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Abstract. In positron emission tomography a scatter
estimate is calculated prior to image reconstruction and
is then added at each MLEM iteration to the estimated
true counts to yield the estimated prompts. The absolute
scale of the scatter is usually estimated by matching the
scatter estimate to the data for those lines of response that
do not intersect the patient. The goal of this work is to
explore alternatives to this tail fitting method. Pursuing the
method introduced by V. Panin at the 2012 IEEE Medical
Imaging Conference for the case with known attenuation,
we estimate the scatter scaling factor as an additional
voxel, which is updated at each iteration at the same time
as the activity. This method is extended for applications
with unknown attenuation. This preliminary study uses a
single-scatter estimate and simulated 2D data.

I. INTRODUCTION

In positron emission tomography the scatter background
may represent over 50 % of the measured (prompt) data in
whole-body studies. Because it cannot easily be modeled in
the system matrix, the scatter background is usually estimated
prior to image reconstruction. It is then considered as a fixed
term, which is added at each MLEM iteration to the estimated
true counts to yield the estimated prompts.

Three types of methods have been explored to estimate
the scatter background [1], [2]. The first one approximates
the scatter by convolving the measured data with an em-
pirical kernel. The second approach exploits measurements
in additional energy windows [3], [4] and is similar to the
standard technique used in SPECT. An attractive implementa-
tion measures data in an energy window with a very high
lower energy threshold to provide a little biased, though
noisy, estimate of the true data, which after smoothing allows
estimating the scatter contribution to the photo-peak data [5].
The third approach estimates the scatter background based on
the Klein-Nishina cross-section, on a CT attenuation map and
on an initial estimate of the tracer uptake [6]-[8]. Current
implementations of this model-based method only calculate
the single-scatter component, this can be done efficiently by
combining sparse sampling and optimized programming [7],
[9], [10]. Energy- and model-based methods can be combined
as proposed in [11].

All these methods require a multiplicative scaling factor to
match the amount of scatter in the photo-peak data. Despite
a few attempts [7], obtaining this factor a priori is difficult,
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since it depends on several effects, including scatter caused by
activity outside the field-of-view, multiple scatters, the energy
dependence of the detector sensitivity and also the uncertainty
in the lower energy-level discriminator (LLD). The standard
method to estimate the scaling factor, referred to as the “tail
fitting” method, consists in matching the scatter estimate to the
data for those lines of response (LORs) that do not intersect
the patient. These “out of patient” LORs contain only scatter
and random events (see e.g. [9]), and allow direct estimation
of the scatter scaling factor if the mean random background
is known. The tail fitting method has limitations in some
applications where the out of patient LORs are noisy (e.g. for
dynamic studies [12]) or scarce (e.g. for large patients scanned
with their arms within the field-of-view).

The goal of this work is to explore alternatives to tail
fitting both for the case with known attenuation (CT-PET) as
for the case where the activity and attenuation are estimated
simultaneously (CT-less TOF PET). When the energy of
the photons is measured, the ultimate approach consists in
modeling the physics of scattering within the system matrix
instead of considering the scatter as a fixed background. This
was demonstrated by [13], [14] for the case with known atten-
vation. For CT-less PET, recent works explore the use of the
Compton scattering cross-section to estimate the attenuation
map [15] from list-mode data. These methods exploit the
information that scatter events contain on the tissue density
and activity, but are numerically complex. We consider here
simpler methods. For known attenuation, Thielemans et al
[16] estimate the scatter scaling factor by least-squares fitting
using the whole data instead of only out of patient LORs.
This requires a prior estimate of the activity, and the method
therefore alternates this step with a standard ML reconstruction
of the activity at fixed scatter scale. In this paper we pursue the
method introduced in [17], which is based on the observation
that the scatter scaling factor can be handled very simply as
an additional image voxel, which is updated at each iteration
at the same time as the activity. We investigate this technique
for applications with known and unknown attenuation. This
preliminary study uses a standard single-scatter estimate and
simulated 2D data.

II. ALGORITHMS

Consider TOF PET data histogrammed in N LORs i =
1,...,N and T TOF bins t = 1,...,T. The expectation of
the data bin y; ; is modeled as
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where a; is the attenuation factor and « the scatter scale factor.
We assume that the sensitivity n; > 0, the scatter estimate



s;¢ = 0, and the mean random r; > O are all given. The
expectation value of the unattenuated trues is
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with given matrix elements c; ; ; and A; is the tracer uptake in
voxel j. Given the measured TOF-PET data y; ., we seek to
maximize the log-likelihood L(y,a,\, o) = >, ,(— <y;>
+yi log(< y; ¢ >) with respect to A\, & when attenuation is
known, or with respect to a, A, a for CT-less PET.

The data model (1) is linear both in the activity A and
in the scatter scale «, and « can therefore be viewed as an
additional voxel A\g = «, with as corresponding column of
the system matrix ¢; ;0 = s;¢/a;. For known attenuation, a
straightforward extension of the ML-EM algorithm yields the
following update at iteration k [17]:
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For the CT-less case, the same idea leads to straightfor-
ward extensions of the MLAA [18], [19] and MLACF [20]
algorithms, which simultaneously estimate the activity and,
respectively, the attenuation image p; and the attenuation
factors a,;. This paper presents a preliminary study of the
MLACEF extension, which alternates an update (see eqn (3,4)
in [20]) of the activity and scatter scale,
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The estimated prompts in (5) are given by equation (4), with
a; replaced by its current estimate az(-k). The global scaling
factor C'(*) restores at each iteration the correct scaling of the
activity and attenuation factors, which is undetermined since
only products a;\; appear in the data model (1). We calculate
C*) to match the mean attenuation factor in a subset of LORs
to the exact value, which is known for this simulation study.

An alternative is to match the mean activity in some region of
interest. Note that this rescaling must be done at each iteration
lest the physical constraint a; < 1 in (6) be invalid.

III. CONSISTENCY

Do the TOF PET data uniquely determine the scatter scale
factor? When the attenuation is known, the problem is linear
and the answer is intuitive: the solution is unique if the scatter
is inconsistent, namely if it is impossible to find a “scatter
image” p € R™ such that
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Note that the p image need not be non-negative. The increase
of the image covariance due to estimating « can be calculated
for a weighted least-squares (WLS) reconstruction. If V' is the
NT x NT data covariance matrix, and A the NT x M system
matrix with elements A; ;) ; = a;c; j ¢, one can show that the
covariance matrix of the reconstructed activity is
covidwrs) = F~1 + 1 5 PWLS Pwrs (®)
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The first term is the covariance when the scatter scale factor
is known, it is equal to the inverse of the M x M Fisher
matrix ' = A'V 1A, which we assume non-singular. The
second term is the additional covariance due to the estimation
of a, where py s = F~1A'V 15 is the WLS reconstruction
of the scatter, s;,. = s — Apwrs is the inconsistent part of
the scatter background, and ||g||3 = g*-V~!-g. Equation (8)
confirms the intuition that the scatter background should be as
inconsistent as possible to allow reliable scatter correction.

Unfortunately this simple analysis cannot be extended to
the non-linear CT-less problem. In particular, if the scatter is
”CT-less consistent” in the sense that
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for some attenuation factors 0 < a; < 1 and some scatter
image p, it does not necessarily mean that uniqueness does
not hold (unless a = a@). Uniqueness of the scatter scale factor
remains an open question when the attenuation is unknown.

IV. SIMULATION

We have simulated 2D TOF data for one slice of the phan-
tom shown in figure 1. Noise-free 2D true data and attenuation
factors were simulated analytically for a mathematical model
of this phantom, with 13 TOF bins (FWHMror = 87 mm,
TOF bin size 46.9 mm), 256 uniform radial samples spaced
2.07 mm, and 168 angular samples. Activity images were
reconstructed on a 256 x 256 grid with pixel side 2.07 mm.
The phantom is almost identical to the NEMA 1Q phantom in
shape, contrast and locations of the cold and rod structures
(Fig. 1), except for the external shape which on one side
is ellipsoidal rather than flat. We assume uniform sensitivity
n; = 1 and no randoms r; = 0. For the scatter background s; ;
we used the single scatter ("SSS”) estimate calculated from a
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Figure 1: Top row: activity and attenuation of the studied slice of the
mathematical model of the IQ phantom. The axes of the external ellipse are
288 mm and 238 mm. The ratio between the activity in the hot rods and the
background is 4.0. Middle and lower rows: sinograms of time bins 0 and 2.
Left: prompts, right: scatter background.

7200 s scan of the physical phantom on the mCT scanner.
This scatter is added to the simulated trues to obtain a scatter
fraction of 0.25, with a scatter scaling factor aegger = 1.5.
MLEM and MLACEF iterations are initialized with a uniform
activity A; = 1 and attenuation a; = 1, and with o = 1.

To test the algorithms with decreasing amounts of “out of
patient” LORs, we performed reconstructions with three differ-
ent field-of-view (FOV): the full FOV (256 x 168 sinograms),
the attenuated FOV (using only LORs that intersect the
attenuation map, such that a; < 1), and the active FOV (using
only LORs with >, p;; > 0). In all cases, no information
on the support of the activity is assumed during MLEM or
MLACF reconstruction, so that, with these hypotheses, tail
fitting could not be applied. When the attenuation is known,
this assumption is artificial because one can safely assume
that A = 0 where p = 0. For CT-less PET in contrast, there is
normally no prior information on the support of the activity.
Note that with the active FOV, there are no out of patient
LORs at all, this example is also artificial and only meant to
illustrate that the active LORs do contain information on the
scatter scale.

A. Consistency

A scatter image p was reconstructed by applying TOF
filtered-backprojection (rectangular window at Nyquist fre-
quency) to the scatter background corrected with the known
attenuation factors. That image was then reprojected and
attenuated, and Figure 2 shows that the scatter background
has a significant inconsistent component. The inconsistent
fraction was ||sinc||/||s]| = 0.47, and ||sinc||1/||s]]1 = 0.40.
Note that the TOF summed scatter 5, = Zt 5;¢ 1s also
inconsistent, we found in that case ||3;n.||/||5|] = 0.56 and
[|5inel|1/1|5]]1 = 0.46 (these two last figures are not reliable
however because the non TOF scatter image had a larger
support than the image matrix used and the reprojection was
therefore not complete).

Figure 2: Known attenuation. Left: TOF FBP reconstruction p of the scatter
background s; ;. TOF sinogram for time bin 2: s; ; (middle) and reprojected
and attenuated scatter image (right).

B. Noise-free data

We use ordered subset versions of the algorithms, with 14
subsets and up to 50 iterations. Figure 3 shows the good
convergence to the exact value 1.5 of the estimated scatter
scale o) for the three different FOVs when the attenuation
factors a; are known (MLEM). The slowest convergence is
observed with the active FOV. Figure 4 shows the correspond-
ing convergence for CT-less PET (MLACEF), here again, no tail
information is available and good, though slower convergence,
is observed in the three cases. Profiles through the activity and
attenuation sinogram are shown in figures 5 and 6.
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Figure 3: Known attenuation and noise-free data. Evolution of the estimated
scatter scale a(¥) versus number of iterations (MLEM, 14 subsets). Red
symbols: full FOV. Blue symbols: attenuated FOV. Green symbol: active FOV.
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Figure 4: Unknown attenuation and noise-free data. Evolution of the
estimated scatter scale a(¥) versus number of iterations (MLACEF, 14 subsets).
Red symbols: full FOV. Blue symbols: attenuated FOV. Green symbol: active
FOV.

C. Noisy data

Noisy data were generated for three count levels of 107, 10°
and 10° prompt events for the slice under study, this corre-
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Figure 5: Unknown attenuation and noise-free data. Profile of the recon-
structed activity (MLACF, 14 subsets, 50 iterations). Red: full FOV. Blue:
attenuated FOV. Green: active FOV. Orange: no scatter correction. Black:
reference. The profiles with the three FOVs can hardly be distinguished on
this plot, except for the overshoot at the edges of the phantom with the active
FOV.
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Figure 6: Unknown attenuation and noise-free data. Profile of the recon-
structed attenuation sinogram (MLACF, 14 subsets, 50 iterations) at fixed
radial variable, the horizontal scale in the plot is the azimuthal angular index.
Red: full FOV. Blue: attenuated FOV. Green: active FOV. Orange: no scatter
correction. The profile shown is within the active FOV; as shown by the insert
MLACEF is unable to reconstruct the attenuation outside the active FOV.

sponds to maximum mean counts max; ;(<y;;>) = 211,21
and 2.1. For each noise level, 100 noise realizations were
generated and reconstructed.

The most important observation is an increasing negative
bias of the estimated scatter scaling factor with increasing
noise levels, as shown in Table I for the case with known
attenuation, whereas the standard deviation remains much
smaller than the bias. Table I also shows, as expected, that
the bias disappears if a linear estimator is used instead of the
Poisson ML estimation (for both A\ and a). A numerically
efficient alternative to decrease the bias on « is to perform a
first pass reconstruction using MLEM with a coarser image
sampling (Table I). This was done keeping the original data
sampling, without rebinning the sinograms on a coarser grid.

The bias is even more important with MLACF (Table
II), resulting in an increasing under-correction of the scatter
background as the noise level decreases (Figure 7,8). The CT-
less problem is not linear, and least-squares estimation does

MLEM, 2.07 mm pixels

Counts Full FOV Attenuated FOV | Active FOV
107 1.44 (0.003) 1.42 (0.003) 1.40 (0.004)
106 1.31 (0.008) 1.26 (0.011) 1.19 (0.016)
10° 1.14 (0.028) 1.00 (0.029) 0.69 (0.041)

Unweighted least-squares

Counts Full FOV Attenuated FOV | Active FOV
107 1.50 (0.005) 1.52 (0.006) 1.52 (0.007)
106 1.49 (0.017) 1.53 (0.019) 1.52 (0.022)
10° 1.48 (0.050) 1.52 (0.053) 1.54 (0.066)

MLEM, 8.28 mm pixels
Counts Full FOV Attenuated FOV
107 1.41 (0.003) 1.40 (0.004)
106 1.36 (0.010) 1.35 (0.013)
10° 1.40 (0.032) 1.39 (0.037)

Table I: Known attenuation and noisy data. Mean estimated o and (standard
deviation), for ML estimation, unweighted least-squares estimation (pre-
conditioned conjugate gradient, 50 iterations), and ML estimation on a coarse

64 X 64 image matrix.

MLACEF, 2.07 mm pixels

Counts Full FOV Attenuated FOV | Active FOV
107 1.28 (0.004) 1.40 (0.004) 1.43 (0.011)
106 0.69 (0.024) 1.13 (0.011) 1.22 (0.031)
10° 0.01 (0.01) 0.25 (0.016) 0.17 (0.029)

MLACEF, 2.07 mm pixels, pre-smoothed data
Counts Full FOV
107 1.47 (0.003)
108 1.44 (0.008)
10° 1.33 (0.030)

Table II: Unknown attenuation and noisy data. Mean estimated « and
(standard deviation), for MLACF estimation, and MLACF estimation applied
to pre-smoothed data.

not guarantee unbiased estimation. Attempts to reconstruct
on a coarse image grid, as in Table I, did not decrease the
bias significantly. Table II shows that the bias can be reduced
by strongly smoothing the data y;; and the scatter s; ; (here
with a 2D gaussian filter in the radial and azimuthal sinogram
variables, with FWHM equal to 8 samples).

Figure 7: Unknown attenuation, full FOV. Mean (top row, color scale (0,
2)) and standard deviation (bottom row, color scale (0,4)) of the activity
reconstructed from 100 noise realizations. MLACF (14 subsets, 50 iterations).
From left to right: 107, 105, 10° prompts.



Figure 8: Unknown attenuation, attenuated FOV. Mean (top row, color scale
(0, 2)) and standard deviation (bottom row, color scale (0,4)) of the activity
reconstructed from 100 noise realizations. MLACF (14 subsets, 50 iterations).
From left to right: 107, 10%, 10° prompts.

V. CONCLUSIONS

The goal of this work is to investigate the simultaneous
maximum likelihood estimation of the activity and scatter
scaling factor from TOF PET data, for configurations where
the FOV contains few (“attenuated FOV”) or none (”Active
FOV”) lines of response without activity. We assumed in
this work the absence of any information on the support of
the activity image, and therefore the tail fitting method does
not apply. When such information is available, tail fitting is
applicable and yields accurate estimates of «. In that case,
even better results can be obtained by simultaneous estimation
of A and « using all LORs, as noted in [16] in the case of
known attenuation. This only requires enforcing the activity
to be zero in some sufficiently large region of the FOV, as we
also verified with our simulation (results not shown).

The case with known attenuation was previously investi-
gated in [17], that work is here extended to CT-less PET. This
preliminary study on simulated 2D TOF data shows that TOF
data contain enough information to determine the scatter scale
factor, even when the data only contain LORs that intersect the
activity image. A second observation is that the ML estimator
of the scatter scale is strongly biased for low count data.
The bias is negative in our study, suggesting that the scatter
scale can be considered as a “hot” pixel. A linear estimator
such as unweighted least-squares can be used to eliminate the
bias when the attenuation is known, but this approach does
not apply to the bi-linear problem with unknown attenuation.
Alternatively the bias can be reduced by means of a first pass
reconstruction on a coarse image matrix or by using strongly
smoothed data.

We used a scatter estimate obtained from a model-based
single scatter simulation. This leaves open the issue of how
to obtain an initial estimate of the activity, and (for CT-less
PET) of the attenuation, as these quantities are needed to
calculate the scatter estimate. This issue is common to other
methods and it is typically hoped that an iterative application
may provide a solution. The method proposed here however
could also be applied if the scatter estimate is obtained from
one or several secondary energy windows.

In this study the trues and the attenuation have been

simulated analytically. Instead of generating a scatter model
by convolving the trues with some low pass filter, we have
used the model-based single scatter estimate calculated from
a physical measurement of the NEMA 1Q phantom. Since the
mathematical and physical phantoms do not perfectly coincide,
the results will need to be confirmed by reconstructing Monte-
Carlo and real data. Another limitation of this study is the
assumption that the scatter estimate s; ; is exact, up to the scale
factor, the influence of multiple scatter has been neglected.
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