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Abstract—A spatially variant resolution modelling technique
is presented which estimates the system matrix on-the-fly. The
method randomly redistributes the line-of-response endpoints
according to probability density functions describing the detector
response and photon acollinearity effects. A list-mode OSEM
algorithm is used for the reconstruction. We demonstrate that
this model agrees with measured PSFs and we present results
showing an improvement in resolution recovery as compared to
using a Gaussian convolution to model the resolution, although
with an increase in noise. We also present results from applying
this method to event-by-event rigid motion correction with list-
mode reconstruction using the microPET Focus220 scanner.

I. INTRODUCTION

IN positron emission tomography (PET) imaging accurately
modelling the physical measurement process to account for

the point spread function (PSF) can improve the subsequent
resolution of the reconstruction [1]. Such a model can be used
to calculate a system matrix which represents the mapping
between the detector elements and the voxels in the image
space. This system matrix can be determined directly from
point sources measurements throughout the scanner field-of-
view [2], estimated using, for example, Monte Carlo simula-
tions [3], or determined analytically [4].

During maximum likelihood expectation-maximisation
(MLEM) iterative reconstruction the modelling of the finite
spatial resolution may be accomplished by convolving the
image with a suitable Gaussian distribution before forward
projection and after backprojection [5]. The projections can
be performed using, for example, a ray-tracing technique [6].
This Gaussian distribution is spatially invariant and is only an
accurate model for the resolution near the centre of the field-
of-view (FOV) of the PET scanner; it becomes less accurate
with increasing radial distance.

In this work a spatially variant model has been developed
which models the two most dominant factors affecting the PSF,
namely the detector response function and the acollinearity of
the photon pair, for the microPET Focus220 small animal scan-
ner. Probability density functions (PDFs) are derived which
represent the statistical distribution of where the photons were
absorbed in the crystals. These PDFs are randomly sampled
to define the endpoints of the lines-of-response (LORs), thus
redistributing them and modelling the system’s response (this
is an extension of earlier work [7]). A list-mode ordered-
subset expectation maximisation (OSEM) reconstruction is
then performed [8].
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Similar techniques have been employed before in various
ways to model the system matrix [9]–[14]. Moehrs et al
[9] used multiple integrations of each LOR to achieve an
approximation of the system matrix; Chen et al [10] presented
an approach whereby the PDFs were estimated from Monte
Carlo simulations, and applied the algorithm to simulated data.
A random redistribution methodology was applied by Jin et al
[11] to reassign LORs which had undergone mashing when
being binned to a sinogram. This was done by randomly
assigning sinogram bin elements to those LORs which could
have contributed to that bin, weighted by their relative sensitiv-
ities. While this does involve a redistribution, the goal was not
to model the physical processes involved in the measurement,
but rather to model the PSF due to mashed data.

Rigid motion correction in PET brain imaging is becom-
ing more and more important with the currently achievable
resolution of modern scanners. The most successful motion
correction techniques make use of an external motion tracker
during the scan to track either a marker fixed to the subject
[16], [17] or characteristic features of the subject itself (i.e.
markerless tracking) [18], [19]. The list-mode data can then be
corrected on an event-by-event basis according to the recorded
motion data before reconstruction [16]. For subjects which may
exhibit a large range of motion within the scanner (for instance,
awake animals in pre-clinical studies), the need to respect
the spatially variant nature of the system matrix becomes
more important. The presented resolution modelling technique
allows for the system model to be incorporated before motion
correction is performed, thus preserving the spatially variant
nature of the model and providing a more accurate system
model than spatially invariant techniques.

II. THE MEASUREMENT PROCESS

During the decay of the radioisotope a positron is emitted.
This positron can traverse some distance (referred to as the
positron range) before annihilating with an electron. The
positron range is dependent on the surrounding material as well
as the energy of the positron and varies for different tracers.

The linear momentum of the electron and positron is
conserved in the annihilation event, thus the emitted photon
pair can have a non-zero linear momentum and hence have
acollinear directions of travel. In this case the resultant LOR
connecting the detecting crystals will not pass through the
location of the annihilation event, thus introducing a blurring
in the reconstructed image. The magnitude of this blurring
depends on the length of the photons’ flight path and is thus
spatially variant.

Due to the finite stopping power of the scintillation crystals
a photon with an oblique incident angle on the crystal surface
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Fig. 1. The detector response function, Pθ(s), gives the probability that,
given a detecting crystal pair which describe an incident angle θ, the photon
was actually absorbed at s, a distance parameter perpendicular to the TOR.
An independent sampling from Pθ(s) is made for each LOR endpoint.

might traverse one or more crystals before being absorbed. The
recorded position of the detection event is the centre of the
detecting crystal, and hence, even for photons whose flight is
normal to the crystal, an uncertainty of half the crystal width
is introduced. Furthermore, photon scatter within the crystal
can cause it to be absorbed in a neighbouring crystal, and
imperfect optical septa between the scintillation crystals can
cause crosstalk between them. These effects result in a detector
response function which depends primarily on the incident
angle of the photon on the crystal surface.

III. METHOD

By analytically modelling the physical factors affecting the
measurement process, suitable PDFs can be derived which
represent the statistical location of the absorption points of
the photons in the detecting crystals. Thus, given a detecting
crystal pair, a LOR can be defined by randomly selecting
endpoints according to these PDFs. This ”redistributed” LOR
can then be considered to be a single line sample from the
tube-of-response (TOR) connecting the crystals.

Since any particular detecting pair appears many times in the
list-mode data, by redistributing all the LORs independently
the TOR corresponding to each detecting pair is sufficiently
sampled, given a high enough number of counts. Thus the
complete system matrix is suitably estimated.

A. Modelling the measurement process
1) Detector response function: A photon entering a crystal

traverses some distance before being absorbed. The probability
distribution of a photon being absorbed by a crystal when it
is at a perpendicular distance of s from the TOR edge which
makes an angle of θ with the crystal normal, is given by,

Pθ(s) =
(
1− e−µcy(s)

)
e−µch(s)−µgg(s), (1)

where h(s) is the distance traversed in the neighbouring crys-
tals, y(s) is the total potential distance traversed in the crystal
under consideration, g(s) is the distance traversed through the
gaps between the crystals, and µc and µg are the attenuation
coefficients of the crystals and the material filling the gaps
between the crystals, respectively, [20]–[22]; see figure 1. The
parallax effect which varies the incident angle, θ, across the
distribution, Pθ(s), has been ignored since the width of Pθ(s)

is very small in comparison to the distance between the two
detecting crystals. This models the depth of interaction of
the crystal and accounts for the obliqueness of the crystal
with LORs at increasing radial distance from the centre, but
ignores the crystal scatter and crosstalk effects. These, and
any additional physical effects which have not been included
in the model, can be incorporated through a convolution with
a suitable Gaussian distribution. The FWHM of this Gaussian
was determined by comparison with measured data, and is
discussed further in section IV-A.

The endpoints of each LOR are redistributed by randomly
sampling from Pθ(s) twice: once for each endpoint, to define
a redistributed LOR.

2) Photon acollinearity: Due to the conservation of
electron-positron momentum, two photons emitted from an
annihilation event are not exactly collinear. The distribution
of the angular deviation of this acollinearity was measured by
Colombino et al [23] and later quantified by Shibuya et al
[24]. The required distribution to describe this deviation was
found to be a double Gaussian,

Q(φ) = A1e
− (φ−µ1)2

2σ2
1 +A2e

− (φ−µ2)2

2σ2
2 , (2)

with A1 = 0.824, σ1 = 0.269◦, µ1 = −0.009◦, A2 = 0.176,
σ2 = 0.116◦ and µ2 = 0.007◦ [24]. However, since there is
no physical reason why the µ values should be non-zero, these
can be set to zero.

Given an angular distribution, 〈φ〉, between the travelling
lines of the two photons, the resultant spatial distribution, 〈p〉,
on a perpendicular plane at a distance d from the annihilation
point is given by,

〈p〉 = d tan〈φ〉. (3)

Extending equation 3 to allow for the orientation and curvature
of the detecting surface, a distribution is derived with which
the endpoint of the LOR can be redistributed.

The annihilation location distribution due to acollinearity
can be approximated in two ways: either by redistributing
one endpoint of the LOR, but selecting which at random; or
by redistributing both LORs independently after scaling the
standard deviations of the acollinearity distribution by 1√

2
. The

former case can be thought of as considering one photon to
be along the ”true” flight path while the other has deviated
from it by an angle of φ, and the latter case is where both
photons are considered to have deviated from the ”true” flight
path by an angle of φ

2 . A comparison between the resultant
distributions for these two cases with the theoretical distribu-
tion is shown in figure 2. Shifting only one endpoint provides a
better approximation to the theoretical prediction. While in the
regions close to the LOR endpoints this distribution has much
higher values than the theoretical distribution, these regions
are usually outside of the FOV of the scanner and are thus not
as significant as the region around the centre of the FOV.

3) Positron Range: The positron range can be modelled by,

R(x) = Ae−x/B + (1−A)e−x/C , (4)

where, for 18F in water, A = 0.851, B = 0.054 mm and
C = 0.254 mm, and were set experimentally [25]. Since this
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Fig. 2. The theoretical distribution of the possible annihilation points for a
given LOR (along the vertical centreline) as a result of photon acollinearity
is shown on the left. The resultant distributions when shifting only one LOR
endpoint (middle) and when shifting both endpoints (right) are shown for
comparison. The horizontal axis has been greatly exaggerated: actual spatial
extents are 1.5 mm × 272 mm.

function already becomes very small when x = ±1.0 mm, its
effect on the reconstruction is minimal and it was thus ignored
during this research (unless explicitly specified).

B. Implementation
The above techniques were applied to model the system

response of the microPET Focus220 (Preclinical Solutions,
Siemens Healthcare Molecular Imaging, Knoxville, TN, USA).

1) Reconstruction: Before reconstruction all the LOR end-
points are redistributed independently according to the distribu-
tions described above; first according to the detector response
function, and then according to the acollinearity distribution,
in both the transaxial and axial directions. The LORs are
sampled twice: once for the forward projection and once for
the backprojection step in the MLEM algorithm. These two
samplings are independent of each other. After each iteration
the LORs are resampled so as to yield better statistics of the
distributions. Thus, if a particular LOR appears N times in
the list-mode data and the OSEM reconstruction is performed
using M iterations, the corresponding TOR is sampled 2NM
times during the reconstruction.

2) Normalisation: A normalisation measurement was made
by scanning a uniform cylinder over a long period. To produce
the sensitivity image used in the list-mode reconstruction
the normalisation sinogram was inverted and backprojected.
Before backprojection the LORs were redistributed according
to the technique described in section III-A. This process was
repeated N = 25 times to ensure that the distributions were
well sampled, and the final sensitivity image was scaled by N .

IV. EXPERIMENTS

All experiments were performed on the microPET Focus220
scanner. This is a specialised scanner dedicated to small animal
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Fig. 3. The FWHM of the projection as a function of projection angle
(view) in: the measured sinogram (red), the sinogram produced when using
a Gaussian convolution to model the resolution (model A, black), and the
sinogram produced when using the redistribution technique to model the
resolution (model B, blue). In figure (b) the particle was located 1.694 cm
from the centre of the field-of-view. To produce these plots the sinogram
planes were summed over to reduce the effect of noise, and the plots
have also been smoothed. The FWHM values have been arc-corrected. The
redistribution technique produces sinograms whose projection profiles match
those of measured data.

imaging. It has a ring diameter of 260 mm and an axial length
of 76 mm.

A. Spatial Variance Investigation
To investigate the spatially variant nature of the redistribu-

tion technique, a 2 mm diameter point source was scanned
at various locations within the scanner. For each measurement
the centre-of-mass position of the point source was determined
from a reconstruction of the data, a point source of the same
size was then simulated in that position and used to create a
sinogram using two forward projection models:

A The resolution was modelled by convolving the image
with a spatially invariant Gaussian distribution with
FWHM = 1.3 mm [26]. The resulting image was then
forward projected to sinogram space.

B The resolution was modelled by redistributing the LORs
according the technique described above, forward pro-
jecting along these LORs, and then binning the resulting
projection values into the sinogram bins corresponding
to the original LORs.

The resulting sinograms were compared to the measured
sinogram to determine the accuracy of each model in approx-
imating the PSF.

B. Static phantom scans
A hot-rod phantom with rods of diameter 1.5 - 3.0 mm was

scanned. Two scans were performed: one with the phantom
near the centre of the FOV, and the other with the phantom
approximately 5.4 cm horizontally to the left of the FOV
centre. The phantom was filled with 1 mCi of 18F-FDG and
scanned for 2 minutes in each position. The reconstructions
have a pixel size of [0.4745, 0.4745, 0.7960] mm and were
reconstructed with OSEM using 10 iterations with 10 subsets.

C. Moving phantom scan
The same hot-rod phantom, filled with approximately 1 mCi

of 18F-FDG, was scanned while undergoing a continuous
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Fig. 4. Reconstructions of the phantom near the centre of the scanner FOV.
The redistribution technique has produced a similar resolution recovery to the
Gaussian convolution technique, although with an increase in noise.

motion. The average radial distance of the phantom from the
FOV centre during the scan was 3.8 cm. Its motion was tracked
by attaching a marker to the phantom and tracking this marker
with a MicronTracker stereo-optical camera (Claron Technol-
ogy Inc., Toronto, Canada). The redistribution technique was
applied to the list-mode data, and the list-mode data was then
corrected for motion on an event-by-event basis [16], [17]. The
data was reconstructed using a list-mode OSEM algorithm with
10 iterations and 10 subsets.

V. RESULTS

A. Spatial variance investigation
To match the results from model B with those from the

measured data, the detector response distributions (presented
in section III-A1) were convolved with a Gaussian distribution
with a FWHM of 1.2 mm. This convolution incorporates any
physical factors not modelled by the distributions, for example
inter-crystal scatter, scintillation crosstalk, etc.

Figure 3 shows a comparison of the FWHM of each pro-
jection (view) of the simulated sinograms with those of the
measured data. For a point source located near the centre of
the FOV the FWHMs of the projections are quite constant, as
expected. However, for off-centre point sources the FWHMs
of the measured data vary with the projection angle, and this
behaviour is well modelled by the redistribution technique
(model B). Since the Gaussian convolution is spatially invari-
ant, the FWHMs are not affected by the point source position
and it thus underestimates the FWHM of the PSF for angles
where the point source’s projection is off-centre.

B. Static phantom scans
Figure 4 shows a slice through the reconstruction of the

centred phantom using different resolution models. The re-
construction using the redistribution technique exhibits a very
similar resolution recovery to the reconstruction using the
Gaussian convolution, although it suffers from more noise.
This is expected since the Gaussian model is accurate near
the centre of the FOV.

Figure 5 shows a slice through the reconstruction of the
off-centre phantom using different resolution models. The
rods in the reconstruction using a Gaussian convolution have
been slightly elongated in the horizontal direction due to the
inaccurate modelling of the system response in this region
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Fig. 5. Reconstructions of phantom 5.4 cm from the FOV centre. The
Gaussian convolution method distorts the rods away from the centre (i.e. to the
left), as can be seen in (b), while the redistribution technique has preserved
the circular shape of the rods. The redistribution technique has produced a
significant improvement in the resolution recovery.

of the FOV, while the reconstruction using the redistribution
technique has preserved the circular shape of the rods. As
can be seen in the profiles across the images in figure 5,
the redistribution technique has produced better resolution
recovery than the other two methods. However, it does suffer
from noise introduced through the random redistribution of the
LORs, and this has affected the resolution of the smallest rods.



Gaussian convolution Redistribution technique No motion correction 

(b) 

(c) 

(a)

-20 -10 0 10 20 30
x (mm)

0

1•107

2•107

3•107

C
ou

nt
s

Redis model
Gaussian model

(b)

-20 -10 0 10 20 30
x (mm)

0

1•107

2•107

3•107

4•107

C
ou

nt
s

(c)

Fig. 6. Reconstruction of an off-centre, moving phantom. The redistribution
technique shows a small but consistent improvement over the Gaussian
convolution model.

C. Moving phantom scan
Figure 6 shows the results of the reconstruction of the

moving phantom, compared to the reconstruction when using
the Gaussian convolution technique to model the resolution.
The profiles along two lines are also shown and while the
improvement in the resolution recovery by the redistribution
technique is small, it is consistent throughout the image.

VI. DISCUSSION

Through an analytical modelling of the system response,
the redistribution technique effectively models a tube-of-
response for each detector pair, given sufficient sampling of
the derived distributions. These tubes-of-response can overlap
and vary radially, axially and transaxially. Since the LORs
are redistributed randomly and at each sampling represent
only a 1-dimensional sample of the 3-dimensional tube-of-
response, a significant amount of noise is introduced into the
MLEM reconstruction. This noise degrades the final resolution
recovery. Nonetheless, since each LOR appears many times in
the list-mode data (given a high enough number of counts),
the TORs are sufficiently sampled to approximate the system

response. The reading and redistribution of the LORs requires
approximately 9 times more computation time than simply
reading the LORs from file, and this needs to be performed
twice at each iteration: once for the LORs for the forward
projection and once for those for the backprojection. On most
systems this amounts to a few minutes instead of a few seconds
per sampling.

In the centre of the FOV the redistribution technique does
not produce results any better than when using a Gaussian
convolution model. This is expected since a Gaussian convo-
lution is a good approximation to the system response near
the centre of the FOV. Indeed, the resultant tube-of-response
near the centre of the FOV when using the redistribution
technique matches this Gaussian distribution closely. Since
the redistribution technique involves a random sampling it
introduces noise into the MLEM iterations and the effect of
this noise is clear in the reconstructions. For this reason the
Gaussian convolution produces superior reconstructions for
centred phantoms. However, with increasing radial distance
from the centre of the FOV the redistribution technique
provides a better model for the system response than the
Gaussian convolution model. This was well demonstrated by
the sinogram simulated using the redistribution technique for
an off-centre point source. In the case of the phantom data, at a
distance of 5 cm from the FOV centre the Gaussian convolution
noticeably elongates the reconstructed image radially away
from the centre, while the redistribution technique preserves
the shape of the imaged objects. Thus, even though there is
an increase in the noise, it is nonetheless preferable to use the
redistribution technique to model the resolution in these cases.

The redistribution technique is well-suited to be used in con-
junction with motion correction. The LORs are redistributed
before being motion corrected, and then used in the MLEM
reconstruction, thus the spatial variance of the system response
is preserved. The results of the moving phantom scan showed
a small but consistent resolution recovery by the redistribution
technique as compared to the Gaussian convolution method.
The scale of this improvement may be explained by the fact
that the phantom was not as far from the FOV centre as the
presented static scans. A more eccentrically moving phantom
may produce more pronounced results.

VII. CONCLUSION

A spatially variant resolution modelling technique has been
presented which estimates the system matrix on-the-fly. The
method randomly redistributes the LOR endpoints according
to suitable probability density functions, then performs a list-
mode OSEM reconstruction. An improved resolution was
observed in off-centre phantom reconstructions when com-
pared to the standard spatially invariant model of using a
stationary Gaussian convolution in image space, however with
an increase in noise. The technique was successfully applied to
an event-by-event, list-mode motion correction reconstruction
and a slight but consistent improvement in the resolution was
observed.
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