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ABSTRACT

We present the minimal entropy prior for the iterative recon-

struction of µCT projection data using the maximum a poste-
riori (MAP) framework. The minimal entropy prior restricts

the number of intensity values in the reconstruction without

requiring a priori information about the number of image tis-

sues or tissue intensity estimates. We utilise the presented

prior in the MAP framework to simultaneously reconstruct

and segment trabecular bone from low quality µCT images.
The MAP approach allows the straightforward incorporation

of the in vivo scanner point spread function, while the entropy

prior yields a segmentation that obeys to projection data.

Index Terms— Image reconstruction, image segmenta-

tion, transmission tomography, µCT, entropy

1. INTRODUCTION

Quantitative information on small animal trabecular bone

structures is of major interest for bone research. The infor-

mation is typically gathered by acquiring micro computed

tomography (µCT) images of small animal models. The
quantitative measures are calculated from binary images,

requiring segmentations of the obtained images. The seg-

mentation can be adversely affected by resolution effects,

as is the case for in vivo imaging. Thin trabecular bone

structures of mice have dimensions similar to the system res-

olution, leading to blurred and less intense trabeculae in the

reconstructions [1].

In vivo imaging allows performing longitudinal studies,

to evaluate differences in bone architecture over time. Hence,

it is of importance that the segmentation is sufficiently ac-

curate to detect subtle alterations. Global and local adaptive

thresholding methods have been proposed, but these generally

ignore the effect of the modulation transfer function (MTF),

or take it into account heuristically [2]. To obtain more ac-

curate segmentations one can include the projection data in

the segmentation, allowing the modelling of the point spread

function (PSF) of the scanner system. This has led to the

recent development of measures such as the minimum pro-

jection distance, where the quality of a segmentation is deter-

mined by the difference between projections of the segmenta-

tion and the measured projection data [3].

As the segmentation is linked to the quality of the recon-

struction, we instead pursue the simultaneous reconstruction

and segmentation (SRS) approach. In these methods the max-

imum a posteriori (MAP) framework is used to generate a re-

construction that agrees with the data in a statistical sense, and

that is regularised to reduce the noise in the reconstruction.

The MAP approach allows the straightforward incorporation

of the in vivo scanner PSF and hence to correct the effect of

the MTF. Additionally the MAP approach allows the regular-

isation to restrict the number of intensity values, resulting in

a segmented reconstruction. Other SRS methods have relied

on mixed Gaussian or gamma distribution priors to model the

different tissues in the image [4, 5]. A disadvantage of such

priors is that the number of tissues in the image needs to be

known before reconstructing, and estimates of the mean and

standard deviation of the intensities of the tissue classes need

to be supplied. Mutual information and joint entropy have

been applied to account for anatomical information in PET

reconstruction [6, 7]. We adapt the joint entropy prior pro-

posed in [8] and use it to overcome the limitations presented

by the tissue modelling priors.

First, the MAP framework will be revisited, after which

the minimal entropy prior will be introduced. The presented

method is then validated on in vivo µCT images of real mouse
tibiae, with the corresponding high resolution ex vivo µCT
images as ground truth. We illustrate the advantage of the

PSF modelling and compare the segmentation produced by

the minimal entropy prior to those of the mixed distribution

prior and the conventional local thresholding.

2. METHODS

2.1. The MAP equation

The general form of a MAP reconstruction is given by

µ = arg max
µ

lnP (y|µ) + lnP (µ) (1)

with µ the transmission data to be reconstructed and y the
measured sinogram. Using a Poisson data model, the loga-



rithm of the likelihood, denoted as L, of transmission scans is
given by [9]

L = lnP (y|µ) (2)

=
∑

i

yi ln
(

bie
−pi + si

)

−
(

bie
−pi + si

)

(3)

with pi =
∑

j lijµj . The number of photon counts of sino-

gram ray i is given by yi, bi represents the number of photon

counts in the blank sinogram ray i, si the scatter in ray i, lij
the intersection length of sinogram ray i with voxel j, and
µj the reconstructed attenuation value in pixel j. The pro-
jections pi are computed using a projector. The system PSF

can be incorporated into the projector by smoothing the calcu-

lated sinogram with the PSF after projecting and before back-

projecting. It is known that image detail converges faster if

the smoothing is omitted in the backprojector [10]. This also

increases noise propagation, but this is limited to the first iter-

ations, after which we do perform the smoothing, and coun-

teracted with the prior.

2.2. Selection of the prior

The prior information about the reconstructed image is usu-

ally of the form

N = lnP (µ) = −βM(µ) (4)

with β a parameter to control the weight of the prior. Setting
β = 0 reduces the MAP equation to the maximum likelihood
(ML) equation, which has a noisy solution. We are interested

in a prior that will also restrict the number of intensity values

in the reconstruction to obtain a segmentation.

2.2.1. Mixed distribution prior

An often used prior for segmentation is the mixed distribution

prior. If the number of tissues in the image and the mean and

variance of their intensities are known, the image histogram

can be modelled with a number of Gaussian or gamma distri-

butions. In the case of Gaussian mixtures, the mixed distribu-

tion prior is

MMD(µ) =
∑

j

(µj − µlj )
2

2σ2

lj

− ln
√

2πσlj (5)

with lj ∈ {1, 2, ..., t} the label of pixel j, which can be one
of t tissues, and µt and σt the mean and standard deviation

of the intensities of image tissue t. The parameters µt and

σt can be successively refined after an estimate is supplied to

initialise the prior.

We apply the implementation of the mixed distribution

prior as presented in Appendix B of [11]. We successively

update the mean intensities but keep the standard deviations

fixed.

2.2.2. Minimal entropy prior

Instead of modelling the different tissues, we propose to use

the minimal entropy prior as segmentation prior. A joint en-

tropy prior is proposed in [8], where the prior minimises the

joint entropy of the current reconstruction and an anatomi-

cal prior image. Minimizing the joint entropy will encourage

clusters to form in the joint histogram. It was illustrated that

this clustering also occurs when no anatomical information is

known, and a uniform anatomical image is used. In this case

the joint entropy reduces to the entropy of the current recon-

struction. Thus we are effectively using a minimal entropy

prior.

The minimal entropy prior is defined as

MME(µ) = −
∑

a

pµ(a) ln pµ(a) (6)

with pµ(a) the normalised histogram, i.e. the probability of
image intensity bin a in µ. To ensure differentiability, pµ is

calculated using a Parzen window estimator

pµ(a) =

∑

j

pµj
(a)

∑

a

∑

j

pµj
(a)

,with (7)

pµj
(a) =

1√
2πσ

e
−(µj−a)2

2σ2 (8)

σ is the standard deviation of the Gaussian of the Parzen win-
dow. Increasing the value of σ leads to a lower number of
independent bins, and has a similar effect as decreasing a.
We consider σ and a as parameters to be fixed a priori.
The gradient of the minimal entropy prior is given by

∂MME

∂µj

= −
∑

a

(1 + ln pµ(a))pµj
(a)

a − µj

σ2
(9)

As in [8] we approximate the second derivative heuristi-

cally to
∂2MME

∂µ2

j

≈
∑

a

ln pµ(a)pµj
(a)

σ2
. (10)

The minimal entropy prior is not concave and introduces

local maxima. To avoid undesired local minima, we increase

the strength of the prior gradually during iterations [8].

2.3. Solving the MAP equation

To solve equation (1) for µwe use the implementation of [12].
Defining the logarithm of the prior as N , this leads to the
updating formula:

µj = µold

j +

(

∂L

∂µj

+
∂N

∂µj

)

/

(

∑

i lij

µold

j

− ∂2N

∂µ2

j

)

(11)

µj and µold
j are the new and current reconstructed attenuation

values in pixel j. All partial derivatives are evaluated in the
current reconstruction.



(a) Reconstructions obtained with each method.
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(b) Profiles corresponding to the vertical lines in (a).

Fig. 1. Illustration of the influence of the PSF modelling on

the reconstruction. Shown are the ground truth (Ex vivo), and

reconstructions by the filtered backprojection method (FBP),

and by the iterative approach with PSF modelling (ML).

3. EXPERIMENTS

The method was evaluated in the context of the segmenta-

tion of trabecular bone of in vivo µCT images of mice. Five
mouse tibiae were scanned in vivo (SkyScan1076, 50kV,

100µA, 3300ms, 1mm Al, 8.73µm pixelsize, 1◦ stepsize,
180◦ rotation). The mice were immediately sacrificed and the

excised tibiae were scanned one day later ex vivo at higher

resolution (SkyScan1172, 50kV, 200µA, 590ms, 0.5mm Al,
4.89µm pixelsize, 0.71◦ stepsize, 180◦ rotation).
To determine the effect of the PSF correction the in vivo

projection data were reconstructed with the filtered backpro-

jection software provided with the µCT scanner (NRecon,
SkyScan). In addition, the in vivo projections were recon-

structed with the ML approach (β = 0). The ex vivo pro-
jections were reconstruced using the NRecon software and

registered to the in vivo reconstructions to serve as ground

truth of the bone. The resulting reconstructions of one animal

are shown in figure 1a. The ML reconstruction is noisier but

this is of no concern as in practice it will be regularised with

a prior. The profiles corresponding to the vertical lines plot-

Fig. 2. Comparison of segmentation results. The top row

shows the ex vivo ground truth and the local thresholding

method. The bottom row shows the results of the presented

method with the mixed distribution (MD) and minimal en-

tropy (ME) priors.

ted in figure 1b illustrate that the PSF modelling in the MAP

framework improves the intensities of thin trabecula with re-

spect to the filtered backprojection.

To evaluate the quality of the resulting segmentation, we

compare the presented method with the ex vivo ground truth

and the local thresholding method described by Waarsing et

al. [2], which is frequently used for bone segmentation. These

images of the same animal as before can be seen in the top row

of figure 2. The in vivo projection data were simultaneously

reconstructed and segmented with the presented method and

priors. Parameter estimates µt and σt of the mixed distri-

bution prior were derived from the ML reconstruction, while

minimal entropy prior parameter σ was fixed to σ = 1 bin
and a chosen from 50 or 70 bins. The bottom row of figure
2 shows these segmentations with left the mixed distribution

prior and right the minimal entropy prior. It can be seen that

both priors induce a similar segmentation, and that they out-

perform the local thresholding method with respect to detect-

ing and rendering thin trabeculae.

For a quantitative evaluation, we calculated the bone vol-

ume ratio, trabecular thickness and trabecular number from

the segmented images. The same 2D region of interest was

used for both the ex vivo image as for the in vivo reconstruc-

tions. Because both segmentation methods sometimes overes-

timated and sometimes underestimated bone characteristics,

the root mean square value was used to average percentage

errors over different bone samples. As can be seen in table 1,

the root mean square errors from the ground truth improved

for the three bone characteristics with the presented minimal

entropy prior segmentation.

The computation time of the first and second derivatives



Segmentation BV/TV Tr.Th Tr.N

Local 22.43 9.70 17.05

Minimal Entropy 6.42 6.61 7.82

Table 1. Root mean square values of the percentage errors

from the ground truth for bone volume ratio (BV/TV), tra-

becular thickness (Tr.Th) and trabecular number (Tr.N), for

two segmentation methods.

of the minimal entropy prior takes 10 times longer than those

of the mixed distribution prior with the current serial imple-

mentation. Every pixel needs to be distributed over the his-

togram by the Parzen window, requiring multiple times the

computation power per pixel compared to the mixed distribu-

tion prior. This results in a total reconstruction time that is

twice as long for the miminal entropy prior compared to the

mixed distribution prior.

4. CONCLUSION

We have presented the minimal entropy prior that restricts the

number of intensity values in a reconstruction without requir-

ing tissue information. We have applied the presented prior

in the MAP framework to the segmentation of low quality in

vivo µCT images of murine trabecular bone. This provides
several advantages over traditional techniques. If the PSF of

the scanner is known it can be taken into account, significantly

improving the reconstruction. In addition the choice of the

prior allows to simultaneously reconstruct and segment the

projection data. We have shown that the resulting segmenta-

tion corresponds with the actual high quality measurement of

the bone and that the results of the minimal entropy prior are

similar to mixed distribution priors, but using more generic

assumptions.

In addition to the segmentation of low quality trabecular

bone, the minimal entropy prior can be applied to bone im-

ages that contain variations in degree of bone mineralisation

and have a priori unknown attenuation values. Besides these

exemplary cases in the bone field, the minimal entropy prior

could prove useful in many other applications.
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