
Abstract-- New data consistency conditions (DCCs) are pre-
sented for fanbeam projections taken along an arc of a circle.
They are found by performing a weighted backprojection onto a
line segment; consistency is manifested as polynomial behavior
along the line. An application to a toy problem illustrates the
behavior and potential of these DCCs.   

I. INTRODUCTION

Data consistency conditions (DCCs) have had a role in
image reconstruction for many years. The idea is that the pro-
jection data are redundant, and these redundancies, which are
specified using DCCs, have been exploited to tease out
unwanted physical effects in the imaging system. The many
examples in the literature suggest that DCC applications can be
successfully achieved if the physical effects are modelled with
a small handful of suitable parameters. Natterer [Nat93a] was
probably the first to follow this paradigm when he used DCCs
for attenuated SPECT data to estimate the best affine transfor-
mation of a prototype attenuation map. “Best” means that the
estimated affine transformation, when applied to the measure-
ments, yielded the most consistent data. There have been
dozens of other examples of DCC applications in PET, SPECT,
and CT. 

In this work, we are only concerned with consistency con-
ditions for single-slice (2D) reconstruction using the attenua-
tion-free model, suitable for x-ray CT. 

An essential component for DCC applications is a mathe-
matical description of the DCCs themselves. The well-known
Helgason-Ludwig (H-L) conditions [Lud66, Hel80] apply to
unattenuated parallel projections, and have the notable advan-
tages that (i) they are full (both necessary and sufficient), and
(ii) they can be applied to any subset of (untruncated) parallel
projections. In contrast to this situation is the case of fanbeam
projections on a circular trajectory. The standard approach for
fanbeam projections has been to reformulate them (either

mathematically, or by rebinning the data) into parallel projec-
tions, and then applying the H-L conditions. This approach has
the disadvantage that only a tomographically complete set,
such as a full  scan or at least a standard shortscan, can be
tested for consistency1 (e.g. [Fin83a, Pat02, Yu06]). Other
DCCs for circular fanbeam projections that don’t make use of
the parallel H-L conditions can be found [Lou89, Nat93b,
Maz10] but these also all require a complete set of fanbeam
projections on the circle.

For fanbeam projections with source positions along a
straight line rather than on a circle, DCCs have recently been
established [Cla13] that are similar in flavor to the H-L condi-
tions: they are full, and they can be applied to any subset of
(untruncated) fanbeam projections. Similar DCC results for
fanbeam projections on a circle seem to be more difficult to
obtain, but the straight-line case can be leveraged to achieve
partial results. For example, any two source locations on a cir-
cular trajectory can be considered to lie on a “virtual” straight
line trajectory connecting the two sources, so the straight-line
DCCs can be applied. For just two projections however, there
can be no conditions higher than order zero, and these order
zero conditions, which can be applied for any two (untrun-
cated) fanbeam projections, have been known for some time
[Fin83b, Noo02, Che05, Wei06, Lev10] (see also the discus-
sions in [Tan12] and [Cla13]). For a small finite number of pro-
jections on the circle, the projections can only be checked
pairwise using these conditions (see [Wei06, Cla14] for some
example applications), and higher-order conditions would be
stronger. (Order zero conditions cannot detect inconsistencies
due to certain motions of the object, for example.)

In this work, the straight-line conditions are leveraged in a
different way, to allow any (reasonably) small arc of the circu-
lar trajectory to be tested for consistency for any order (not just
order zero). The idea is to consider the chord that connects the
endpoints of the arc, and to rebin the true fanbeam projections
onto virtual fanbeam projections with virtual sources along the
chord. The virtual fanbeam projections will also be untruncated
and the mapping is one-to-one, so the conditions on the arc will
be full if and only if the conditions on the chord are full. How-
ever, due to the rebinning, the whole arc must be simultane-
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1Note: the principle of rebinning circular fanbeam projections into parallel pro-
jections can be also applied to incomplete fanbeam trajectories. If the length of
the fanbeam trajectory segment is larger than the FOV, then rebinning into a
small angular range of parallel projections is possible, and the H-L conditions
can be applied. However, only a small fraction of the fanbeam rays contribute
to the rebinning and are tested for consistency.
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ously checked (or else subdivided into small chords). The
restriction on the length of the arc is that the chord must not cut
the field-of-view (FOV) where the support of the object is
assumed to lie. The rebinning is performed mathematically so
that closed form expressions are obtained for the fanbeam-arc
DCCs.

We present these new DCCs below, and provide a numeri-
cal demonstration, including a model application with a highly
artificial toy problem.

II. THEORY

We denote fanbeam projection data by  where the
source position is indicated by the angular parameter , which
is measured counterclockwise from the vertical. The ray direc-
tion is parametrized by angle , measured relative to the
source. The unknown 2D density function is .

            (1)

The source location is given by , and
the integration direction by .
See Figure 1 (left).

We now consider any arc  of the circle, provided it is not
too long (see below). Without loss of generality, we can con-
sider the arc to be of length , starting at  and
ending at , as illustrated in Figure 1 (right). We are
looking for DCCs for the projections whose sources lie along

. We let  represent the chord joining the endpoints of the
arc , and label these endpoints as  and . See
Figure 1 (right).

We define the virtual fanbeam projection  whose
virtual source is located at , and whose ray direc-
tion is given by  measured counterclockwise from the verti-
cal as shown in Figure 1 (right).

 (2)

For each , and for , we define the
weighted sum of the virtual projection rays for the source at

 by

                          (3)

Now if the support of  does not intersect the line ,

then  for  near , and therefore the powers
of  in the denominator of the integrand of (3) do not
cause difficulty. Under this condition on the support of , nec-
essary DCCs for the virtual fanbeam projections are easily
obtained [Cla13]:
If a given function  satisfies  for some , then
for all , the function  is a polynomial in

 of degree (at most) . 
DCCs for the projections  on the arc  can be obtained

by re-expressing equation (3) for  with a similar expres-
sion using  instead of . This is the mathemati-
cal equivalent of “rebinning to virtual fanbeam projections”.
Fixing  and considering Figure 2, the ray in the direction 
from virtual source location  can be found from the
source position  as shown, and we obtain 

                                   (4)

and thus  where  (= ) can be found
using equation (4) resulting in 

                       (5)

with  being the distance
between the -source and the virtual source at . Taking
the derivative of equation (4) to obtain the Jacobian, the right-
hand-side of equation (3) can now be converted to projections
on the arc, to obtain our main result:

                    (6)

               (7)

If a given fanbeam function  along an arc satisfies 
for some , then for all , the function 
given by equations (6) and (7) is a polynomial in  of degree
(at most) . 

Note that the arc should be short enough that the chord
does not intersect the FOV of the scanner, to ensure the support
condition on  for the virtual fanbeam DCCs.

One notable difference between the arc projections and the
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Figure 1. Left: Illustration of the fanbeam variables  indicating the
source position, and  for the ray.  Right: The arc  and its chord 
are shown. A virtual fanbeam vertex is at  with ray direction .
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Figure 2. Rebinning to the virtual fanbeam projection. The relationship
between  and  (both measured from the vertical) is illustrated, for a
fixed virtual fanbeam source point . The arrows indicate the pivot-
ing of the ray about the virtual source point during integration.
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virtual projections is that the integration takes place over the
ray variable  for the virtual projections, whereas the integral
is over the source index on the arc. Equation (6) can be inter-
preted and implemented as a weighted backprojection of the
fanbeam projections onto the line segment . The weight is
given by equation (7). A linear interpolation is needed for the

 variable (the ray variable). 
The arc projections  should not be truncated.

III SIMULATIONS

A. Illustration of DCCs on an arc
For all the simulation studies shown, the fanbeam source

radius  was 140 mm with a FOV radius of 100 mm. The arc
was 60o in total length, so . The tight radius of the
fanbeam trajectory was chosen to emphasize the fanbeam char-
acter of this work. For this choice of  and , the segment 
lies on the line  with  which is
outside the FOV as shown in Figure 3. Details of the mathe-
matical phantom are also shown in Figure 3.  

Figure 4 illustrates the full 360o trajectory of fanbeam pro-
jections (1024 rays per projection) simulated analytically from
the elliptical phantom. A standard FBP reconstruction is also
shown. For the rest of this work, only the 340 projections cov-
ering the first 60o of arc were processed.

From the 340 fanbeam projections (in increments of
0.176o) along the arc , a backprojection implementation was

used to compute  given by equation (6), for 101 equally
spaced values of  ranging from -55.4 to +55.4 in steps of
1.1 mm along the line segment  and for each of .
Using standard least squares techniques, polynomials of degree

 were fit to  and superimposed in the plots shown in
Figure 5. The residuals (differences between  and the
best degree-  polynomial) were also plotted.

The results show that  follows the predicted polyno-
mial behavior very closely. The residuals were unstructured
and at roughly the level of machine precision errors (single
precision). 

B. An example DCC application using a toy problem
For our toy problem, we imagine that the detector gain

reduces exponentially during the  segment of the scan
along the arc. (“The detector gets tired.”) The actual measured
projections  are related to  by 

                     (8)

according to an unknown exponential constant  (per radian). 
The 60o of fanbeam projections from section III.A above

were multiplied by exponential factors according to
equation (8) to provide measured projections with unknown 
(known only to the co-author who simulated the projections),
with roughly a 20% intensity reduction at the end of the 60o

arc. A second sinogram was also formed by then adding about
10% Poisson noise to each measurement. Figure 6 shows the
image of the projections and a plot at the central ray location of
each projection. The noisy sinogram is readily discernible, but
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Figure 3. Left: a scale diagram of the geometry used for the simulations. The
FOV radius is 100 mm, the 60o arc lies on the trajectory of radius 140 mm,
so the line segment is at y = 121.2. Right: intensity details of the phantom.
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Figure 4. Left: the full 360o of fanbeam projections simulated mathematically
from the elliptical phantom. The bottom line is  = -30o and white line indi-
cates  = 30o. Right: standard reconstruction from full fanbeam data.
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Figure 5. Left: plots of the calculated  functions sampled at 101
values of , with the best-fit degree  polynomial superimposed. Right:
plots of the residuals, the difference between  and its best polynomial.
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the exponential factors are difficult to ascertain.
When checking the DCCs with the noise-free exponen-

tially weighted projections we found, as expected, poor agree-
ment with the polynomials. Although Figure 7 suggests good
polynomial behavior for n = 1, 2, we observe that the residuals
are highly structured, and are four orders of magnitude larger
than for the ideal projections of section III.A. These observa-
tions inspired the following procedure to estimate the unknown

.
A cost function was defined as the sum of the three square

residuals (the three “mean-square differences” with their best-
fit polynomials). Trial estimates  were checked by first multi-
plying  by  and then checking the cost function

using the resulting backprojections . The golden-section
search method [Vet02] was applied to find the best  that
minimized the cost function. Thus when the DCCs were satis-
fied, we deemed the detector to be correctly compensated by

. The experiment was performed for both the noisy and
the noiseless projection data.

For the noisy data, the golden-section search converged
after 35 iterations to  from the initial values
of , . Further study of the cost func-
tion revealed highly non-convex behavior (many local minima)
very close to  (within about 0.000001), so we would cau-
tiously suggest , and for greater confidence we
would estimate . The cost function had a
minimum value of 1.2

For the noise-free data, the golden-section search revealed
that the cost function had a minimum value of 0.0000014 at

 (although it might be reasonable to justify a
single-precision result of  =  considering the
small leading digit.)

The optimization searches were performed “blind” and
only after the above results were established was the true expo-
nential value revealed. It was .2

IV. DISCUSSION AND CONCLUSIONS

We have outlined the derivation of new DCCs for fanbeam
projections along an arc. The arc must be short enough that its
chord does not intersect the scanner field-of-view. 

The principle behind these new DCCs is a mathematical
rebinning to virtual fanbeam projections along the chord, from
which known DCCs were applied. This same technique was
recently applied in DCC theory for truncated fanbeam projec-
tions along a complete trajectory [Cla15]. Despite the signifi-
cantly different geometries, many of the same equations appear
since the essential circle-to-chord rebinning step is the same.

The results of our simulation experiments suggested that
the DCCs are not particularly sensitive to zero-mean noise, but
are highly sensitive to systematic effects on the projections,
such as a small exponential weighting. The DCC method easily
identified the exponential factor to multiple-digit accuracy.
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