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Abstract—In 2011 a primal-dual optimization algorithm was
proposed by Chambolle and Pock. This algorithm is well fit
for 4D CBCT reconstruction with spatial and temporal total
variation (TV) regularization, and several authors recently used
this approach. In this paper, we also implement a version of this
algorithm, and assess its capabilities for dual-energy dynamic
angiography of the brain on a software phantom. The phantom
is created by adding an artificial vasculature, generated with
constrained constructive optimization, to the Brainweb phantom,
and by calculating blood flow dynamics through this vasculature
based on hydrodynamic equations. A dual-energy CBCT acqui-
sition is simulated, split into water and iodine components, and
a 4D iodine image is reconstructed. This suggests the viability
of 4D CBCT techniques based on TV for dual-energy dynamic
brain angiography.

I. 4D CBCT WITH TV REGULARIZATION

4D CBCT allows the reconstruction of several time frames,

and can be used to visualize the flow of contrast through the

brain vasculature, which has a large diagnostic potential in

the acute ischemic stroke workflow. Furthermore, dual-energy

(DE) CBCT devices are becoming more accessible, which

significantly increases the capabilities of CBCT examination.

Many authors have shown that total variation (TV) regular-

ization in both the time and spatial domain is very useful for 4D

CBCT reconstruction, with applications in cardiac, pulmonary

and brain imaging [1], [2]. Computationally efficient imple-

mentations based on the primal-dual optimization algorithm

of Chambolle and Pock [3] have recently been presented by

several authors [4], [5], [6].

To assess the capabilities of these types of algorithms for

dual-energy dynamic angiography of the brain, we have created

a software phantom that includes the flow of a bolus of contrast

through a simulated vasculature. The aim is to reconstruct a

dynamic iodine image.

II. THE ALGORITHM

Consider a contrast-enhanced CBCT acquisition yielding a

sinogram s = (sijf ) ∈ S = R
M1M2F
+ , with 1 ≤ i ≤ M1,

1 ≤ j ≤ M2 and 1 ≤ f ≤ F indexing the two spatial

and the temporal (angular) directions respectively. We want

to reconstruct T time frames x = xijkt ∈ X = R
N1N2N3T
+ ,
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where 1 ≤ i ≤ N1, 1 ≤ j ≤ N2, 1 ≤ k ≤ N3 and 1 ≤ t ≤ T
index the three spatial and the temporal directions respectively.

The data set x can be forward-projected to a sinogram with

the projector A : X → S, which depends on the geometrical

details of the CBCT setup and the projection algorithm. The

back-projection is given by the adjoint operation A∗.
The projector linearly interpolates between the time frames:

Let xt be the time frames in x, where x1 and xT correspond to

the first and last projection in the sinogram respectively. Each

projection sf corresponds to a continuous time point t̂ = 1 +
(T − 1)f/F ∈ [1, T ], which can be decomposed into an index

I =
⌊

t̂
⌋

and a fraction f = t̂− I . The forward projection sf is

obtained by projecting a linearly interpolated 3D data set (1−
f)xI + fxI+1. Backprojection can be implemented similarly,

where contributions from each projection in the sinogram are

properly distributed over their contributing time frames.
Furthermore, we can incorporate a binary voxel mask in the

projector to indicate static voxels, i.e., voxels that should not

contain any dynamics [4]. These voxels have the same value

for all time frames. Masking out highly-attenuating structures

that contain no contrast dynamics, such as bone, can greatly

improve the performance of the algorithm.
We consider the optimization algorithm

argmin
x∈X

(

‖Ax− s‖22 + α‖x‖TV4 + IRN+(x)
)

(1)

The first term promotes data consistency between the for-

ward projection and the sinogram. The TV term is a 4D TV,

and is weighted by α:

‖x‖TV4 =
∑

ijkt

|(∆x)ijkt | (2)

|(∆x)ijkt | =

(

3
∑

d=1

(∆dx)
2
ijkt + (γ∆4x)

2
ijkt

)1/2

(3)

The γ factor in the last term weighs the spatial and temporal

directions differently. The ∆i operator is the forward discrete

difference operator over dimension i. The adjoint is given by

a weighted negative divergence.
The third term is the characteristic function of the positive

orthant, and penalizes any solution with negative entries. This

equation can be written in terms of the Chambolle and Pock

framework, yielding algorithm 1 to solve (1). See [3], [4], [6]

for more information. The projection on the set αP in line 5

projects each gradient voxel-wise onto a ball of radius α.
Note that the forward projection A and backward projection

A∗ are scaled such that the largest eigenvalue of A∗A equals

one. This scaling constant is obtained via power iterations. Also

the TV operator and its adjoint are normalized accordingly.
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Algorithm 1: The proposed algorithm

1 Initialize all variables, choose τ , σ > 0, θ ∈ [0, 1];
2 for n ≥ 0 do

3 yn+1

1 = 2

2+σ (yn1 + σ(Ax− s));

4 xn+1

1 = A∗yn+1

1 ;

5 yn+1

2 = projαP (yn2 + σ∆x);
6 xn+1

2 = −div
(

yn+1

2

)

;

7 xn+1 = proj
RN+

(

xn − τxn+1

1 − τxn+1

2

)

;

8 xn+1 = xn+1 + θ(xn+1 − xn);

Fig. 1: The simulated vasculature inside the brainweb phantom.

III. A DYNAMIC PHANTOM FOR ANGIOGRAPHY

We created a dynamic phantom for testing the capabilities

of the presented algorithm on simulated DE CBCT scans. The

starting point is the brainweb phantom [7], a voxelized head

phantom where 10 tissue classes are present. These classes are

fuzzy, and more than one class may be present in each voxel,

with the abundances summing to one over all classes.

Next, we generated an artificial vasculature by implementing

the constrained constructive optimization method from [8],

where the initial (root) segment was located where the carotid

artery is expected, and random generation of arterial output

terminals was constrained to gray/white matter tissue classes.

The result is visualized in Fig. 1 for 1000 terminal points.

A contrast input function was obtained from a single voxel in

the carotid area of an actual CT angiography examination. This

input function was passed through the artificial vasculature,

where each tube segment was considered to possess laminar

flow so that dispersion and time delays can be calculated

analytically [9]. The diffusion coefficient was fitted to the

input data, and a realistic time behaviour of the flow of

contrast is obtained. Note that no attempt was done to obtain

a realistic anatomy. In addition, no draining venous network

was simulated, and the contrast will disappear at the arterial

output terminals of the vascular tree. We do expect this type of

simulation to be adequate for assessing 4D CBCT algorithms.

The artificial vascular tree was voxelized, and added to the

brainweb phantom as an additional dynamic class. For each

projection in the sinogram, an appropriate time point was

calculated, and the corresponding iodine contribution from the

Fig. 2: Reconstruction (top) and ground truth (bottom) of

5 time frames on a synthetic data set. Axial slice, iodine

component.

vascular tree determined. Forward projection was obtained with

a dual-energy CBCT simulator. Sinogram domain decomposi-

tion was performed into a water and an iodine component via

Newton optimization of the spectrum - sinogram relationship.

IV. EXPERIMENT

We have executed the algorithm on the iodine sinogram

component obtained with the dynamic brainweb phantom. 200

frames of 250 × 250 pixels were simulated over 360◦. We

reconstructed 5 time frames from this data set, where every

time frame was initialized with a prior image obtained with the

FDK algorithm on a non-contrast enhanced synthetic data set.

The parameters were τ = 3.5, σ = 0.95/τ , θ = 1, α = 1e−7,

γ = 100 and the number of iterations was 50. These values

were obtained heuristically. A static bone mask was employed

in the projector.

The result is shown in Fig. 2, along with the ground truth.

It is clear that there is good agreement between both.

V. CONCLUSION AND FUTURE WORK

The Chambolle-Pock algorithm is a powerful optimization

algorithm used by several authors to derive a 4D TV regular-

ized iterative reconstruction algorithm for CBCT. We present

an experiment where this technique is employed to create a

dynamic iodine image in a software phantom. Proper tuning

of the algorithm and comparison with alternative methods will

be done in the near future. This approach also allows us

to investigate additional regularizers, such as L1 sparsity or

nuclear norm minimization. Furthermore, as the technique is an

iterative reconstruction algorithm and hence computationally

quite intensive, we can accelerate the algorithm by employing

graphical processing units.
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