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Abstract—In positron emission tomography (PET), attenuation
correction is typically done based on information obtained from
transmission tomography. Recent studies show that time-of-flight
(TOF) PET emission data allow joint estimation of activity
and attenuation images. Mathematical analysis revealed that the
joint estimation problem is determined up to a scale factor.
In this work, we propose a maximum likelihood reconstruction
algorithm that jointly estimates the activity image together
with the sinogram of the attenuation factors. The algorithm
is evaluated with 2D and 3D simulations as well as clinical
TOF-PET measurements of a patient scan and compared to
reference reconstructions. The robustness of the algorithm to
possible imperfect scanner calibration is demonstrated with
reconstructions of the patient scan ignoring the varying detector
sensitivities.

Index Terms—ijoint activity and attenuation estimation, maxi-
mum likelihood, self-normalization, time-of-flight (TOF) positron
emission tomography (PET)

I. INTRODUCTION

A quantitative reconstruction of the tracer activity dis-
tribution in positron emission tomography (PET) requires
correction of the emission data for the attenuation factors. In
current PET/CT systems, attenuation correction is typically
done by means of well-aligned CT images adjusted to the
photon energy of 511 keV [1], [2]. However, because the
PET and CT scans are acquired sequentially and because the
acquisition durations are very different, the images are not
perfectly matched, and PET attenuation correction artifacts
are unavoidable [3]. These inaccurate tracer distribution values
are the result of respiratory and/or patient motion during and
between the two scans. Several research groups have tried to
estimate the activity and attenuation images simultaneously
from non time-of-flight (TOF) PET emission data, in an
attempt to overcome this problem [4]-[12]. Despite some
useful results the problem of joint estimation was found to be
highly ill-posed. However, recent studies show that the data
redundancy in TOF-PET data allows stable reconstruction of
both attenuation and activity from TOF-PET emission data
[13]-[15]. Moreover, mathematical analysis revealed that the
TOF-PET data determine the attenuation correction factors
uniquely except for a scale factor [16].
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As well as correction for the attenuation factors, the PET
data need to be corrected for the sensitivity differences be-
tween different lines-of-response (LORs). Commonly, these
detector pair sensitivities are estimated by means of dedicated
calibration scans, where the response of each LOR is mea-
sured for known activity phantoms [17], [18]. However, the
detector pair sensitivities are prone to change from one scan
to the other, thus potentially resulting in sub-optimal tracer
distribution reconstructions [19]. In an attempt to overcome
this issue, some researchers have proposed to jointly estimate
tracer activity distributions together with detector pair sensi-
tivities [20], [21]. These “self-normalizing” algorithms make
an attempt to refine the PET detector pair sensitivities which
were originally obtained from previous calibration scans.

In this paper, we propose a new maximum likelihood
algorithm (called MLACF) that jointly estimates the image of
the activity distribution and the sinogram with the attenuation
factors. We also show that the algorithm is robust to errors
in the detector pair sensitivities. This method avoids the
reconstruction of the attenuation image, and thus requires
some a-priori knowledge about the activity or the attenuation
factors to be quantitatively accurate. In its most general form,
the algorithm must keep an image of the tracer distribution
and a sinogram of the attenuation factors in memory during
reconstruction. However, if additive contributions (such as
scatter and/or randoms) can be ignored, the algorithm does not
even require the storage of the attenuation correction factors.
It has been shown in the latter case that when the emission
data are consistent, the log-likelihood can be expressed in a
“reduced” form and that the solution space to this reduced log-
likelihood is free of possible local maxima [15], [22]. Further
properties and some convergence analysis of the scatter and
randoms free case can be found in [22], [23].

The paper is organized as follows: in section II the algorithm
is derived and a theoretical analysis of its convergence is given.
Section III describes 2D and 3D simulations so as to compare
activity reconstructions of the newly proposed method to ref-
erence activity reconstructions of the well established MLEM
and the MLAA (maximum likelihood activity and attenuation
reconstruction [7], [14]) methods. The new algorithm does not
impose the consistency of the attenuation sinogram, i.e. the
estimated attenuation sinogram will not in general be equal to
the projection of a non-negative attenuation image. Since this
may result in increased noise, we analyze its noise properties
in 2D simulations. The results of these simulations are shown
and compared, together with results of a patient scans in
section IV. We conclude the paper by discussing the results
and drawing some conclusions in section V.



II. METHODS
A. MLACF

In TOF-PET, the expected count y;; for line-of-response
(LOR) 7 and TOF-bin ¢ can be expressed as
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where a; is the attenuation factor of LOR ¢, p; is the
(unattenuated) TOF projection of the activity image for LOR
1 and TOF-bin ¢ and s;; is the expected additive contribution
of scatter and/or randoms. A; and p; are the activity and
attenuation coefficient at voxel j, c;;; is the sensitivity of
the measurement bin at (i,¢) for activity in j in absence
of attenuation and l;; is the effective intersection length of
LOR ¢ with voxel j. We represent summation over the TOF-
index (corresponding to the non-TOF values) by dropping the
t index, e.g. ¢;; = Y, ¢;j+. The same convention is also used
for the non-TOF measurements y; and p;.

The Poisson log-likelihood function for the emission mea-
surements y;; is then expressed as

= Z yitlog ¥it (A, a) — Y (A, a) 2
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where we wish to estimate A and a by maximizing (2). We
propose an alternated optimization approach: first a is updated
keeping A fixed, and then A is updated keeping a fixed. The
monotonic iterative algorithm (referred to below as MLACF)
which preserves the non-negativity of all variables is given by:

s o 4 af OL(y, \",a)
¢ ¢ h Oa;
D; i ak
ak Ph
1t
= — 3
K ; ;L a; pzt + Sit
Yit
AL — cijeal™ )
> CU >, cijal ! Xt: K Eg cigray TN + 51

where the superscripts h and k represent the iteration, and
the algorithm is initialized with af > 0 and A} > 0. We used
two iteration symbols, because the optimization could be done
by alternately applying a few updates (3) followed by a few
updates of (4). An ordered subsets version of the MLACF
algorithm is obtained in the standard way, i.e. by restricting
the summations over ¢ in (4) to the LORs in the subset.

B. Convergence

The second step (4) is the standard TOF-MLEM algorithm,
which is known to monotonically increase the likelihood [24].
In the following, we show that the first step (3) iteratively
increases the likelihood as well. Moreover, we show that at
fixed A\ = A\ (the superscripts of the activity estimate and
its corresponding (non-) TOF projection will be dropped for

convenience), with repeated application of (3) the attenuation
factor estimate a converges to the constrained maximizer

a* = argmax L(y, A, a) (5)
a>0

The first and second derivatives of the log-likelihood (2)
with respect to a; (at fixed A) can be written as:

aL(% )\, a) Yit
aa/i = E p’LtT — D (6)
azL(yv )\7 a) 2 Yit
<l R/ — < 7
a2 g =00

If we consider only LORs ¢ for which y;; > 0 and p;; > 0 for
at least one TOF index ¢ (an LOR with activity), the second
derivative is strictly negative and the unconstrained maximizer

a = argmax L(y, \, a) (8)

is unique. This maximizer is a solution to dL(y, A, a)/da; =0
and satisfies
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However, the attenuation factors are constrained and limited
to a; > 0. We show that (3) converges to the constrained
maximizer (5), which has the following property:
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To prove this, we analyze each case separately.

1) a; > 0: It follows immediately from (9) that in this case,
a fixed point of (3) is also the constrained maximizer a* of
the log-likelihood (2), provided that the fixed point is strictly
positive. Furthermore,

o If a¥ < af then af < altt < al.
proof: When af < af, then OL/0a;| . > 0, because L is
a concave function with a unique maximum. Inserting this
in (3) one finds af < af“. Furthermore, replacing a¥
with a; in (3) results in a larger increase of the numerator
compared to the denominator (since s;; > 0, see section
II-C for the case where s; = 0), and therefore akJr1 <aj.

o If aF > af, then a¥ > o™ > a?.
The proof is s1m1lar to the previous case except that
in this case; 0L/0a;|,» < 0. Therefore, together with
the previous case we see that starting from any strictly
positive initial attenuation factor value a? > 0 the log-
likelihood is not decreasing.

o The algorithm asymptotically converges to the fixed point
af, ie. limg_,oo af = a?.
proof: When ) is fixed, L is a concave function in a with
a unique maximum. Combining (3) and (9) one obtains,
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Using the fact that all quantities are non-negative and
that an upper limit «; can be found for the fraction
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where the restriction over the ¢ range is due to the fact that
terms with p;; = 0 do not contribute to the sum. Using
this restriction together with a? > 0 and a} = a; > 0, one
finds that o; < 1, (o;)* — 0 and therefore |a¥ —a}| — 0.
From this proof we expect a fast geometric convergence
rate of order (scatter and randoms fraction)®.

2) a; = 0: When started with a? > 0, the sequence
a¥ is bounded below by zero because (3) preserves non-
negativity, and is non- increasing because the derivative of the
log-likelihood is negative for a¥ > a,. Therefore this sequence
converges to some aT > 0. However if a > 0, then a¥ > aJr
for all k and the upper limit o; on a¥ in (13) can be replaced
by
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and hence a¥ — 0, which is in contradiction with the
assumption that alT > 0. Therefore, aj- =0=aj.
3) a; < 0: Since at fixed A\, L is a concave function with

a unique maximum, it follows that:
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which defines an upper limit to (3) such that:
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The factor in the brackets is independent of & and is strictly
smaller than 1, therefore af — 0.

C. Special Case of Zero Scatter and Randoms

As suggested above, the first step of the algorithm, equation
(3), converges in a single iteration when the additive contribu-
tion s;; vanishes. Setting s;; = 0 in (3) and (4) results in the
standard MLEM algorithm, except that in every iteration k41
the attenuation factors a’™ are replaced with y;/p}. In this
case, there is no need for separate storage of the attenuation
factor sinogram and the two step MLACF algorithm reduces
to a single step MLEM-like algorithm:
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Furthermore, inserting the new attenuation update (3) in the
log-likelihood (2), and keeping only the terms that depend on
A, one obtains the reduced log-likelihood function (L):

N =222 vilogpu(d)

Although we currently have no results for the general log-
likelihood (2), it is shown that for the case of consistent data
the reduced log-likelihood function (18) has no local maxima
other than the global maximum [15], [22]. In [22], [23], an
alternative derivation of the MLEM-like algorithm (17) from
the reduced log-likelihood function (18) is given, and it is
shown that the proposed algorithm monotonically increases
the likelihood and is asymptotically regular, i.e. the difference
between consecutive reconstruction updates converges to zero.

— yilog pi(N). (18)

III. EXPERIMENT DESIGN

The simulation parameters were chosen according to the
Siemens Biograph mCT scanner specifications [25]. The 2D
and 3D TOF-PET emission data consist of 200 radial bins of
0.4 cm width, 168 projection angles over 180 deg, and 13
TOF-bins of 312 ps width with an effective TOF resolution
of 580 ps. In the 2D thorax simulations, the phantom was
discretized in an image of 600x600 pixels and each LOR
is simulated as the average of three LORs to introduce a
slight mismatch between the simulation and reconstruction
projectors. The 3D simulation (and patient) TOF-PET data
are organized as 5D sinograms [26], consisting of 200 radial
bins, 168 azimuthal angles, 7 (9) co-polar angles with 81 (109)
planes of 0.2 cm width, and 13 time bins.

To simulate a reasonable scatter (and randoms) contribution,
the noiseless emission sinograms were smoothed in the radial,
angular, axial and TOF directions with a Gaussian kernel of
12 cm, 0.43 rad, 12 cm and 9.4 cm FWHM, respectively. The
2D and 3D simulated scatter estimates are scaled to obtain a
scatter-to-primary ratio of 50%, and are added to the emission
sinograms prior to adding Poisson noise to the measurements.
For scatter correction, the exact noise-free scatter profile was
used.

The 2D measurements are reconstructed in a 200 x 200
pixel grid with a pixel width of 0.4 cm and the reconstructed
3D activity and attenuation images had a 200 x 200 x 81
(x 109) voxel grid with a voxel width of 0.4 cm and 0.2
cm in the transaxial and axial directions, respectively. The
algorithm was initialized with a uniform activity image and
an attenuation factors sinogram of all ones. Activity figures
are shown in a white-to-black color map whereas a black-to-
white color map is used to show the attenuation images as
well as the attenuation factors.

A. 2D Simulation

2D TOF-PET data were generated from the thorax phantom
shown in figure 1. Activity reconstructions of the TOF-PET
emission data are then generated with MLACF and compared
to reconstructions of MLAA and MLEM with known atten-
vation. In MLAA [14], the activity and attenuation images
are updated in an interleaved manner by keeping one of the



Fig. 1. 2D activity (left) and attenuation images (center) of the thorax and
the corresponding attenuation factors (right).

images from the pair fixed while updating the other, and the
non-negativity constraint is enforced on the attenuation image
.

1) Reconstructions: MLACF, MLAA and MLEM recon-
structions were analyzed for noise-free, moderate-noise and
high-noise TOF-PET emission data. The moderate-noise and
high-noise emission data have on average 31.9 and 6.4 maxi-
mum counts in the TOF sinogram, corresponding to 105.7 and
21.1 counts in their non-TOF sinograms, respectively. In the
joint estimation methods (MLACF, MLAA), we assumed that
the total amount of activity was known and the activity re-
constructions were scaled during reconstructions accordingly.
This (rather unrealistic) assumption is used because the TOF-
PET data determine the activity and attenuation factors only
up to a multiplicative constant.

In order to get more insight into the convergence proper-
ties of MLACF compared to MLAA and MLEM, the log-
likelihood of equation (2) as well as the mean square dif-
ference (MSD) between the reconstructions and a converged
reconstruction was computed within the support of the thorax
phantom for each iteration of the three algorithms. In this
study, no ordered subsets acceleration was applied, i.e. all
projection angles were used in every iteration. The reconstruc-
tion of the 1000 iteration was considered as the converged
reconstruction, and the two measures were computed as a
function of the number of iterations.

2) Noise Analysis: To analyze the noise properties of
MLACF and MLAA, activity reconstructions were made (after
3 iterations of 42 subsets) with varying amounts of noise
in the TOF-PET data. The lowest amount of noise in this
study corresponds to the moderate-noise case described in
the previous section. Five additional data sets were created,
making a series of six data sets in all, where each data set
has one-half the total counts of the previous data set in the
series (so that the final image set has 1/32nd of the counts
of the first data set). We assume that the noise-free activity
reconstructions of MLACF and MLAA are good estimates for
their respective mean activity reconstructions over multiple
noise realizations. After subtracting the mean reconstruction
from the noisy reconstructions, standard deviation and a noise
correlation coefficient measure are computed for each noise
level. As reference we use MLEM activity reconstructions and
compute the noise correlation coefficients as:
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where, A is the MLACF or MLAA activity reconstruction,
‘R defines the reference MLEM activity reconstruction, super-
scripts ™ and 7 correspond to noisy and noise-free reconstruc-
tions, respectively, j is the pixel index, and 2 determines the
support of the activity image.

3) Bias-Variance: With the same level of noise as in the
high-noise level case, we study bias and variance of the
MLACEF activity reconstructions and compare the results to
bias and variance curves of MLAA and MLEM emission
reconstructions as a function of activity reconstruction updates.
All three algorithms are initialized with the same initial
activity image, i.e. uniform disk of activity. Just as before,
the reconstructions are scaled in each update according to the
total amount of activity in the reconstructed activity image.
Bias and variance estimates are then computed in the support
of the 2D thorax phantom for 150 iterations of the three
algorithms. In this study, no ordered subsets acceleration was
applied. As before, we assume that a noise-free reconstruction
of the thorax phantom is a good estimate of the average of
noisy reconstructions from multiple noise realizations. In each
iteration, bias is computed as the average absolute pixel-by-
pixel difference between the noise-free reconstruction and the
activity phantom of figure 1. It is reported with the variance
of activity reconstructions of 100 different TOF-PET noise
realizations.

When going from 2D to 3D TOF-PET, the number of
unknown attenuation factors (i.e. the size of the sinogram)
increases dramatically, due to the inclusion of all the oblique
lines. To keep the simulations simple and fast, we model a
similar effect by a three-fold increase in the number of angles
of the 2D bias-variance study. By doing so, the total counts in
the sinogram increases three-fold, however the expected count
per pixel remains the same. We compare the results of MLACF
to those of the standard MLEM and MLAA algorithms. We
expect that this overdetermined 2D bias-variance analysis will
be predictive of the noise properties in the fully 3D case. The
bias and variance measures are again computed within the
support of the 2D phantom for 150 iterations, and the measures
are computed from a noise-free activity reconstruction as well
as activity reconstructions from 50 different noise realizations
of the TOF-PET emission data.

B. 3D Simulation

Figure 2 shows the activity and attenuation images of
the NCAT phantom used in our 3D simulation study. The

Fig. 2. Transaxial (top), coronal (middle) and sagittal (bottom) views of the
NCAT activity (left) and attenuation (right) images used in the 3D study.



NCAT phantom was forward projected with a 3D TOF-PET
projector, scatter (with a scatter-to-primary ratio of 50%) was
added to the noise-free emission data and Poisson noise was
added to the measurements. The resulting TOF sinogram had
a maximum count of 24, while its corresponding non-TOF
sinogram had a maximum count of 56. The MLACF activity
reconstruction was then compared to MLAA and MLEM
activity reconstructions. As before, we assumed that the total
amount of activity was known, hence the joint reconstructions
were scaled accordingly.

C. Patient data

A clinical 4 minute TOF-PET thorax scan of a patient
injected with 296 MBq of '8F-FDG is reconstructed with
MLACF and compared to activity reconstructions of MLAA
and MLEM. The emission data is acquired 80 minutes post-
injection, and the scatter and randoms fraction of the TOF
emission data are 19% and 45%, respectively.

D. Self-Normalizing Algorithm

2D detector sensitivities were simulated mimicking transax-
ial detector pair sensitivities of the Biograph mCT scanner.
The sensitivity variations are dominated by the gaps between
the detector blocks with streak artifacts similar to the ones
produced by faulty detector blocks [26]. However, in addi-
tion to the latter effect, detector pair variabilities were also
accounted for by assigning a random value generated from
a uniform distribution in (0.95,1.05) to LORs which were
not affected by the “gap effect”. 2D TOF-PET measurements
of the thorax phantom (figure 1) were simulated, taking into
account these detector sensitivities. Activity images were then
reconstructed with MLACF using two approaches. In the first
one, the simulated detector pair sensitivities are taken into
account by modeling them into the system matrix c;j;;. In
the second approach, the sensitivities are ignored altogether,
hence MLACEF needs to estimate the product of the attenuation
factors and the sensitivities. Activity reconstructions were also
made ignoring the Biograph mCT scanner sensitivities for the
4 minute patient data.

IV. RESULTS
A. 2D Simulation

1) Reconstructions: MLACF, MLAA and MLEM activity
reconstructions from the noise-free data are shown in figure
3. The figure also shows the MLACF attenuation image
computed by post-reconstruction of the attenuation factors,
together with MLAA estimated attenuation factors obtained
by projection of the attenuation reconstruction (they have been
computed to enable comparison of the MLAA and MLACF
results). MLACEF reconstructions are after 3 iterations of 42
subsets where the attenuation factor estimate (equation (3))
is updated 3 times for each update of the activity (equation
(4)). The MLACEF attenuation image was reconstructed with
5 iterations of 42 subsets of the MLEM algorithm from the
logarithm of the estimated attenuation factors assuming there
was no attenuation along LORs without activity. The MLAA

MLACF

MLAA

MLEM

Fig. 3. MLACEF (top), MLAA (middle) and MLEM (bottom) reconstructions
of the activity image (left), attenuation image (center) and attenuation factors
(right) of the noise-free TOF-PET emission data. The true attenuation image
and sinogram are shown for comparison in the third row.

reconstructions are after 3 iterations of 42 subsets where the
attenuation reconstruction is updated 3 times for each update
of the activity [14]. MLEM reconstructions are after the same
number of activity updates as MLACF and MLAA (3 iterations
of 42 subsets). It should be mentioned that the ratio of three
updates of the attenuation (sinogram in MLACF or image in
MLAA) to one update of the activity image is empirical and
was not rigorously optimized.

Activity Profile

20

Activity Value

o

o
(IS
S
»
3

60 80
Sample Index

120

Attenuation Profile

0.03—

o
9
)

T

Attanuation Value
°
o
S
T

o
2

o
=1
3

L L L .

60 80 100 120
Sample Index

o

Fig. 4. Activity (top) and attenuation (bottom) profiles through MLACF and
MLAA reconstructions of noise-free data plotted against reference MLEM
activity and the true attenuation profiles, respectively. The profiles correspond
to the lines depicted in figure 3.



Figure 4 shows profiles through the reconstructed MLACEF,
MLAA and MLEM activity images together with the attenua-
tion profiles of MLACF and MLAA attenuation reconstruc-
tions and the true attenuation images. The activity profile
shows that MLACEF suffers less from artifacts in regions with
strong attenuation gradients than MLAA. However, the post-
reconstructed attenuation profile of MLACF seems to be more
sensitive in regions with a strong change of activity.

Figure 5 shows MLACF and MLAA reconstructions when
the emission data are corrupted by Poisson noise. The dis-
played activity reconstructions of the high-noise case are
scaled and shown in the same color map as the moderate-
noise case. It is interesting to see that the attenuation factors
of MLACF tend to be noisier than the attenuation estimates
of MLAA. This is due to the fundamental difference between
the two algorithms and is the result of the consistency of the
attenuation factors in MLAA.

moderate-naise

high-noise

Fig. 5. MLACEF (columns 1,3) and MLAA (columns 2,4) reconstructions of
the activity image (top), attenuation image (middle) and attenuation factors
(bottom). The reconstructions are for moderate (columns 1,2) and high
(column 3,4) Poisson noise in the TOF-PET emission data. The high-noise
activity reconstructions are scaled to be shown in the same color map as
moderate-noise activity reconstructions.

Figure 6 shows the log-likelihood (2) normalized to the
upper-limit of (2) determined by the data, i.e. Zit Yir IN Y5 —
y:¢, as well as the MSD of the reconstructions normalized to
have the same total amount of activity as the activity phantom
for the noise-free and the high-noise TOF-PET emission
simulations. It is interesting to see that for the joint estimation
methods, the log-likelihood and MSD rank the convergence
of the algorithms differently. We believe that convergence as
measured by the MSD better reflects the clinically relevant
behaviour of the algorithms. Figure 6 shows that the MLACF
reconstructions are slower to converge compared to the MLAA
and MLEM reconstructions. However it should be mentioned
that while MLAA has a faster convergence rate, it is also
computationally more demanding. It is also worth noting
that because MLACF does not require consistency of the
attenuation factors, it has more degrees of freedom to explain
the TOF-PET emission data. Hence, it produces a higher
likelihood in the case of noisy data, with the difference to
reference MLAA and MLEM computed likelihoods increasing
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Fig. 6. Log-likelihood of equation (2) (top) and the MSD measure (bottom)
for MLACF, MLAA and MLEM reconstructions of the noise-free (left) and
high-noise (right) TOF-PET emission data.

with increasing amount of noise in the TOF-PET emission
data.

2) Noise Analysis : Figure 7 shows the standard devi-
ation of the two algorithms, which are comparable except
for extreme-noise in the emission data. Figure 7 also shows
the computed noise correlation coefficients of MLACF and
MLAA with varying amounts of noise in the data. The noise
of the MLAA activity reconstructions is highly correlated to
the noise in the MLEM images in all cases. In contrast, the
MLACEF noise is less correlated to the MLEM noise, and the
correlation decreases for increasing amounts of noise in the
TOF-PET emission data.
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Fig. 7. Standard deviation (left) of MLACF and MLAA activity reconstruc-
tions, and their noise correlation coefficient (right) with reference MLEM
activity reconstructions computed using (19) for varying noise levels in the
TOF-PET emission data.

3) Bias-Variance: The bias-variance curves of the 2D ac-
tivity reconstructions of MLACF, MLAA and MLEM can
be seen in figure 8, where bias and variance are computed
for each update of the activity reconstructions. The recon-
structions are for a high level of noise in the TOF-PET
emission data (corresponding to a maximum count of 6.4
in the TOF sinogram). The curves are computed for a total
of 150 updates of the activity reconstructions with all the
projections used to update the reconstructions (no ordered
subsets acceleration). Although in early iterations MLAA is
able to achieve lower bias for the same level of variance than
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Fig. 8. 2D (top) and overdetermined 2D (bottom) bias-variance curves
for MLACF, MLAA and MLEM activity reconstructions from 100 and 50
noise realizations, respectively. The marked points on the curves are bias and
variance values after 25 updates of the three algorithms. The bold symbols are
bias and variance values for 126 (corresponding to 3 iterations of 42 subsets)
reconstruction updates.

MLACEF, the MLACEF reconstructions have lower bias closer to
convergence. However, the difference between the two curves
is small.

Figure 8 also shows the bias-variance curves of the overde-
termined 2D activity reconstructions of MLACF, MLAA and
MLEM. With the increased total sinogram count, the three
algorithms produced images with decreased variance. As be-
fore, MLACF and MLAA had similar performance and were
outperformed by MLEM, in particular at lower iterations. This
suggests that the 3D activity reconstructions of MLACF will
have similar bias and noise properties as activity reconstruc-
tions of MLAA.

B. 3D Simulation

Figure 9 shows MLACF, MLAA and MLEM activity recon-
structions of the 3D NCAT phantom. The figure also shows
the estimated MLACEF, estimated (and projected) MLAA and
the true attenuation factors of the transaxial slice of the NCAT
phantom. The activity reconstructions of the three algorithms
were generated after 3 iterations of 42 subsets, and displayed
after post-smoothing the activity distributions with a Gaussian
of 0.6 cm FWHM. The activity reconstructions of the three
algorithms are comparable. However, the MLACF reconstruc-
tion is more noisy outside the support of the NCAT phantom.
This is because only LORs that intersect the phantom support
contain information about the attenuation factors. Because
segmenting these LORs is not straightforward, we have not
attempted to identify these LORs to impose an attenuation
factor of 1. Consequently, these LORs are assigned arbitrary
values, and because of this non-zero background attenuation,
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Fig. 9. MLACEF (left), MLAA (center) and MLEM (right) activity reconstruc-
tions (top) of the NCAT phantom post-smoothed with a Gaussian of 0.6 cm
FWHM, together with the estimated MLACEF, estimated MLAA and the true
attenuation factors (bottom) for the transaxial slice of the 3D NCAT phantom.

the reconstructed activity outside the object is increased as
well.

C. Patient data

Figure 10 shows MLACF, MLAA and MLEM activity
reconstructions of the 4 minute ®F-FDG patient data. The
MLACF and MLAA reconstructions are scaled in each it-
eration to have the same amount of tracer activity as the
MLEM reconstruction. The displayed activity reconstructions
are smoothed with a Gaussian of 0.6 cm FWHM. Just as in
the 3D simulation, the activity reconstructions are comparable,
except for increased activity values outside the support of the
patient. However, close inspection reveals that activity recon-
structions of MLAA and MLACEF suffer less from shadow-like
artifacts [3] near the dome of the liver and the lateral wall of
the heart (arrows in red) than the activity reconstruction of
MLEM. This is indication to a geometric mismatch between
PET emission data and CT-attenuation factors, which is ex-
pected since the CT was obtained in a breath-hold position.

D. Self-Normalizing Algorithm

Figure 11 shows MLACF activity reconstructions of the
2D thorax phantom together with the estimated attenuation
factors, with and without correction for detector pair sen-
sitivities during reconstructions. Figure 12 shows MLACF
activity reconstructions of the patient data with and without
correction for detector pair sensitivities during reconstructions.
For comparison MLEM reconstructions of the patient data are
also shown when detector pair sensitivities are not taken into
account. The activity images displayed are after smoothing
the reconstructions with a Gaussian of 0.6 cm FWHM. Figure
13 shows the estimated attenuation factors of MLACF when
detector pair sensitivities are ignored. For comparison the



Fig. 10. Transaxial, coronal and sagittal views of MLACF (top-left), MLAA
(top-right) and MLEM (bottom-left) activity reconstructions of the 4 minute
I8F_FDG patient data post-smoothed with a Gaussian of 0.6 cm FWHM.
The MLEM activity reconstruction was obtained taking into account the CT-
based attenuation image (bottom-right). The arrows indicate artifacts due to
respiratory motion, which are more severe in the MLEM reconstructions.

product of the CT-attenuation factors and detector sensitivities
is also shown.

V. DISCUSSION

Joint reconstruction of activity and attenuation has gained
a lot of interest since it was shown and proven that TOF-
PET data provide information about attenuation that was not
previously available. In the same spirit, this paper proposes a
maximum likelihood approach to jointly estimate the activity
image together with the attenuation factors. Because the TOF-
PET data determine the solution only up to a scale, some
prior knowledge is required to obtain accurate quantification.
Because MLAA estimates the attenuation image, it is straight-
forward to impose the known tissue attenuation value. Since
MLACF does not estimate the attenuation image, one may
have to find ways to obtain prior knowledge about the tracer
distribution. In this study, we have simply assumed that the
total amount of activity in the field of view was known. In
practice, it may be difficult to obtain this kind of knowledge,
unless one accepts to add objects with a known activity in
the field of view. However, in some cases, it may be possible
to obtain (partial) information about the attenuation factors
to solve the scale problem. E.g., it may be possible to use
the noisy transmission data provided by the Lu background
radiation in LSO and LYSO scanners [27]. In [28], a modified
version of the algorithm was proposed that made use of the
partially known CT-attenuation factors.

Fig. 11. MLACEF reconstructions of the activity image (left) and attenuation
factors (center) when the detector pair sensitivities are taken into account
(top) and when they are ignored (bottom). The true attenuation factors (top-
right) and their multiplication with detector pair sensitivities (bottom-right)
are shown for comparison.

In contrast to MLAA, this algorithm does not enforce con-
sistency of the attenuation factors. As a consequence, MLACF
activity reconstructions were expected to be noisier than their
MLEM and MLAA counterparts. Although the noise structure
in the activity reconstructions of MLACF and MLAA seems to
be different, the noise realization study showed little difference
between their bias-variance curves. However, under extremely
noisy conditions MLACF activity reconstructions seem to be
influenced more by noise than MLAA reconstructions (figure
7, left panel). Compared to MLAA, MLACF requires fewer
(back-) projections in every iteration of the algorithm. In the
3D simulations, the computation time of an MLAA iteration

Fig. 12. MLACEF reconstructions of the tracer activity when the detector pair
sensitivities are taken into account (same MLACEF reconstruction as figure 10)
(left). MLACF (center) and MLEM (right) activity reconstructions when de-
tector pair sensitivities are ignored during reconstruction. The reconstructions
are post-smoothed with a Gaussian of 0.6 cm FWHM.

Fig. 13. CT-attenuation factors multiplied by detector pair sensitivities shown
together with the MLACF estimated attenuation factors ignoring detector
pair sensitivities (left pair) for the transaxial slice of figure 12. The same
attenuation factors are shown with a different gray level scale (right pair).



was roughly 2.5 times longer than that of an MLACEF iteration.

Furthermore, the two joint estimation algorithms seem to
respond differently to gradients in the attenuation image,
where MLACF seems to have an advantage over MLAA
(figure 4). A similar response was also observed in regions
of the activity image with a high activity gradient, e.g. near
the heart of the 2D thorax phantom (see the activity and
attenuation profiles around sample index 90 in Figure 4).
In the MLAA (and MLEM) reconstruction Gibbs over- and
undershoots were observed in earlier iterations compared to
MLACEF reconstructions. We believe that in MLACF these
high frequency elements are initially incorporated in the at-
tenuation factors, where they cause the artifacts seen when
this sinogram is reconstructed. Our current tests indicate that
in the absence of noise the differences between the images of
two algorithms tend to reduce at high iteration numbers, and
the activity reconstructions become comparable. This suggests
that they are mostly caused by different trajectories towards the
solution, and much less by differences in the final solutions.
The study of these effects are subject to future investigations.

Convergence of the attenuation estimate of MLACF (update
expression (3)) is shown to be geometric with a ratio equal to
the scatter fraction of the emission data. If the scatter and
randoms contribution in the measurements can be ignored,
the algorithm reduces to an MLEM-like algorithm with an
immediate convergence of the attenuation factors. Properties
and some convergence results for such an algorithm can be
found in [15], [22], [23], where it is also proven that the log-
likelihood is free of local maxima for consistent TOF emission
measurements.

In the clinical system considered here, the scatter contribu-
tion is estimated from the CT-based attenuation coefficients
[29]. We have used this scatter estimate in the MLACF
reconstruction of the patient data. However, we believe that,
if required, a scatter estimate independent of the CT could be
obtained as well, from a first MLACEF reconstruction where the
scatter is ignored. From the estimated attenuation sinogram, an
approximate attenuation map could be reconstructed, which
could be used to estimate the scatter. With this estimate,
MLACEF could be applied again to obtain scatter corrected
activity estimates. In [14], some evidence was given that this
procedure would work for MLAA, which makes us believe
that it could be applied to MLACF as well.

The proposed method proves to be very robust against varia-
tions in detector pair sensitivities. This was demonstrated with
reconstructions where detector pair sensitivities were ignored
for a 4 minute '8F-FDG scan of a patient thorax. Although
MLACEF obtained almost identical activity images when de-
tector pair sensitivities were ignored or accounted for, we do
not propose to ignore the sensitivities during reconstructions.
When the sensitivities are estimated by means of dedicated
high count calibration scans, the detector pair sensitivities
are estimated with greater precision. Moreover, using the
estimated sensitivities during MLACF reconstructions allows
the reconstruction of the attenuation image if needed, which
otherwise is not possible. But the results show that MLACF
will automatically compensate for any residual calibration
errors that might be present in the estimated sensitivities.

In the patient study, we observed shadow-like artifacts in
MLEM reconstructions of the activity which were not present
in the activity estimates of MLACF and MLAA. We believe
that these artifacts are caused by motion between the CT
and PET scans, and that these artifacts can be mitigated
by algorithms which jointly estimate the activity and the
attenuation.

VI. CONCLUSION

This paper introduces a new algorithm in the framework
of joint activity and attenuation reconstructions from TOF-
PET data. The MLACF algorithm, which makes alternating
updates of the activity and the attenuation factors, worked
well in our 2D and 3D simulations as well as in a patient
scan. Although MLACF does not impose consistency to the
estimated attenuation factors, the activity reconstructions pos-
sess similar noise characteristics as activity reconstructions
of MLAA for considerable amounts of noise in the emission
data. The method also proves to be a powerful tool in case
of inaccurate estimates of detector pair sensitivities which
otherwise can cause image degradation in the reconstructions.
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