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Purpose: We wish to evaluate the possible advantages of using a multigrid approach to
maximum-a-posteriori reconstruction in digital breast tomosynthesis together with block-iterative
updates in the form of either plane-by-plane updates or ordered subsets.

Methods: We previously developed a penalized maximum likelihood reconstruction algorithm
with resolution model dedicated to breast tomosynthesis1. This algorithm was extended with or-
dered subsets and multigrid updates, and the effects on the convergence and on limited angle artifact
appearance were evaluated on a mathematical phantom and patient data. To ensure a fair com-
parison, the analysis was performed at the same computational cost for all methods. To assess
convergence and artifact creation in the phantom reconstructions, we looked at posterior likelihood,
sum of squared residuals, contrast of identical calcifications at different positions, and the standard
deviation between the contrasts of these calcifications. For the patient cases we calculated posterior
likelihood, measured the signal difference to noise ratio of subtle microcalcifications, and visually
evaluated the reconstructions.

Results: We selected multigrid sequences scoring in the best 10% of the four evaluated parame-
ters, except for the reconstructions with subsets where a low standard deviation of the contrast was
incompatible with the three other parameters. In further evaluation of phantom reconstructions
from noisy data and patient data, we found improved convergence and a reduction in artifacts for
our chosen multigrid reconstructions compared to the single grid reconstructions with equivalent
computational cost, although there was a diminishing return for an increasing number of subsets.

Conclusions: Multigrid reconstruction improves upon reconstruction with a fixed grid when
evaluated at a fixed computational cost. For multigrid reconstruction, using plane-by-plane updates
or applying ordered subsets resulted in similar performance.

I. INTRODUCTION

Digital breast tomosynthesis (DBT) is a recent pseudo
three dimensional imaging technique that reconstructs
the breast volume as a series of planes (which we define
as parallel to the detector, unless specified otherwise),
with small in-plane pixel spacing (typically between 50
and 150 µm) and a much larger inter-plane spacing (typ-
ically 1 mm). This reduces the effect of overlapping nor-
mal tissue structures on the visualization of low contrast
lesions, such as masses in dense breasts, which are diffi-
cult to detect in projection images2. A recent overview
of clinical studies examining the effect of DBT on cancer
detection rates by Houssami and Skaane3 concludes that
while addition of 2-view DBT to standard mammography
improves cancer detection rates, there is still insufficient
evidence to justify a change from digital mammography
to DBT. It should be noted that all systems included in
the referenced studies used filtered backprojection (FBP)
for reconstruction, and at this point there have been sev-
eral studies showing the potential of iterative algebraic
and maximum likelihood (ML) methods to improve upon
this method4–6.

Reconstruction of DBT projections is a challenging
problem since the acquisition process is far away from
ideal conditions required for exact inversion. The most
important deviation is the limited angle setup, with sys-
tems listed by Sechopoulos7 as currently in clinical use or
under development having an angular sampling range be-

tween 11◦ and 50◦. This means that in theory an infinite
number of tissue distributions could explain the acquired
measurement and thus could be considered valid recon-
structions. Most of these systems also acquire projection
images with a continuously moving x-ray source instead
of a step-and-shoot approach, which results in additional
blurring of the data in the tube travel direction8. These
and any other system specific considerations need to be
taken into account when adapting a reconstruction algo-
rithm to these systems.

Filtered backprojection is the most common recon-
struction method and was adapted for use in DBT by
Mertelmeier et al.9, with further refinement of the fil-
ter by Orman et al.10. Work by Ludwig et al.11 and
Erhard et al.12 showed that it is possible to design re-
construction filters to include desirable features from it-
erative methods and more recent developments by Ab-
durahman et al.13 add statistical artifact reduction and
super-sampling to further increase image quality. In con-
trast to the direct inversion in FBP, iterative methods
optimize a cost function, typically either to find the least
squares solution as in SART14 or POCS15, or to find the
maximum likelihood solution as for the ML convex algo-
rithm from Lange and Fessler16 first introduced in DBT
by Wu et al.17.

The main assumptions for iterative methods are that
the optimal solution to a cost function with a more accu-
rate forward model and more complete prior knowledge
will result in a better reconstruction than the solution to
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a less accurate model. In addition, when noise suppres-
sion is incorporated into the cost function (as in penal-
ized likelihood or maximum-a-posteriori reconstruction),
it is assumed that iterating till convergence is benefi-
cial. A distinct disadvantage of the iterative methods is
their high computational cost, even if the reconstruction
is stopped before convergence. Wu17 for example finds
that reconstruction with nonregularized ML resulted in
patient images with sufficient feature contrast and detail
after eight iterations which is roughly equivalent to 24
times the computational cost of FBP, considering that
each ML iteration contains one forward projection and
two backprojection operations, and FBP only includes a
single backprojection.

This high computational cost can be offset by perform-
ing the same calculations more efficiently, for example
by parallel execution on a dedicated graphical processing
unit (GPU), or alternatively by devising more efficient
algorithms that need fewer calculations to perform the
same reconstruction. In most instances these two meth-
ods will be combined.

Iterative image reconstruction is a problem well suited
to parallelization since all operations can be performed
independently on all image voxels18 and practical appli-
cations have demonstrated significant acceleration19–21.
The main limitation of GPUs is the small amount of
available memory which might limit their use for large
datasets. This is one of the reasons why some implemen-
tations will only offload the most computationally ex-
pensive parts of the algorithm (such as the forward and
backprojections) to the GPU, in order to get a most of
the acceleration while avoiding the memory limitations.

Although memory size and computational power keep
growing year after year, the relatively small GPU mem-
ory will likely remain the main bottleneck as imaging
modalities evolve towards ever larger data sizes at the
same time22. Therefore methods that perform better
for the same computational cost will always be useful.
Block-iterative methods (discussed in section II B) are
frequently used for this purpose, whereas multigrid meth-
ods (section IID) are less popular, but we will show their
usefulness for DBT reconstruction in this paper. Other
options, which we did not explore in this work, can ac-
celerate convergence by using more efficient update steps
to optimize the cost function23–26. New update strate-
gies for DBT were proposed by Sidky et al.27 and Park
et al.28, and for computed tomography by Ramani and
Fessler29 and Kim et al.30.

In this work we will examine whether a multigrid
approach can accelerate the convergence of our block-
iterative maximum likelihood reconstruction which in-
cludes an acquisition dependent resolution model and
a combined quadratic and total variation regularization.
The existing and new variants that we use are first pre-
sented separately and then combined with a multigrid al-
gorithm that can use specific acquisition models and up-
date strategies for each grid size. We will find the multi-
grid sequence with the fasted convergence for each block-

iterative method based on reconstructions from simu-
lated projection data, and then further evaluate this se-
lection on simulated data with added noise and a small
set of patient data.

II. MATERIALS AND METHODS

A. Maximum Likelihood Reconstruction

Maximum likelihood reconstruction is formulated as an
optimization problem that includes the forward acquisi-
tion model. With this approach, the analytic inversion is
avoided and replaced by an iterative numerical inversion.
The accuracy and complexity of the forward model will
determine the properties of the algorithm. A simple form
of the estimated transmission scan ŷi can be written as

ŷi = bie
−

∑
j lijµj , (1)

with µj the linear attenuation in voxel j of the recon-
struction volume, lij the intersection length between pro-
jection line i and voxel j, and bi the unattenuated value
for projection line i. Using this model and assuming Pois-
son noise in the measured data, it is possible to calculate
the log-likelihood L for the measured projection data yi:

L =
∑

i

yi ln ŷi − ŷi − ln (yi!). (2)

Using equations (1) and (2), we determine the update
step ∆~µ needed to iteratively maximize log-likelihood L
starting from image ~µ0. To this end we approximate L
with its second order Taylor expansion at the current re-
construction ~µn and then apply optimization transfer to
a separable surrogate function for each voxel j31–34. This
results in the following update equation for reconstruc-
tion volume ~µ:

µn+1
j = µnj +

−αj
∂L
∂µj

|~µ=~µn

∑
k αk

∂2L
∂µj∂µk

|~µ=~µn

, (3)

with k a second index over all image voxels, and αj ≥ 0 a
design parameter introduced by Fessler et al.31 that can
be chosen freely.
Calculating the derivatives of L for model ŷi in equa-

tion (1) results in the following expression for the update
in every iteration:

∆µj =
αj

∑
i lij (ŷi − yi)∑

i lij ŷi
∑

k likαk
. (4)

In this equation we can see that the specific choice of
αj influences the convergence speed of individual vox-
els j. Choosing a high value for a particular voxel j will
increase the convergence speed in that voxel at the ex-
pense of other voxels that are influenced by the increase
of αj in the denominator. For uniform convergence we
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can choose αj = 1 for all j which produces the max-
imum likelihood for transmission (MLTR) update from
our previous work32. Another frequent choice is setting
αj = µnj , creating an update step proportional to the
current attenuation estimate and thus increasing conver-
gence speed for high attenuation regions and slowing it
down elsewhere. This is equivalent to the ML convex
algorithm of Lange and Fessler16.
Like all Bayesian methods, the cost function in equa-

tion (2) can be extended with prior information35, allow-
ing for additional constraints, which is a definite advan-
tage in DBT where reconstruction is an ill posed problem
due to the limited angular range of the projections. In
this work we use both the quadratic36 and total variation
TVl1

37,38 smoothing priors.
The quadratic prior can be added as a penalty to the

log-likelihood in equation (2):

L =
∑

i

yi ln ŷi− ŷi−ln (yi!)−
βQ
4

∑

j,k

wjk(µj−µk)
2, (5)

with quadratic penalty strength βQ, and symmetric
neighbor weights wjk = wkj . This modification is com-
patible with the optimization transfer to surrogate func-
tions, and results in the following update:

∆µj =
αj

∑
i lij (ŷi − yi) + αjβQP

′(~µ)∑
i lij ŷi

∑
k likαk + αjβQP ′′

, (6)

with

P ′(~µ) =
∑

k

wjk(µj − µk), (7)

P ′′ = −2
∑

k

wjk. (8)

The total variation prior is implemented as an addi-
tional smoothing step after each update of the recon-
struction volume. At that point we apply the GP algo-
rithm derived by Beck and Teboulle38, with the regular-
ization parameter λ chosen as the desired strength βTV
of the prior divided by the denominator of the update
step that was just applied:

λ =
βTV∑

i lij ŷi
∑
k likαk + αjβQP ′′

. (9)

Which gives a combined cost function of:

L =
∑

i

yi ln ŷi − ŷi − ln (yi!)

−
βQ
4

∑

j,k

wjk(µj − µk)
2 − 4βTV

∑

j,k

wjk |µj − µk|

(10)
We set the prior strengths βQ = 104 and βTV = 2, and
choose a 3 × 3 × 3 element neighborhood w where only
the four direct neighbors in the plane parallel to the de-
tector are set to 0.25 and all other elements are set to 0.

This combination of priors yielded a good compromise
between resolution and noise on realistic data and was
chosen in consultation with an experienced radiologist
after evaluating a range of settings on a small set of pa-
tient cases. The accelerated reconstruction reported on
in this paper facilitates further task based optimization of
the prior parameters, which is ongoing work but outside
the scope of this paper.

B. Block-Iterative Methods

One of the main disadvantages of ML iterative re-
construction methods is the high number of iterations
and corresponding computation time that is needed to
produce high quality images. For this reason algo-
rithms are typically modified to include accelerated up-
date strategies such as ordered subsets39–42, or image-
block updates31,34,43–45.

The MLTR update with subsets (OSTR) can be im-
plemented by limiting the sum over projection rays i in
equation (4) to only include rays from the selected pro-
jection angles in subset S. When including a smoothing
prior, the backprojections need to be reweighed with the
proportion of the total number of projection angles NA
and the number of projection angles in the current sub-
set NS to preserve the relative strength between the data
and prior:

∆µj =
αj

NA

NS

∑
i lij (ŷi − yi) + αjβQP

′(~µ)
NA

NS

∑
i lij ŷi

∑
k likαk + αjβQP ′′

. (11)

No attempt was made to optimize the order of the
subsets, which were ordered such that each subset had
maximum angular difference with its predecessor, and
if possible also with all previous subsets, following the
advice of Hudson and Larkin39. The chosen angles for
each subset are listed in table I.

Subsets S

2 (1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25);
(2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24)

5 (1, 6, 11, 16, 21); (5, 10, 15, 20, 25); (3, 8, 13, 18, 23);
(2, 7, 12, 17, 22); (4, 9, 14, 19, 24)

12 (1, 13, 25); (12, 24); (6, 18); (9, 21); (3, 15); (8, 20);
(2, 14); (7, 19); (11, 23); (5, 17); (10, 22); (4, 16)

25 1; 25; 13; 7; 19; 4; 16; 10; 22; 9; 21; 8; 20;
6; 18; 5; 17; 3; 15; 2; 14; 24; 11; 23; 12

TABLE I. Subset update ordering.

The image-block version of the MLTR algorithm,
where the blocks are chosen as planes parallel to the de-
tector (MLTRp) can be implemented by limiting the vox-
els µj we will update in equation (3) to those within a
single plane, i.e. choosing αj = 1 for the voxels inside
that plane and αj = 0 for the voxels outside that plane,
and repeating this for all planes in the reconstruction
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volume. The update equation for plane P then becomes

∆µj =

∑
i lij (ŷi − yi) + βQP

′(~µ)∑
i lij ŷi

∑
k∈P lik + βQP ′′

: j ∈ P. (12)

In this equation, the accelerated convergence can be un-
derstood by analyzing the denominator. The sum over
all voxels k,

∑
k lik in equations (4) and (6), is reduced to

a sum over the voxels in a single plane P ,
∑
k∈P lik. This

means the update step will increase by a factor roughly
equal to the number of planes in the reconstruction vol-
ume, which is typically between 20 and 80 for breast
tomosynthesis, depending on the patient. Splitting the
updates in this way does not actually change the com-
putational cost of one update of the complete volume,
since for each full iteration the same number of inter-
section lengths lij need to be calculated. Because the
voxels that are updated simultaneously are only weakly
coupled, convergence should not be adversely affected by
this simultaneous update45.

C. Reconstruction with Resolution Recovery

It is possible to use different reconstruction models
for each of the image blocks46, which we did in previ-
ous work1 by including a resolution model with plane-
dependent point spread function, to compensate for blur
caused by the motion of the x-ray tube during the im-
age acquisition8. This required replacing the model in
equation (1) by the model in equation (13), with p the
plane index in the reconstruction volume, and Ap the
smoothing kernel that models the resolution in plane p.

ŷi = bi
∏

p

∑

n

Apine
−

∑
j∈p lnjµj (13)

We can then calculate the update step for this model from
equation (3), again with αj = 1 for the voxels inside the
updated plane, and αj = 0 for the voxels outside that
plane. Relying on the assumption that the intersection
lengths vary little over the range of smoothing kernel APin
results in the MLTRpr update step1:

∆µj =

∑
i lijψ

P
i

∑
nA

P
in
ŷn−yn
ψ̄P

n

+ βQP
′(~µ)

∑
i lijψ

P
i

∑
k∈P lik

∑
nA

P
in

ŷn
ψ̄P

n

+ βQP ′(~µ)
(14)

for j ∈ P , and with:

ψpi = e−
∑

j∈p lijµj , (15)

ψ̄pi =
∑

n

Apinψ
p
n. (16)

Using the resolution model in equation (13) instead of
the model in equation (1) improved the detectability of
simulated microcalcifications1, but required a good ini-
tialization to counteract limited angle artifacts.
In a preliminary study for this work we examined the

effect of the update order when starting from a good

initialization, and found that it is more efficient to apply
the image updates consistently from bottom to top rather
than alternating the order. Since this good initialization
is one of the motivations to use the multigrid method,
we used the bottom to top updates for all MLTRr and
MLTRpr methods in this work.
Instead of the plane-by-plane updates, it is equally pos-

sible to use subsets by sequentially calculating the up-
dates for each plane without updating transmission scan
ŷ, using

∑
k lik instead of

∑
k∈P lik in the denominator,

and reweighing the backprojection by NA/NS
as for the

OSTR update in equation (11). This gives us the OSTRr

update:

∆µj =

NA

NS

∑
i∈S lijψ

p(j)
i

∑
nA

p(j)
in

ŷn−yn

ψ̄
p(j)
n

+ βQP
′(~µ)

NA

NS

∑
i∈S lijψ

p(j)
i

∑
k lik

∑
nA

p(j)
in

ŷn

ψ̄
p(j)
n

+ βQP ′′

,

(17)
with S the currently selected subset and p(j) the plane
containing voxel j.

D. Multigrid Reconstruction

Multigrid reconstruction, which was first introduced
by Ranganath et al.47 in PET imaging, can accelerate
convergence by starting with a coarse grid in the recon-
struction volume and then decreasing the voxel spacing in
multiple steps during the iterations, initializing the vol-
ume with the interpolated values from the previous grid.
Further experiments by Pan and Yagle48 found that this
method only accelerates convergence of high frequency
components compared to a fixed grid when the volume
is locally smooth. Changing the pixel spacing in the pro-
jection data together with the grid changes in the image
domain, further reduces the computational cost of each
iteration49, and was successfully applied in tomosynthe-
sis reconstruction by Chen and Barner50.
These methods use the same acquisition model and op-

timization strategy for all grid sizes, which is sufficient for
simple models, but not optimal for more complex models
such as equation (13), where the smoothing kernel will be
negligible at coarse grid sizes. Next to this, the typical
reconstruction grid in DBT is anisotropic, with in-plane
voxel spacing identical to the pixels spacing of the de-
tector, and a patient dependent number of 1 mm planes,
so that resizing the grid equally in all directions is not
practical.
There is a lot of freedom in a multigrid algorithm with

regard to when to switch to a finer grid or another update
step. Due to the different cost functions in each step, and
the non-linearity of iterative methods it is hard to pre-
dict which sequence will result in the best reconstruction.
Therefore we examine a selection of the parameter space
and evaluate the reconstructions to find the schemes that
result in the best convergence, measured by: a) the like-
lihood calculated from equations (10) and (13), b) good
and artifact-free convergence in image domain, measured
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by the sum of squared residuals (SSR) between the re-
constructed image and the original phantom image, and
c) good and uniform convergence resulting in position in-
dependent visualization of the microcalcifications, which
is measured by the contrast and the standard deviation
of the contrast measured in different locations.
We set the following constraints when searching the

parameter space:

a) A sequence will either use plane-by-plane MLTR up-
dates or ordered subsets, but not both since our sim-
ulation experiments indicated that combining them
adversely affects convergence.

b) We want to fix the total computational cost of the
reconstruction to the equivalent of four full resolution
MLTRpr updates and the reconstruction should finish
with at least two full resolution MLTRpr or OSTRr

updates.

c) Reconstructions start at 8× 8 rebinning with at least
four MLTR iterations before switching to the MLTRp

and MLTRpr updates, or can start with any number of
MLTR or OSTR updates before switching to OSTRr

updates.

d) The resolution model should not be used in grids re-
binned coarser than 2× 2 since the width of the con-
volution mask in the resolution model is typically less
than two pixels at 4×4 rebinning, and once the switch
is made to use the resolution model, it should be used
for all following updates.

We decided to determine the theoretical computational
cost of the algorithms at different grid sizes instead of
measuring real calculation times because the implemen-
tations of the different update steps are not optimized
to the same degree. The relative computational cost is
proportional to the total number of projections and back-
projections, and the number of projection lines in each
projection or backprojection. For each of the algorithms,
switching to a coarser grid, with 2× 2 rebinning in both
projection data and reconstruction volume, reduces the
number of projection lines, and thus the computational
cost, by a factor of four.
The number of projections and backprojections for

each of the algorithms is as follows: the MLTR update in
equation (4) contains two backprojections (

∑
i lij), and

two projections (
∑

j lij). The first projection is used to
calculate forward model ŷ and the second one to calcu-
late the projection weights

∑
j lijαj , which are the same

in every iteration and can thus be precalculated. This
results in a total of three forward or backprojection op-
erations for each iteration.
The MLTRp update in equation (12) has the same

number of forward and backprojections as the MLTR
update, although they are split between the different
planes. Here it is not feasible to precalculate the weighs∑

j∈p lijαj since this needs to be done separately for all
planes p and requires keeping too much data in computer

memory. Thus each iteration has four forward or back-
projection operations. Switching to the MLTRpr updates
in equation (14) adds another projection to calculate each
ψp and ψ̄p, resulting in a total of five forward or back-
projection operations.
The OSTR update in equation (11) has the same num-

ber of forward and backprojections as MLTR, and can
also precalculate projection weights

∑
j lijαj , resulting

in a total cost of three forward or backprojections for a
full iteration over all subsets. The cost of the OSTRr

updates in equation (17) is the same as the MLTRpr up-
dates, except for the fact that the projection weights can
be precalculated, resulting in a total cost of four instead
of five forward or backprojections.
We should note that for the subset updates the

smoothing prior is now applied to the entire volume after
each subset. This means that this cost can become sig-
nificant when using many subsets. Therefore we add an
extra cost of 1/25th of a projection (roughly correspond-
ing to one operation on the reconstruction volume) for
each subset when using 5, 12 or 25 subsets.
All relative computational costs for the five updates

and four grid sizes that will be used are shown in table II.

rebinning factor iteration cost
MLTR MLTRp MLTRpr

OSTR OSTRr

1× 1 192 256 320
2× 2 48 64 80
4× 4 12 16 20
8× 8 3 4 5

TABLE II. Relative computational cost of one iteration of the
included algorithms (without smoothing prior).

E. Phantom & Simulation

Since evaluating all possible multigrid iterations
schemes on full sized data would not be feasible, we per-
form the optimization and evaluation on a simulated ac-
quisition of a three dimensional phantom. This simula-
tion was performed using the geometry in figure 1. The
X-axis is placed at chest side of the detector, going left
to right, the Y-axis goes front-to-back along the detec-
tor, and the Z-axis goes from the detector to the 0◦ po-
sition of the x-ray source. The center of rotation was set
608.5 mm below the x-ray source (rs) and 47 mm above
the detector (rd). The phantom was placed 17 mm above
the detector (dpd).
The phantom was created by taking a region of 2048×

48 × 600 cubic voxels (85 µm) out of an ellipsoid with
axes of 1024, 1024, and 640 voxels, and filling this area
with white noise filtered by a power law filter51,52 f(ν) =
κ/νβ, with frequency ν, β = 3 and κ = 10−5 mm−1. The
values inside the phantom were then rescaled between the
attenuation of fat and glandular breast tissue. Three sets
of 15 high contrast calcifications modeled as spheres with
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FIG. 1. The simulation geometry (not to scale), with x-ray
source S, detector D, phantom P, and center of rotation C.

150 µm diameter were created in a 5 × 5 × 5 µm3 grid
and inserted at 10 mm, 25 mm, and 40 mm above the
bottom of the phantom. One slice in the X-Z plane of
the phantom is shown in figure 2.

FIG. 2. Slice of the optimization phantom with the loca-
tions of the inserted calcifications, shown with exaggerated
contrast.

Scatterfree projection data were generated for 25 an-
gles distributed equally between -25◦ and 25◦ from the
vertical axis, with a photon energy of 20 keV. For each
source position α, nine subsources were simulated be-
tween α− 0.115◦ and α+ 0.115◦ to represent the pulsed
exposures from a continuously moving x-ray source. The
detector consisted of 3584 × 64 pixels of 85 × 85 µm2,
which were supersampled by a factor of five during the
simulation, and then rebinned to the original size. Blank
scan value bi was set to 2000 for all projection lines i.
No noise was added to the projections unless specified
otherwise. In those cases Poisson noise is generated in
each detector pixel using the pixel value in the noise-
less projection data as mean for the Poisson distribution.
This noise level is roughly 20% higher than in the patient
cases we used in the evaluation. With these projection
data, the phantom was reconstructed to a final volume
of 2048×48×51 voxels for all methods, with an in-plane
pixel size of 85× 85 µm2 and 1 mm plane separation.

F. Phantom & Patient Evaluation

After the parameter search, we compare the best
MLTRpr and OSTRr multigrid sequences to 4 iterations
of the MLTRpr algorithm with under-relaxation in the
first two iterations1 and 4 full iterations of OSTRr(25)
(OSTRr with 25 subsets) or 5 full iterations of OSTRr(5)
or OSTRr(12).

For the phantom data, we use the same criteria for the
parameter search (section IID) for comparison, with the
addition of the signal difference to noise ratio (SDNR) of
the calcifications in reconstructions from noisy data.

After the phantom evaluation, we reconstruct data
from five patient cases using the same methods. Here we
calculate the likelihood, measure SDNR for a selection of
microcalcifications, and perform a visual evaluation. Be-
cause the reconstruction model in equation (13) assumes
a mono-energetic acquisition without scatter, all patient
data were corrected for scatter53 and beam hardening54

before reconstruction.

III. RESULTS

A. Convergence of Ordered Subsets in DBT

We evaluated the four choices of subsets listed in table I
together with MLTR and MLTRp by reconstructing the
phantom described in section II E with 1000 iterations,
after initialization by 10 MLTR iterations. The difference
between the upper bound of the likelihood, defined as

Lmax =
∑

i

yi ln yi − yi − ln (yi!) (18)

and the posterior likelihood L from equation (10), is plot-
ted in figure 3 to compare the convergence of the six
methods. For less than 100 iterations, using more subsets
increases the speed of convergence, and MLTRp performs
similarly to OSTR(5) (OSTR with 5 subsets). The value
of Lmax − L after 1000 iterations is listed in table III,
where MLTRp shows the best convergence, followed by
OSTR(5), OSTR(2), MLTR, OSTR(12), and OSTR(25).

Algorithm Lmax − L

MLTR 1.261·105

MLTRp 1.255·105

OSTR(2) 1.256·105

OSTR(5) 1.255·105

OSTR(12) 1.264·105

OSTR(25) 1.295·105

TABLE III. Lmax − L for MLTR, MLTRp, and OSTR after
1000 iterations.
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FIG. 3. Difference between the upper bound of the log-
likelihood Lmax and posterior log-likelihood L as a function
of iterations for the MLTR, MLTRp, and OSTR algorithms.
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FIG. 4. Histogram of Lmax−L from phantom reconstructions
using all multigrid sequences. The vertical lines indicate the
selected sequences from table IV.
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FIG. 5. Histogram of the sum of squared residuals from phan-
tom reconstructions using all multigrid sequences. The verti-
cal lines indicate the selected sequences from table IV.
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FIG. 6. Histogram of the mean contrast of the calcifications
in the phantom from reconstructions using all multigrid se-
quences. The vertical lines indicate the selected sequences
from table IV.
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FIG. 7. Histogram of the standard deviation of the mean con-
trast of calcifications in three locations in the phantom from
reconstructions using all multigrid sequences. The vertical
lines indicate the selected sequences from table IV.

B. Choice of the Multigrid Sequence

Following the restrictions listed in section II D, we
evaluated 8041 multigrid sequences for MLTRpr, 6339
for OSTRr(5), 4383 for OSTRr(12), and 2613 for
OSTRr(25). Figures 4, 5, 6, and 7 show the histograms
of: the difference between the upper bound of the log-
likelihood Lmax and posterior log-likelihood L; the sum
of squared residuals between the reconstruction and the
original phantom; the mean contrast of the calcifications
in the phantom; and the standard deviation of the mean
contrast of calcifications in three locations in the phan-
tom respectively.
The selected multigrid sequences for MLTRpr and for

OSTRr with 5, 12, and 25 subsets are shown as vertical
lines in figures 4, 5, 6, and 7, and are listed in table IV.
The chosen MLTRpr scores in the top 10% for the four
examined parameters, but for OSTRr there were no se-
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Binning Multigrid Sequences

8×8 5×MLTR 19×OSTR(5) 9×OSTR(12) 4×OSTR(25)

4×4 11×MLTRp 9×OSTR(5) 4×OSTR(12) 3×OSTR(25)

2×2 7×MLTRp 7×OSTR(5) 7×OSTR(12) 5×OSTR(25)

1×1 1×OSTR(5) 1×OSTR(12) 1×OSTR(25)

1×1 2×MLTRpr 2×OSTRr(5) 2×OSTRr(12) 2×OSTRr(25)

TABLE IV. Overview of the selected multigrid sequences,
shown as vertical lines in figures 4, 5, 6, and 7.

quences where all four examined parameters were in the
top 10%, so the standard deviation of the mean contrast
was not taken into account when selecting the sequence.
To make sure these choices remained valid for noisy

data, we repeated the analysis for a selection of sequences
using 10 noise realizations of the projection data, and
found that the average likelihood, sum of squared resid-
uals, and mean contrast from the noise realizations cor-
related well (R> 0.95) with the results from the noiseless
reconstructions. This was not the case when looking at
the standard deviation between the means of the three
groups of calcifications. Here we found correlations of
0.94 for MLTRpr, and 0.73, 0.48, and -0.06 for OSTRr

with 5, 12, and 25 subsets respectively.

C. Phantom Evaluation

Now we compare the selected multigrid (MG) recon-
structions to the original single grid (SG) versions. Ta-
ble V lists the parameters used to choose the multi-
grid sequence and the signal difference to noise ratio
(SDNR) for reconstructions with noise. In these recon-
structions we see that the noise level increases from 3.1%
for MG MLTRpr to 3.3%, 4.6%, and 5.4% for MG OSTRr

with 5, 12, and 25 subsets respectively. Therefore we add
an extra set of OSTR reconstructions with adjusted βQ
and βTV to create reconstructions with matching noise
levels.
In table V we see that Lmax−L and the sum of squared

residuals consistently score better for the multigrid ver-
sion of the algorithms, with the largest gains for the
MLTRpr method, and reduced benefits for an increasing
number of subsets in the MLTRr methods. The mean
contrast of the included calcifications improves in the
noiseless multigrid reconstructions, except for 25 subsets,
where the contrast remains unchanged. For reconstruc-
tions with noise, contrast improves when using 5 sub-
sets, and changes of 2% or less for the other methods.
The standard deviation between the mean contrast of
the calcifications in different locations in the phantom
are all very similar, with only MG MLTRpr scoring much
lower with 15.7%. Average signal difference to noise ratio
(SDNR) was calculated for the calcifications in the recon-
structions with noise. Only MLTRpr shows a noticeable
change with an increase of 15% when switching to multi-
grid. For the OSTRr methods SDNR is lowered with 3%
or less when switching to multigrid reconstruction.
The tabulated residuals are indicative of the strength

of reconstruction artifacts, but not their distribution.
Figure 8 shows part of a coronal slice of a reconstruction
from a sinogram with noise for the single and multigrid
versions of the MLTRpr and OSTRr(5) methods. Here we
see that SG MLTRpr overestimates the attenuation close
to the detector, which is much reduced in the multigrid
variant and not present in the OSTRr(5) images. The
main difference between MLTRpr and OSTRr(5) can be
seen in the bottom left of the phantom where OSTRr(5)
underestimates the attenuation close to the phantom
edge to a greater degree than MLTRpr. There were al-
most no visual difference between the artifacts shown
for MG OSTRr(5) and those in MG OSTRr(12) and
MG OSTRr(25) which were not shown. The structure
of the artifacts for SG OSTRr(12) and SG OSTRr(25)
is similar to that in SG OSTRr(5) but with decreasing
intensity.

FIG. 8. Artifacts in the coronal plane (the XZ plane in fig-
ure 1) for one noise realization of the phantom reconstruc-
tions. a) SG MLTRpr, b) MG MLTRpr, c) SG OSTRr(5),
d) MG OSTRr(5).

D. Patient Evaluation

We continue the evaluation of the multigrid methods
by reconstructing five patient cases. The average of the
difference between the upper bound of the likelihood and
the posterior likelihood is listed in table VI and shows
that switching from single to multigrid improves conver-
gence for these patient cases. The average SDNR from
14 subtle microcalcifications (between 2 and 5 in each
patient case) is listed in table VII. MLTRpr shows the
largest gain, with a decreasing advantage for multigrid
reconstruction with an increasing number of subsets.
Figures 9 and 10 show an irregular opacity and

a cluster of microcalcifications respectively. Here we
see switching to multigrid improves contrast most for
MLTRpr and OSTRr(5), and that there is little vi-
sual difference between single and multigrid versions of
OSTRr(12) and OSTRr(25). Figure 11 illustrates the
reconstruction artifacts for the different methods. The
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Lmax − L Residuals Mean Contrast Standard Deviation Mean SDNR
Algorithm SG MG SG MG SG MG SG MG SG MG
Results from reconstructions without noise:

MLTRpr 8.66·105 2.22·105 339 117 2.10·10−3 3.32·10−3 21.4% 15.7%
OSTRr(5) 5.99·105 2.25·105 181 124 2.16·10−3 3.07·10−3 21.8% 19.1%

OSTRr(12) 4.61·105 1.88·105 144 111 4.07·10−3 4.51·10−3 21.7% 20.5%

OSTRr(25) 3.46·105 1.61·105 113 98.6 5.65·10−3 5.64·10−3 21.1% 21.5%
Results from reconstructions with noise:

MLTRpr 3.33·106 2.98·106 412 134 2.74·10−3 2.69·10−3 22.0% 21.8% 1.31 1.50

OSTRr(5) 3.17·106 2.99·106 193 140 2.49·10−3 2.68·10−3 23.0% 21.9% 1.43 1.43

OSTRr(12) 3.04·106 2.95·106 174 142 3.72·10−3 3.65·10−3 23.9% 23.7% 1.41 1.39
OSTRr(25) 2.96·106 2.94·106 155 144 4.30·10−3 4.31·10−3 25.1% 25.2% 1.39 1.38
Results from reconstructions with noise and modified βQ and βTV :

OSTRr(5) 3.20·106 3.01·106 194 140 2.31·10−3 2.60·10−3 22.6% 21.5% 1.45 1.44

OSTRr(12) 3.21·106 3.13·106 164 139 2.80·10−3 2.73·10−3 20.5% 20.7% 1.55 1.51
OSTRr(25) 3.28·106 3.25·106 138 134 2.66·10−3 2.67·10−3 19.7% 21.0% 1.50 1.48

TABLE V. Comparison between the single grid (SG) and the selected multigrid (MG) versions of the reconstruction algorithms.

Lmax − L (×108)
Algorithm SG SGβ MG MGβ

MLTRpr 1.904 1.755
OSTRr(5) 1.804 1.809 1.758 1.759
OSTRr(12) 1.797 1.823 1.783 1.805
OSTRr(25) 1.851 1.883 1.843 1.874

TABLE VI. Average Lmax −L from 5 patients for single and
multigrid reconstructions with fixed β (SG and MG) and with
adjusted β (SGβ and MGβ).

Mean SDNR
Algorithm SG SGβ MG MGβ

MLTRpr 3.27 3.84
OSTRr(5) 3.22 3.37 3.62 3.66
OSTRr(12) 3.35 3.65 3.50 3.83
OSTRr(25) 3.28 3.69 3.28 3.74

TABLE VII. Average SDNR of 14 subtle calcifications from
5 patients for single and multigrid reconstructions with fixed
β (SG and MG) and with adjusted β (SGβ and MGβ).

largest difference can be seen between the single and
multigrid versions of MLTRpr where the attenuation in
the single grid reconstruction is underestimated in most
of the volume due to the overestimation close to the de-
tector. The differences between single and multigrid are
much smaller for the OSTRr reconstructions, but the im-
provement for multigrid is clear from visual evaluation.
While the artifact in the MG OSTRr images are visually

FIG. 9. Irregular opacity for single (top row) and multi-
grid (bottom row) variants of (from left to right) MLTRpr,
OSTRr(5), OSTRr(12), and OSTRr(25).

FIG. 10. Microcalcification cluster for single (top row)
and multigrid (bottom row) variants of (from left to right)
MLTRpr, OSTRr(5), OSTRr(12), and OSTRr(25), with in-
verted grayscale.

similar, but with varying intensity, there are clear differ-
ences with the MGMLTRpr reconstruction, shown by the
arrows in figure 11. Closer to the detector side (top row),
the breast edge is better represented for MG MLTRpr,
while the reverse is true closer to the top of the recon-
struction volume (bottom row). In the center of the vol-
ume (middle row), the differences are relatively small,
with one artifact appearing for increasing number of sub-
sets near the top of the image.

Next to the changes in contrast and artifacts, we also
see a difference in noise levels between the reconstruc-
tions in figures 9, 10, and 11. The average noise levels
in the five patient cases are 4.1%, 3.9%, 4.3%, and 4.4%
for MLTRpr, OSTRr(5), OSTRr(12), and OSTRr(25) re-
spectively when using the modified prior strength that
resulted in equal noise levels in the phantom reconstruc-
tions.

The patient reconstructions with adjusted β were
also evaluated by an experienced radiologist special-
ized in breast imaging. She found the SG OSTRr(12),
SG OSTRr(25), MG OSTRr(12) and MG OSTRr(25) re-
constructions to be identical from a diagnostic point of
view, but all containing too much noise, making it harder
to spot microcalcifications. The multigrid versions of
MLTRpr and OSTRr(5) did improve the contrast of soft
tissue structures and microcalcifications while maintain-
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FIG. 11. Reconstruction planes at 15 (top row), 30 (middle row), and 45 mm (bottom row) from the detector cover for single
(left facing) and multigrid (right facing) variants of (from left to right) MLTRpr, OSTRr(5), OSTRr(12), and OSTRr(25). The
window is set from 0.03 to 0.06 mm−1 with inverted grayscale.

ing a manageable amount of noise. These two multigrid
reconstructions were also considered diagnostically equal
and were preferred over the other methods. The im-
age artifacts were not considered a fundamental problem
since the information in those areas can still be examined
by changing the window settings, but there is a strong
preference not to have to do this because it significantly
increases the time needed to read each reconstruction
volume.

IV. DISCUSSION

We started our evaluation of multigrid reconstruction
for DBT by comparing the relative convergence speed of
MLTRp and OSTR (figure 3). Although only MLTRp

was guaranteed to converge, differences after 1000 it-
erations were very small thanks to the addition of the
smoothing priors that strongly reduce the limit cycle so-

lution for the OSTR reconstructions. Even though these
methods converge to slightly different solutions, we do
not expect this to be noticeable when stopping after a
few iterations.

The selected multigrid sequences in table IV seem like
logical choices, with several iterations at each grid level
before moving to the next size. When looking at the full
data, we see that suboptimal sequences concentrate too
many iterations at a single grid size rather than using a
more equal distribution. This type of sequences would
not be considered when setting a performance measure
to decide when to switch grids as in the original work of
Ranganath47. By fixing the computational cost instead,
we could compare all methods on an equal footing but
at the cost of including many suboptimal possibilities in
the first step of our analysis.

This computational cost was chosen to allow an
MLTRpr reconstruction on current hardware (e.g. nVidia
Tesla C2075) within 5 minutes, which is reasonable for
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the current clinical use where images are evaluated be-
fore the patient leaves. This cost will of course need to
be re-evaluated when the tomosynthesis system changes,
the reconstruction workstation is upgraded with a new
CPU or GPU, or for other clinical settings, such as for
example a screening environment where images are read
in batches several days after the examination.

While we used reconstructions from noiseless data to
choose the multigrid sequences, we found good correla-
tions between these parameters and the average of the
same parameter calculated from multiple reconstructions
from noisy data, with the exception of the standard de-
viation of the mean contrast of the calcifications in three
different locations in the phantom. Here we found good
correlation for MG MLTRpr, which produces a large
range of values, both in reconstructions from noiseless
data (figure 7) and in reconstructions from noisy data
(histogram not shown). The MG OSTRr reconstructions
also show the same behavior in the noiseless and noisy
reconstructions, with results getting more clumped to-
gether for increasing subsets. This makes the lack of
correlation less of a problem, since the exact choice of
multigrid sequence will only have a small effect on the
resulting value of the standard deviation. We found that
there were no examined multigrid sequences for OSTRr

that scored in the lowest 10% of values for this stan-
dard deviation while at the same time scoring in the
best 10% for the other parameters, and we decided to
ignore this parameter when choosing the multigrid se-
quence. In the end this doesn’t seem like a bad choice
when we compare the scores of the standard deviation
for multigrid MLTRpr and OSTRr with modified beta in
table V, where the values lie in a small range from 20.7%
to 21.8%. From these results it appears that the choices
we examined in this paper had little influence on this
standard deviation, but despite this we think it is a valid
performance measure to expect identical calcifications in
different parts of the phantom to be reconstructed with
the same contrast.

If we compare the histograms in figures 4, 5, and 6 it
seems that the chosen multigrid sequence with 25 subsets
will easily outperform the MLTRpr sequence and those
with 5 and 12 subsets. After introducing noise in the pro-
jection data and adjusting the prior weights to produce
similar noise levels in the reconstructions, only small dif-
ferences remain. With different values of βQ and βTV ,
the algorithms are optimizing different cost functions and
it is no longer possible to directly compare the posterior
likelihood. The results indicate that even with the multi-
grid acceleration, the convergence is still incomplete, and
more so if fewer subsets are used. Since high frequencies
are slower to converge, this early stopping of the itera-
tions has a smoothing effect. Since MG OSTRr(25) has
the strongest convergence, it needs more smoothing by
the prior to obtain a matched noise level.

In general we find the same conclusions when looking
at the patient data, with only relatively small differences
between the four multigrid sequences with adjusted prior

strength. On closer examination there are some notice-
able differences such as the ranking of the average poste-
rior likelihood for the multigrid sequences with the origi-
nal fixed prior strength (third column in table VI) which
shows that MLTRpr has reached better convergence than
the three OSTRr reconstructions, and that convergence
decreases with an increasing number of subsets, which is
opposite to the results for the phantom. We also find
that the modified prior strength is not entirely effective
for the patient cases. The range of the average noise lev-
els is reduced from 4.1%–6.9% to 3.9%–4.4%, but this
differences is clearly visible in the patient images, where
the OSTRr(12) and OSTRr(25) reconstructions are con-
sidered too noisy for easy diagnosis.
We suspect that the reason for this discrepancy be-

tween phantom and patient reconstructions is due to the
differences in noise composition and data consistency.
The simulated projection data contain pure Poisson noise
and are fully consistent, while the patient projection data
contain other noise contributions from the detector and
possible data inconsistencies from imperfect scatter and
beam hardening corrections and possible patient motion.

V. CONCLUSIONS

In this work we examined the combination of a multi-
grid reconstruction strategy with block-iterative updates
both in the form of plane-by-plane updates and subsets
while optimizing a likelihood cost function with a po-
sition dependent resolution model. We found improved
convergence and a reduction in artifacts for our chosen
multigrid reconstructions compared to the single grid
reconstructions with equivalent computational cost, al-
though there was a diminishing return for an increasing
number of subsets. Ordered subsets provided a stronger
acceleration, but when comparing the multigrid recon-
structions at matched noise levels, plane-by-plane up-
dating and using ordered subsets produced very similar
performance.
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