PSF)
with caution1, figure 2 shows the four PSFs for the pixel in
the center of the FOV.

It can be seen from figure 2 that the four PSFs of a non-TOF
system are very similar. Comparing this to the system of equa-
tions (13), it can be seen that for some simultaneous change
in the emission and attenuation values of the central pixel,
these changes can potentially cancel each other out (as long
as they don’t violate the non-negativity constraint). Hence,
these changes can not be identified from the measurements
because they do not modify the value of the likelihood, which
remains at its maximum. On the other hand, for a TOF system
the four PSFs are no longer similar. Thus, a change in the
activity of a pixel can no longer be compensated by a change
in the attenuation of the same pixel, which makes activity and
attenuation cross-talk impossible.

2) Thorax Phantom:For the 2D thorax phantom shown
in fig 1, 2D sinograms with 128 detectors (bin size 3.125

1position dependant PSF in the FIM



mm), 128 projection angles over 180 degrees and a TOF
sampling density of at least 4/FWHMTOF were generated.
An oversampling of 3 was used during simulation (i.e. 3
rays per LOR, 9 subpixels per image pixel) to account for
slight mismatch between the simulation and reconstruction
projectors and the reconstructed images had 128×128 pixels.
The emission data provide no attenuation information about
LORs that do not intersect the activity distribution. Therefore,
MLAA was applied with a penalty that is active only for the
voxels located outside the body contour and inside the body
contour, no priors were applied. In that external region, we
use a penalty that favors zero attenuation values outside that
body contour. We find an estimate of the object boundary by
thresholding either the sinogram or the initial reconstruction
and outside this boundary the intensity prior was set to have
a negative derivative for any pixel value, except for zero and
tissue attenuation (in which case the derivative was zero). The
addition of this prior, modifies the MLTR update step of eq. (6)
by the addition of the prior gradient and its second derivative
to the numerator and the denominator, respectively. Details of
the prior are provided in the appendix.

To study the effect of TOF resolution on image quality, sim-
ulations were conducted for multiple TOF resolutions varying
from 40 cm (approximately non-TOF) to 2.5 cm corresponding
to time resolutions of 2667 ps to 167 ps. Simultaneous activity
and attenuation images were reconstructed varying the number
of iterations to study the convergence properties. For these
experiments the attenuation image was initialized by filling the
correct body contour uniformly with tissue attenuation and a
uniform activity within the FOV was used as the initial activity
image.

Figure 3 shows the resulting activity and attenuation recon-
structions of the noiseless thorax phantom after 5, 15 and 50
iterations of MLAA for varying TOF resolutions. In this study
the attenuation images were updated only once for each update
of the activity (N=1).

It can be seen from figure 3 that, after 50 iterations of
MLAA the estimated activity and attenuation images for a
TOF resolution of 40 cm FWHM still suffer from cross-
talk and have not visually converged to the true images.
When the TOF resolution is improved to 20 cm FWHM, the
reconstructions after 50 iterations improve significantly, but
they still differ from the true images. For TOF resolutions
below 20cm FWHM the reconstructions visually converge to
the true image. However, the reconstructions differ from the
true images by a scaling factor which can not be seen here.
It can also be seen that as the TOF resolution increases the
speed of convergence increases as well.

Next, the simulation specifications were adjusted according
to the Siemens Biograph scanner specifications [19]. For the
2D thorax phantom shown in fig 1, 2D sinograms with 200
detectors (bin size 4.01 mm) and 168 projection angles over
180 degrees were generated. An effective TOF resolution of
580 ps (= 8.7 cm) FWHM and a time-bin width of 312 ps were
used to generate the sinograms. This time-bin width of 312
ps is sufficient to avoid aliasing artifacts in the reconstructed
image [29]. However, it results in an effective broadening of
the TOF FWHM, which can have an impact on the speed

a) After 5 iterations

b) After 15 iterations

c) After 50 iterations
Fig. 3. Activity and attenuation reconstructions after 5, 15 and 50 iterations
and 32 subsets of MLAA for TOF resolutions of 40 cm (approximately non-
TOF), 20 cm, 10 cm, 5 cm and 2.5 cm.

of convergence. Our simulations indicate that this effect is
negligible. We used an oversampling of 3 during simulations,
the reconstructed images had 200× 200 pixels and as before
MLAA with a penalty that is only active outside the body
contour was used. The following MLAA reconstructions are
after 3 iterations of 42 subsets with N=5.

To study the effect of different initializations on the final
MLAA reconstructions, initial attenuation images with the
correct body contour were filled with 0.5, 1 and 2 times tissue
attenuation. A zero image, a smooth image with attenuation
concentrated at the center, an image with random noise and
an image designed to encourage cross-talk near the heart
were also used for this purpose. We found that the MLAA
reconstructions converged to very similar images that differed
from the true image just by a scale factor. Each of these ini-
tialization images produced a different scale factor in the final
reconstruction image but apart from this the reconstructions
were cross-talk free and comparable to the true activity and
attenuation images.

Figure 4 shows a few of the initial images used in this
study together with their final TOF-MLAA reconstructions.
The final reconstructions shown in figure 4 show no sign of
activity and attenuation cross-talk. However the final activity
reconstructions appear in different shades which is due to the
scale factor which the activity reconstructions differ by from
the true activity distribution. The right most initializations used
in figure 4 was produced by a non-TOF MLAA reconstruction
to encourage cross-talk in the activity and attenuation images.
As with all other initial images used, after sufficient iterations
of the algorithm, the reconstructions visually converged to the
true image, but differed by a scale factor. This indicates that
TOF-MLAA is able to get rid of any cross-talk which might



be already present in the initial images.

a) Initial activity (top) and attenuation (bottom) images.

b) Final activity (top) and attenuation (bottom)
reconstructions.

Fig. 4. Initial activity and attenuation (top) images and their respective
TOF-MLAA activity and attenuation reconstructions (bottom). Initial images
from left to right: uniform attenuation within the body contour filled with
tissue attenuation, smooth attenuation image with attenuation concentrated at
the center, initial images filled with random noise and a non-TOF MLAA
reconstruction image designed to encourage cross-talk.

Poisson noise was then added to the sinogram of the 2D
thorax phantom to analyze the behaviour of MLAA under
noisy conditions. The maximum count in the sinogram was
chosen to be less than 10. The activity and attenuation images
were reconstructed from this noisy sinogram starting from
uniform initial images. As reference images, we used the
MLEM reconstruction of the activity using the true attenuation
coefficients and the MLTR reconstruction of the attenuation
using the true activity distribution. The same experiment
was repeated for a noise-free sinogram. We assume that the
resulting noise-free reconstruction is a good estimate of the
mean over many noise realizations. From these images, noise
correlation coefficients (NCC) were computed between the
MLAA reconstructions (M) and the reference reconstructions
(R) as,

NCC =

∑
j(Mn

j −Mf
j )(Rnj −Rfj )√∑

j(Mn
j −Mf

j )2
∑
j(Rnj −Rfj )2

, j = 1, ..., J

(18)
where subscriptj determines the pixel index and super-

scriptsn andf determine the noisy and the noise-free recon-
structions respectively.

Figure 5 compares the MLAA reconstructions from a noisy
sinogram to the reference images computed from MLEM and
MLTR reconstructions, revealing strong noise correlations. A
noise correlation coefficients of 0.86 was computed for the
MLAA reconstructed activity image starting from uniform
initial images with respect to the MLEM reconstructed ac-
tivity image with known attenuation. The same measure was
computed to be 0.92 for the MLAA reconstructed attenuation
image with respect to the MLTR reconstructed attenuation im-
age with known activity. This high noise correlation suggests

that TOF simultaneous reconstruction handles noise just as
reconstructions from known activity or attenuation images.
Apparently, the noise in the sinogram does not propagate to
make simultaneous reconstructions unstable.

Fig. 5. Activity (top) and attenuation (bottom) images reconstructed from
a noisy sinogram. The reconstructed results of MLAA initialized by uniform
images (left) are compared to that of an MLEM (center) and MLTR (right)
with known attenuation and activity images respectively.

With more realistic noise in the emission data, we study bias
and variance in the MLEM and MLAA emission reconstruc-
tions as a function of reconstruction updates. We presume that
an estimate of the scale in the attenuation-corrected emission
sinogram is available and we plot the bias and variance curves
for a 4.5 cm diameter region-of-interest (ROI) in a tissue
region of the thorax phantom shown in figure 6. The bias is
then computed in each reconstruction update for 100 different
noise realizations as the relative difference of the ROI values
to the true ROI values of the thorax phantom. Figure 6 shows
the bias and variance curves in the ROI for 200 MLEM and
MLAA updates of the emission image. The marked points on
the curves correspond to bias and variance values after 20
emission updates, i.e. updates 20, 40, 60, ..., 200. We do not
use subsets in this study and as before N=5.

Fig. 6. Bias and variance curves (left) in the MLEM and MLAA recon-
structed emission images as a function of reconstruction updates for a 4.5 cm
diameter ROI shown in red (right). The marked points on the curves show
bias and variance values for 20 updates of the emission image which are
computed from 100 different noise realizations.

Figure 6 shows that the MLEM reconstructions outperform
the MLAA reconstructions, yielding a lower bias at the same
variance level. This observation is expected since MLEM
uses a known attenuation, whereas MLAA estimates both the
emission and the attenuation. Comparison between the marked
points on the two curves (at every 20 iterations) indicates that
MLEM also converges faster than MLAA. The left end of the
curves correspond to unreliable transient values of bias and



variance at the first few updates of the reconstructed emission
image.

B. Phantom scans and patient study

A fully 3D implementation of MLAA has been applied to
two phantom scans and a clinical patient study. The scans have
been acquired on a Siemens Biograph mCT system [19]. The
TOF PET data are organized as 5D sinograms, consisting of
400 radial bins, 168 azimuthal angles, 9 co-polar angles, up
to 109 planes (depending on the co-polar angle) [30], and 13
time bins of 312 ps width, with an effective TOF resolution
of 580 ps. The patient bore of the scanner is 78 cm with a
PET field-of-view of 69 cm, which makes truncation an issue
for big phantoms or patients.

By simple thresholding and backprojection operations, a
reasonable estimate of the body contour can be obtained [7]. In
order to deal with the scale problem in the MLAA reconstruc-
tions, we impose the known value of tissue attenuation to the
75th percentile of the attenuation value within this (initial)
body contour. This value is imposed by scaling the entire
attenuation image. The scale factor required to insure tissue
attenuation rapidly converges to 1. For the images considered
here, the 75th percentile corresponded to tissue, but of course,
more sophisticated segmentation algorithms could be used for
this purpose. Outside the body contour however, the same
background prior as described above and in the appendix was
used to encourage background attenuation values to become
zero. In both 3D studies, the smoothing relative difference
prior of [31] was also used to encourage smoothness in the
attenuation images.

1) 3D Phantom Study:The NEMA IEC body phantom [32]
was used to evaluate the simultaneous activity and attenuation
reconstructions in 3D. The measurements corresponded to a
5 minute scan of 229 MBq injection scanned 2 hours post-
injection. The phantom was located once in the center of the
FOV and once closer towards the edge of the FOV. In this
study, the contributions of scatter were not taken into account
and we did not try to enforce bed attenuation in the attenuation
image.

Results from 3D reconstructions of activity and attenuation
of the NEMA IEC body phantom located near the FOV center
of the mCT are shown in figures 7 and 8. The reconstructions
are shown for two different transaxial planes: one having
more details in the activity image, figure 7, and one with
more details in the attenuation image, figure 8. The MLAA
reconstructions are compared to the CT-based attenuation
image and the OSEM reconstructions of the activity with CT-
based attenuation correction. The reconstructions shown here
are from 3 MLAA iterations of 42 subsets.

The TOF-MLAA reconstructions do not suffer from activity
and attenuation cross-talk. However because we did not correct
for scatter, slight activity is present within the cavity of the
NEMA phantom and some excess attenuation around the
object of interest. It can also be seen in figure 8 that the
algorithm has tried to compensate for bed attenuation by
putting attenuation values outside the boundary of the object.
Using the CT-based scatter estimate [33] and bed attenuation

Fig. 7. CT attenuation corrected MLEM reconstructions (top-left), FBP
attenuation reconstruction of the CT (bottom-left), MLAA reconstructed
emission (top-right) and attenuation (bottom-right) images of the 3D NEMA
phantom located near the center of the FOV. The vertical bars represent the
gray level lookup table for activity and attenuation.

during MLAA reconstructions, activity and attenuation images
were reconstructed free of these artifacts, however, the results
are not shown here. Similar results were also obtained for the
phantom in the off-center position.

2) Clinical study: A clinical five minute scan of the thorax
of a patient injected with 570 MBq18F-FDG was used
to reconstruct the activity and attenuation images. Due to
the patient size, the TOF PET measurements suffer from
truncation near the edge of the FOV of the system. As shown

Fig. 8. CT attenuation corrected MLEM reconstructions (top-left), FBP
attenuation reconstruction of the CT (bottom-left), MLAA reconstructed
emission (top-right) and attenuation (bottom-right) images of the 3D NEMA
phantom located near the center of the FOV. The vertical bars represent the
gray level lookup table for activity and attenuation.



below, the truncation affected the reconstruction of the arms in
the PET and CT images, as well as in the MLAA images. Two
different MLAA reconstructions were computed. For the first
reconstruction, we used the precomputed CT scatter estimate
and imposed the CT-based bed attenuation in the attenuation
image. This reconstruction illustrates the effectiveness of TOF
data for joint activity and attenuation estimation in ideal
situations. In the second reconstruction, no scatter correction
was done and no information about the bed was used.

Figures 9 and 10 show the activity and attenuation recon-
structions from the clinical data, respectively. In this study
we used the CT-based scatter and bed attenuation values
during MLAA reconstructions. The activity reconstructed from
OSEM with CT-based attenuation correction and the one of
MLAA are shown in figure 9 and the CT attenuation image
and the reconstructed MLAA attenuation image are shown in
figure 10.

Fig. 9. Transaxial (top), coronal (center) and sagittal (bottom) view
of the activity corrected with CT-based attenuation (left) and the activity
reconstructed with MLAA (right) and CT-based scatter and bed correction.
The MLAA image was smoothed with a 3D Gaussian with 6 mm FWHM
to match approximately the resolution of the standard reconstruction. The
vertical bar represents the gray level lookup table.

Fig. 10. Transaxial (top), coronal (center) and sagittal (bottom) view of the
CT-based attenuation image (left) and attenuation image reconstructed with
MLAA (right) from the emission data and CT-based scatter and bed correction.
The MLAA image was smoothed with a 3D Gaussian with 6 mm FWHM.
The vertical bar represents the gray level lookup table.

The two activity reconstructions shown in figure 9 look

visually very similar and do not show obvious signs of cross-
talk. Looking at the attenuation reconstruction of MLAA in
figure 10, a good lung-tissue discrimination is observed. The
algorithm has also been able to produce a fairly good estimate
of the patient body contour making use of the tracer uptake in
the entire body. However, the attenuation values are slightly
elevated near the heart. This is probably due to significantly
higher activity uptake in the heart, but further analysis is
needed.

Figure 10 also shows that the MLAA attenuation recon-
structions suffer less from truncation artifacts. This is partly
because the CT scanner uses a slightly smaller FOV compared
to the PET scanner of the mCT, and because iterative algo-
rithms handle truncation better than analytic reconstructions.
In this comparison, the portion of the liver visible in the lung
of the patient is slightly different, which we attribute to the
breathing motion during acquisition.

Figure 11 shows the activity and attenuation reconstructions
from the clinical data without any CT-based compensation for
scatter or attenuation values outside the patient boundary. As
before, the reconstructions seem to be free of activity and
attenuation cross-talk. However, in this MLAA reconstruction
the activity is overestimated. This is associated to the excess
attenuation in the attenuation image due to the over-estimation
of the patient boundary.

Fig. 11. Transaxial (top), coronal (center) and sagittal (bottom) view of
activity (left) and attenuation (right) reconstructed with MLAA without any
CT-based scatter and bed correction. The MLAA images were smoothed with
a 3D Gaussian with 6 mm FWHM. The vertical bars represent the gray level
lookup table for activity and attenuation.

The attenuation reconstruction of figure 11 shows that
MLAA has been able to make a useful reconstruction of the
attenuation medium but with less lung-tissue contrast than
before. It has also been able to reconstruct the portion of the
bed which lies inside the convex hull of the region containing
activity. However, the boundary of the patient has been slightly
over-estimated (region above the patient) which is mainly due
to scatter.

IV. D ISCUSSION

Simultaneous reconstruction of attenuation and activity in
SPECT and non-TOF PET has been investigated by many
groups, and was found to be a very ill-posed problem. Previous



studies have shown that the use of time-of-flight reduces the
sensitivity of the PET reconstruction to attenuation correction
errors. The study presented here reveals that time-of-flight
information has the ability to stabilize the joint estimation
problem, and may therefore enable quantitative PET imaging
without relying on transmission scans or other anatomical
imaging procedures. Estimating the attenuation from the emis-
sion data has the advantage that it ensures a correct match with
respect to photon energy and patient position, and probably
a good match in the presence of motion blurring (e.g. heart
beat, breathing). In practice, the method could prove useful
in mitigating the problem of PET - CT registration when
misalignment is an issue. When the PET data are compensated
for attenuation based on the CT, the boundaries of a misaligned
CT propagate into the PET image, affecting the subsequent
registration. Attenuation correction independent of the CT may
help to solve this problem.

As suggested by our experiments, and as proven by the
theoretical analysis in [26], the TOF PET data enable the
estimation of the attenuation sinogram up to a constant term,
and therefore the estimation of the activity up to a constant
factor. It is anticipated that in most applications, this constant
can be determined in a fairly straightforward way by imposing
the known attenuation value of tissue to a segmented portion of
the attenuation image. An alternative way would be to combine
the method with full or partial transmission information, which
could e.g. be obtained by adding transmission source(s) in the
field of view [34].

The PET emission data provide no (or at least incomplete)
information about attenuation along LORs that do not intersect
a region containing a significant amount of radioactive tracer.
Many tracers, including18F-FDG, show uptake in the entire
body. For such tracers, it is valid to assume that the attenuation
along LORs without activity is zero everywhere. In our exper-
iments, we have applied a prior encouraging the assignment
of zero attenuation to such regions. It should be noted that
reconstruction of the attenuation image outside the activity
region has a slower convergence rate than the reconstruction
of the attenuation image inside the activity region, even in the
absence of the background prior. For these reasons, adding the
effect of additional attenuating medium, specifically the bed,
to the attenuation reconstruction instead of reconstructing the
bed along with the unknown attenuation medium would be a
more reasonable and practical approach.

The PET emission data are always noisy so in addition to
the background prior, we use a smoothing Markov prior [31]
in the attenuation image and a small amount of post-smoothing
in the activity image. Many other priors have been proposed
for emission and transmission tomography. Evaluation of such
priors for regularization of this joint estimation problem is a
topic for further research.

In both the 3D phantom study and the clinical study, we
do not compensate for any scatter in the measurements and
still are able to achieve reasonable reconstructions. We believe
that given these scatter un-compensated reconstructions, it is
possible to make an estimate of the scatter and refine the final
activity and attenuation reconstructions in an additional step.
In the clinical patient study, the patient was injected with a

non-specific tracer that has a detectable accumulation in all
tissues. This made attenuation reconstruction with roughly the
true boundary possible. For more specific tracers that do not
dissipate to the entire body, reconstruction of the attenuation
image with the correct boundary might prove to be more
difficult. The use of external sources [34] can help in these
situations.

V. CONCLUSION

In this paper, the feasibility of simultaneous activity and
attenuation reconstruction from the measurement data was
investigated for a time-of-flight system. The MLAA algorithm,
which makes alternated updates to the activity and attenuation
images by means of the existing MLEM and MLTR algo-
rithms, was used for this purpose.

The feasibility of this approach was verified for 2D and
3D phantom studies as well as for a clinical study. It was
found that the utilization of time-of-flight information in si-
multaneous reconstructions eliminates the problem of activity
and attenuation cross-talk. However, to ensure quantitative
accuracy, limited prior knowledge is still required, because
the solution is only determined up to a constant.

It was shown that as the time resolution of the TOF system
increases, the convergence improves as well. The joint ML
reconstruction was found to be robust to noise in the emission
sinogram.

VI. A PPENDIX

The background prior we use is an absolute intensity prior
favoring zero attenuation in the background. Since in each
iteration the gradient of the prior is added to the one of
the likelihood, here we only express the gradient of this
background prior. Defining∂BG/∂µj as the gradient of the
prior we set this value to be,

∂BG
∂µj

=
−WBG
σ2

|µj(µj − µT )|
µj + cµT

, j = 1, ..., J (19)

whereµj is the attenuation value at voxelj, WBG defines the
prior strength,µT is our expected tissue attenuation,σ is a
standard deviation measure of tissue which was set toµT and
parameterc is a skewness parameter. It can be seen that the
prior has no effect for voxels with zero or tissue attenuation
values. Parameterc is used to adjust the prior strength to have a
greater effect for attenuation values near zero than attenuation
values close toµT . In the simulations we usedc = 0.05 and
replaced∂2BG/∂µ2

j by its upper limit−WBG/cσ2.
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