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Abstracts

Prediction of image quality in emission tomography

In the field of medical imaging, the choice of the imaging system geometry usually
greatly influences the quality of the output image. To guarantee adequate image
quality, it is important to estimate which system geometry is most suitable for the
given imaging task, and to tune the geometrical parameters to yield the best system
performance. In addition, for artifact-free image reconstruction of the acquired data,
an accurate description of the system and its geometrical parameters is required. For
the analysis, efficient and effective approaches are demanded to predict and assess
the image quality, as a function of both the system geometry and the accuracy of
the system model.

Focused on image quality prediction and evaluation in emission tomography,
this PhD work consists of two studies. In the first one, the noise properties were
investigated as a function of the system geometry. Two types of collimator systems,
namely the parallel hole and the rotating slat collimator system, were optimized
and compared with each other using the optimized parameters. The idea of system
optimization was to find the combination of geometrical parameters which yields
the minimal variance in the reconstruction with a predefined spatial resolution.
The optimization and the comparison of the two systems was mainly performed
by two analytical methods. The first one was applied only to the central point of
uniform objects with simplified system models, yielding closed-form expressions for
the minimal variance, as well as for the relation between the optimized parameters
and the target resolution for each collimator system. The second method is more
general and can be applied to arbitrary objects with sophisticated system models.
With these methods, the relative performance of the two systems was assessed and
evaluated using various figures of merit.

In the second study, procedures that determine the geometrical parameters of
pinhole SPECT systems were evaluated and optimized. These procedures are typ-
ically called (geometrical) calibration procedures. In this study, different sources
of error that influence the accuracy of the calibration procedure of a multi-pinhole
SPECT system were investigated, and a new approach which stabilizes the calibra-
tion result was proposed. The analysis was mainly performed using an analytical
linear model, with which the calibration protocol was optimized, reducing the time
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and the complexity of the calibration procedure, without compromising the accu-
racy in the reconstruction. The theoretical results were verified by simulations and
supported by reconstructions from real phantom measurements.

Voorspelling van de beeldkwaliteit in emissietomo-
grafie

In medische beeldvorming beinvloedt de geometrie van het beeldvormingsysteem
meestal in grote mate de kwaliteit van het uiteindelijke beeld. Om een geschikte
beeldkwaliteit te kunnen garanderen, is het belangrijk om in te schatten welke
systeemgeometrie het meest aangewezen is voor een gegeven beeldvormingstaak,
en de geometrische parameters zo af te regelen dat ze de beste performantie van
het systeem opleveren. Bovendien is voor een artefactvrije beeldreconstructie van
de gemeten data een accurate beschrijving van het systeem en zijn geometrische
parameters vereist. Voor de analyse zijn efficiénte en effectieve methodes nodig
voor de voorspelling en bepaling van de beeldkwaliteit als functie van zowel de
systeemgeometrie als de nauwkeurigheid van het systeemmodel.

Dit doctoraatswerk, gefocusseerd op de voorspelling en de evaluatie van de beeld-
kwaliteit in emissietomografie, bestaat uit twee studies. In de eerste studie werden
de ruiseigenschappen als functie van de systeemgeometrie onderzocht. Twee types
van collimatiesystemen, namelijk het parallelle gaten en het roterende vlakken col-
limatiesysteem, werden geoptimaliseerd en met elkaar vergeleken, gebruikmakend
van de geoptimaliseerde parameters. Voor de systeemoptimalisatie werd gezocht
naar de combinatie van geometrische parameters die het gereconstrueerde beeld
met minimale variantie oplevert, bij een vooraf gekozen spatiale resolutie. De opti-
malisatie en de vergelijking van de twee systemen gebeurde voornamelijk met behulp
van twee analytische methodes. De eerste werd enkel op het centrale punt van uni-
forme objecten met vereenvoudigde systeemmodellen toegepast, wat uitdrukkingen
in gesloten vorm opleverde voor de minimale variantie, alsook voor de relatie tussen
de geoptimaliseerde parameters en de doelresolutie voor elk collimatorsysteem. De
tweede methode is meer algemeen en kan toegepast worden op willekeurige objecten
met ingewikkelde systeemmodellen. Met deze methodes werd de relatieve perfor-
mantie van de twee systemen bepaald en geévalueerd met behulp van verscheidene
kwaliteitsmaten.

In de tweede studie werden procedures voor het bepalen van de geometrische
parameters van pinhole SPECT systemen geévalueerd en geoptimaliseerd. Deze
procedures worden typisch (geometrische) calibratieprocedures genoemd. In deze
studie werden verschillende bronnen van fouten onderzocht die de nauwkeurigheid
beinvloeden van de calibratieprocedure voor een multipinhole SPECT systeem. Er
werd ook een nieuwe aanpak voorgesteld die het resultaat van de calibratie sta-
biliseert. De analyse werd voornamelijk uitgevoerd via een analytisch lineair model,
waarmee het calibratieprotocol geoptimaliseerd werd, zodat de tijd en de complex-
iteit van de calibratieprocedure kon verminderd worden zonder in te leveren op



de nauwkeurigheid van de reconstructie. De theoretische resultaten werden gecon-
troleerd met simulaties en gestaafd met reconstructies van echte fantoommetingen.
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Chapter 1

Introduction

1.1 Positioning

Nuclear medicine plays an important role in the field of medical imaging. Differ-
ent from the image modalities such as computed tomography (CT) or magnetic
resonance imaging (MRI) which acquire detailed anatomical information from the
target of imaging, nuclear medicine focuses on molecular imaging, which helps to
detect and diagnose functional abnormalities in the human body.

The core of nuclear medicine imaging is gamma radiation, emitted by radionu-
clides. The radionuclides can be categorized into two classes. The first class are
the single photon emitters which emit gamma ray photons that can be detected di-
rectly by the gamma camera. The second one are the positron emitters which emit
positrons that annihilate with electrons up to a few millimeters away from their
origins, generating two gamma photons emitted in opposite directions. The nuclear
medicine techniques, which exploit the property of these two types of radionuclides,
are single photon emission computed tomography (SPECT) and positron emission
tomography (PET), respectively.

The procedure of nuclear medicine imaging can be briefly summarized as follows.
First, a particular molecule is selected based on its affinity for participating in the
biochemical process of interest. The radioactive tracer is prepared by labeling the
chosen molecule with a particular radionuclide. Then, the radioactive tracer is
administrated to the patient. The tracer will be distributed inside the body and
typically be concentrated in the targeted tissue of interest. Next, the patient is
positioned in the field of view of the SPECT/PET camera and scanned with the
pre-set acquisition protocol. The emitted gamma photons are measured by the
SPECT/PET camera during the acquisition. The acquired data are reconstructed
into one or more interpretable images using a reconstruction algorithm with an
accurate system model, incorporating both geometrical and physical properties of
the acquisition system.

A medical diagnosis is given based on the final reconstruction image. That
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diagnosis may involve visualization of lesions, or quantification of tracer uptake, or
even statistical analysis in a small animal study. An image has better quality if
the medical doctor or the researcher is more likely to make a better diagnosis with
it. Therefore, adequate image quality is very important for clinical and pre-clinical
studies. In fact, there are many factors that affect the image quality, among which
the choice of the system geometry plays a key role. To guarantee adequate and
reliable images, we need to decide which system geometry is most suitable for the
given imaging assignment prior to acquisition. If possible, we should also adjust the
geometrical parameters of the system such that an acceptable signal-to-noise ratio
or lesion detectability can be achieved in the reconstruction image.

Actually, there are general guidelines for the choice of system geometry for
different applications. For example, in SPECT imaging, if we want to perform
small animal imaging, generally a pinhole collimator system will be used since it
has high spatial resolution and focused field of view. For patient imaging, most
of the time we use a parallel hole collimator system, and sometimes apply a fan-
beam, a cone-beam or a pinhole system for the examination of the head or of small
organs of interest. However, when a novel system design is proposed, it is often not
straightforward to see for which imaging tasks it will perform best, how to tune
the parameters in order to achieve the optimal performance for that design, and
whether or not this design is superior to the existing designs for a given assignment.
The performance of the newly proposed system thus needs to be evaluated using
figures of merit that quantify the quality of the reconstructed image. In this sense,
prediction of the image quality in emission tomography is very important.

This PhD work focuses on the prediction of the reconstruction image quality
associated with the system geometry in SPECT imaging. This includes both the
choice of the camera geometry and the accuracy of the geometric model used during
the reconstruction. The former is about the comparison and optimization of differ-
ent SPECT systems. The latter is basically an error propagation analysis, i.e., once
the optimal geometry configuration is determined and applied, we are interested
to see the influence of the geometric modeling error (i.e., the difference between
the expected system geometry and the actually modeled system geometry) on the
reconstruction image quality. We investigated how these errors are propagated into
the reconstruction and degrade the reconstruction image quality, and how these
errors can be minimized.

In order to predict the image quality in the reconstruction, one needs to simu-
late the projection process which involves the geometrical and physical properties
of the acquisition procedure. With this model, a common procedure is to apply
a digitized tracer activity distribution as the input of this model and perform a
forward projection operation to simulate the procedure of a real acquisition. This
yields the simulated projection data, with which the image quality can be evalu-
ated in two different ways. The first one is to do image reconstruction using the
simulated data in the same way as we reconstruct the camera-based data. Since
the ground truth (i.e., the input digital distribution) is known, the reconstruction
can be directly compared with the original image, and the image quality can be
easily quantified using various figures of merit. With this approach, one needs to do
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many simulations and reconstructions to study noise propagation. It is very time
consuming, especially if we want to evaluate a large number of system designs with
various parameters. The other way is to directly estimate the image quality based
on the simulated projection data through analytical methods which approximately
linearize the reconstruction procedure. With a linearized model, the figures of merit
can be calculated faster with well-known mathematical operations, eliminating the
need of doing repeated simulations and reconstructions. This type of approach is
called the analytical method throughout the text. Normally, an analytical method
involves several assumptions and approximations, therefore it needs to be validated
by repeated simulations before it is applied for data analysis.

1.2 Aim

The basic idea of this PhD work is to evaluate and optimize the design of tomo-
graphic systems by computing figures of merit from the reconstructed images they
produce. This quality assessment should be efficient, because optimization involves
the evaluation of a large number of possible designs. The work consists of two stud-
ies in emission tomography: the first study investigates the error propagation as a
function of the system geometry, the second one evaluates and optimizes procedures
to determine the system matrix in pinhole SPECT.

The first study was about the comparison of two different SPECT systems,
namely the conventional parallel hole collimation system and the rotating slat col-
limation system. This study was motivated by our collaborative research with the
group in the University of Gent who developed a prototype rotating slat system.
Due to a different way of photon accumulation, the geometric efficiency of a rotating
slat system is much higher than that of the parallel hole system. However, an extra
reconstruction step is needed for the rotating slat system, which encourages the
noise propagation in the reconstruction procedure. Therefore, it is difficult to judge
which collimation system provides better image quality. The focus of this study was
to thoroughly investigate the tradeoff between the resolution and the sensitivity for
each system, and to evaluate their relative performance fairly and efficiently.

The second study aimed at reducing the time and complexity of the calibration
procedure for our small animal SPECT system without compromising the image
quality. For a small animal imaging system, accurate description of the system ge-
ometry is essential for high resolution reconstruction. To this end, for each animal
scan, a separate scan of radioactive point sources, which is referred to as calibra-
tion scan, is always demanded for the estimation of the geometric parameters of
the system. This costs extra scanning time. Moreover, variations in the system
behavior could induce errors, because we are combining the information from two
different scans (the animal scan and the calibration scan). Since the accuracy of the
parameter estimation is one of the dominating factors that affect the reconstruction
image quality, we needed to explore the sources of error during calibration, and
how these errors propagate during the reconstruction procedure into the final to-
mographic images. The main focus of this study was to investigate the feasibility of
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a simultaneous animal/calibration scan, as well as to determine the corresponding
optimal configuration of point sources based on the error analysis.

1.3 Main contributions

The main contributions of this PhD work are as follows. For the study of com-
parison of the two collimation systems, first, a novel idea for system optimization
was proposed. It was found that for a fixed spatial resolution in the reconstruc-
tion, there exists an optimal value of the collimator aperture which corresponds
to minimal variance in the reconstructed image. The relation between the target
resolution and the optimal collimator aperture was derived mathematically. The
optimal apertures are different for the two collimator systems, and the ratio of the
optimal collimator resolution values was found to be /2. Second, the comparison of
the two systems was done using the optimized collimator apertures. Based on the
theory of filtered back-projection reconstruction, mathematical expressions were de-
rived to evaluate the relative performance of the two collimator systems. The results
were supported by an existing validated analytical method using various figures of
merit.

For the study of small animal SPECT calibration, first, a new approach was
proposed to stabilize the calibration result. This approach was evaluated in com-
parison with the previously used method. Second, besides the random noise on
the data, another source of error, i.e., the small deviations between the expected
camera orbit and the actual camera orbit during the acquisition, was explored.
These deviations bias the calibration result and degrade the image quality in the
reconstruction. The influence of these deviations on the calibration accuracy and
reconstruction accuracy were studied theoretically and verified with real phantom
measurements. The theoretical study has been done using an analytical method,
which is able to rapidly estimate the effect of the calibration on the final recon-
struction, given a certain calibration protocol. Using the analytical method, a good
calibration protocol was selected and applied in a real phantom measurement. It
was proven that it is feasible to perform simultaneous animal/calibration scans with
the proper choice of calibration protocol, which reduces the acquisition time for each
experiment without compromising accuracy of the calibration and reconstruction
results.

1.4 Outline

Chapter 2 provides background information about SPECT imaging which is es-
sential for the understanding of the subsequent chapters. The basic principle of
SPECT imaging is briefly explained, followed by the introduction of typical colli-
mator designs used for SPECT systems. Then, the acquisition model of SPECT is
described, and the basic ideas of image reconstruction are explained for the most
commonly used analytical and iterative algorithms, respectively.
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Chapter 3 focuses on how to predict the image quality in the reconstruction using
both repeated simulations and analytical methods. First, the most common figures
of merit used for image quality evaluation are listed. Second, an analytical method
is introduced for fast estimation of these figures of merit. The key concepts and the
basic mathematical derivations of this method are described, and the applications
of the proposed method used in this PhD thesis are explained generally.

Chapter 4 presents the work about the comparison between the parallel hole and
the rotating slat collimator systems. First, the values and the limitations of pre-
vious comparative studies are discussed. Then, two different analytical evaluation
methods used in our study are explained. Mathematical expressions that describe
the relative performance of the two collimator systems are derived as functions of
various geometric parameters. Details and results of both analytical and simulation
studies are given at the end.

Chapter 5 explores the feasibility of a simultaneous animal/calibration scan with
a multi-pinhole SPECT system. First, an analytical linear model which is used to
analyze the error propagation in the calibration and reconstruction procedure is
proposed in detail. With that analytical method, the influences of two sources
of error are investigated individually. Then, the principle about how to select a
calibration configuration for simultaneous animal/calibration scans is explained.
Both theoretical and experimental results are presented in detail.

Chapter 6 highlights the main contributions of this PhD work, draws general
conclusions and gives some suggestions for future work.
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Chapter 2

SPECT Imaging

2.1 Basic background

2.1.1 Data acquisition

In SPECT imaging, the radioactive tracer which is labeled by the radionuclide
distributes over the patient body and yields the gamma photons that may be emitted
along any direction. The photons that go through the collimator will be detected
by the gamma camera. In this way, the continuous tracer distribution is measured
and the data are typically stored in a 2-D or 3-D! matrix. Based on the acquisition
mode, the data can either be directly used or be reconstructed for further analysis.

Radionuclide

The most conventional radionuclide used in SPECT imaging is 99m-technetium
(99mTc), which has a main photopeak at 140 kev and a half life of 6.01 hours.
Another common SPECT radionuclide is 123-iodine (12*T) which gives gamma ra-
diation mostly around 159 kev with a half life of 13.2 hours.

Usually we only use a single radionuclide for a SPECT examination. However,
sometimes it is desirable to track more than one biochemical process individually,
or to exclusively label external markers used for particular purpose (for example,
the attached point sources used for calibration, see chapter 5). In these cases, the
application of multiple radionuclides within one acquisition is preferable. The data
of different radionuclides are distinguished by their corresponding energy windows
(see Fig. 2.1(b)), and the image will be reconstructed individually for each radioiso-
tope. The advantage of using multiple isotopes simultaneously is that the images
representing the distribution of different radioactive tracers are inherently registered
both spatially and temporally.

1n case of dynamic imaging, the third dimension indicates the time frame.

7
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Figure 2.1: (a) Intrinsic resolution of the gamma camera. (b) Energy spectrum and
energy window.

Gamma camera

A general SPECT gamma camera mainly consists of two components: scintillation
crystal and photo multiplier tube (PMT). The scintillation crystal transforms the
incident photon into a light flash. The detection of this flash is realized by the
PMT, which is directly attached to the crystal.

The spatial location and the energy of a single scintillation event can only be
measured with limited precision, which can be approximately described as Gaus-
sian distributions [56,116,153]. Normally, we use the full width at half maximum
(FWHM) of the Gaussian to specify the precision. The spatial resolution of a
gamma camera (Fig. 2.1(a)) is referred to as intrinsic resolution, which typically has
a FWHM of 4-5 mm for a scintillation detector. The energy resolution (Fig. 2.1(b))
depends on the material of the scintillation crystal. For the most commonly used
crystal in SPECT, i.e., sodium iodide doped with thallium (NaI(Tl)), the energy
resolution is around 10% FWHM at 140 kev. An interesting alternative material is
cadmium zinc telluride (CZT) which has higher energy resolution (3-6%) at 140 kev.
CZT has great potential in the development of new SPECT cameras [26,122], the
current limitation is the high price.

The filtering of the wanted /unwanted photons is realized by applying an energy
window centered around the photopeak of a certain radionuclide (Fig. 2.1(b)). All
photons with energy outside the energy window are rejected with no contribution to
the data. With current gamma cameras, multiple energy windows can be applied
simultaneously, which allows us to use more than one radioactive tracer (whose
photopeaks are distinguishable) at the same time.

For a fixed camera position, the photons counted by the two-dimensional gamma
detector are typically stored in a 2-D matrix which can be considered as an image
projected from the 3-D tracer distribution to the detection plane of the gamma
camera. Therefore, the acquisition procedure is often called (forward) projection



2.1. BASIC BACKGROUND 9

x}_“‘“—‘-—p

Fandomly emitted R:}
gamma photons

Collimator ‘ ‘ ‘ ‘ ‘ ‘
L ]

Gamma camera kg

(a) (b)

Figure 2.2: (a) Mounting a collimator in front of the gamma camera. (b) A clinical
dual-head SPECT system: E.cam, Fixed 180°, Siemens Medical Solutions.

and the acquired data is referred to as projection image or projection data.

Collimator

For single photon emitter, the trajectories and the origins of the emitted gamma
photons are unpredictable. In order to facilitate the interpretation of the data,
mechanical collimation is needed to identify photons coming from certain directions.
It is realized by mounting a collimator in front of the gamma camera (Fig. 2.2(a)).
The collimator consists of a set of septa which are made of high-attenuating material
such as lead or tungsten, so it can efficiently stop the photons whose trajectories
are oblique to the septa. Only the photons that can go through the collimator can
reach the gamma camera. The design of the collimator determines the geometric
efficiency and the geometric resolution of a SPECT system, thus it is one of the key
factors influencing the system performance.

A SPECT system may have one or multiple detector heads, with each head
consisting of a gamma camera and a collimator (Fig. 2.2(b)). Using the projection
data from multiple heads generally improves the image quality of the reconstruction
due to the increased detection sensitivity. However, the data of each head can also
be processed individually whenever it is necessary.

Acquisition mode

With a SPECT system, basically there are two acquisition modes: planar imaging
and tomographic imaging.

In the mode of planar imaging, single 2-D projection images are acquired at
each detector head without the rotation of the gamma camera. One example is the
whole-body bone scan (Fig. 2.3) with two detector heads in the front/back of the
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Figure 2.3: Example of planar imaging: anterior and posterior images from a bone
scan with the patient bed shifted slowly with respect to the detector heads during
the acquisition.

patient. To achieve a large field of view, either the patient bed stays static and the
detector heads shift along the bed, or vice versa.

The tomographic imaging (also called volume imaging) is used when it is desir-
able to have the 3-D representation of the tracer distribution within the patient. To
this end, the detector heads need to rotate around the patient to obtain projection
image from different angles. The 2-D projection images acquired at different angles
are piled up yielding a 3-D array which is typically referred to as a sinogram. This
sinogram data however cannot be interpreted directly and one needs to apply a
reconstruction algorithm to reconstruct a 3-D image from the sinogram.

2.1.2 Data interpretation

After data acquisition, we obtain (a series of) 2-D projection image(s). With planar
imaging, we can directly analyze the projection data as an image. With tomographic
scan, we first need to derive a 3-D image from the projection data acquired from
different angular positions, this procedure is called reconstruction. After reconstruc-
tion we have interpretable images which can be used for further analysis.

Usually, the tracer activity administered to the patient is relatively low in order
to avoid unnecessary radioactive exposure. Due to the Poisson nature of the mea-
surement and the noise propagation during the reconstruction, the reconstructed
images are often very noisy. In this case, post-processing is necessary. One example
is to apply a low-pass filter which suppresses the high frequency noise in the re-
construction. This improves the visualization of the image but meanwhile discards
details due to the smoothing effect of low-pass filtering.

A popular tendency is to combine the SPECT images with images acquired
from other imaging modalities such as CT or MRI, in order to take advantage of
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both functional and anatomical information. One way to combine them is to use
the information extracted from CT or MRI image as anatomical prior and apply
them during the reconstruction [7,9,24,25,51,110,115]. This approach has great
potential to improve the spatial resolution of the reconstructed SPECT image. The
other way is to simply take the anatomical image as a reference image to better
localize the abnormalities that are observed in the SPECT image [7,11,111].

For image analysis, sometimes one needs to quantify the activity within a region
of interest (ROI), or to see the contrast between different ROIs, or to detect hot
or cold lesions based on the image. To guarantee adequate image quality, the
properties of a SPECT camera (mainly the sensitivity and the resolution) need to
be well-tuned for a given imaging task and the purpose of imaging analysis.

2.1.3 Sensitivity and resolution
Detection sensitivity

For a certain radioisotope, the detection sensitivity of a SPECT system is deter-
mined by two factors: the detection efficiency of the gamma camera and the geo-
metric efficiency of the collimator.

The detection efficiency of the gamma camera is the number of photons that are
actually detected divided by the total number of photons that reach the crystal.

The geometric efficiency of a collimator is the fraction of the photons emitted
from a point in the field of view that will reach the crystal if the photons are not
attenuated within the imaging object. Since the collimator stops a large fraction of
incident photons, the geometric efficiency of a SPECT system is usually very low.
For most of the collimator designs, the geometric efficiency is position-dependent.
One exception is with the parallel hole collimator whose geometric efficiency is
(nearly) constant throughout the image space.

System resolution

The resolution of a SPECT system is determined by the intrinsic resolution of the
gamma camera (see 2.1.1 and Fig. 2.1(a)) and the collimator resolution.

The collimator resolution is a measure of the blurring effect caused by the col-
limator geometry. As shown in Fig. 2.4(a), if we put a radioactive point source
in front of the collimator, the measured photons will be distributed over the de-
tector rather than concentrate at a single projection point due to the finite length
of the collimator septa. The collimator resolution can be defined in two different
ways. The first one is based on the detector response to the given point source
(Fig. 2.4(a)), which is normally referred to as the point spread function (PSF). The
other one is based on the single (detector) pixel response to the object plane where
the point of interest is placed (see Fig. 2.4(b)). In both cases, the profile of the
point/pixel response is typically approximated by a Gaussian. The collimator res-
olution is then defined as the FWHM of that Gaussian, which is determined by the
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Figure 2.4: Collimator resolution defined based on (a) point spread function, (b)
pixel response function [145].

collimator geometry as well as the distance between the location of the point source
and the gamma detector. In our context, the latter definition is used for collimator
resolution.

Combining the intrinsic detector resolution (Ry) and the collimator resolution
(R.) yields the system resolution (Rj):

Ba

R, = R3+(m

)? (2.1)
where m is a magnification factor determined by the geometric configuration of
the collimator?. The expression of m will be given individually for each collimator
design introduced in the next section.

Tradeoff between sensitivity and resolution

In general, the geometrical efficiency and the collimator resolution (i.e., the FWHM
of the collimator response) are both monotonously increased with the opening of the
collimator aperture and decreased with the septa height of the collimator. There-
fore, there is no straightforward way to improve these two properties simultaneously
by adjusting the collimator geometry (see 2.2 for more details).

2.2 Collimator design

In this section, the geometric efficiency and the collimator resolution are discussed
for the most commonly used collimator geometries. As a reference, a detailed

2If m = 1, the collimator resolutions yielded by the two definitions are equal.
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Figure 2.5: (a) Schematic structure and (b) cross-section of a parallel hole collima-
tor.

overview of various collimator designs is provided in [145].

2.2.1 Parallel hole collimator

The parallel hole collimator (Fig. 2.5) is the most conventional collimator used for
clinical SPECT and planar imaging. It consists of a series of long, parallel holes
closely arranged in a 2-D matrix. The shape of the holes can be circular, square
or hexagonal. This geometric configuration only allows the detection of the gamma
photons whose trajectories are (nearly) parallel to these holes. Other photons will
be stopped by the collimator septa which are highly attenuating.

For a point in the field of view (denoted by Z), the collimator resolution of the
parallel hole collimator is [6]:

D(%) xd

parh (= _
Ryt (@) = 20

(2.2)
where d is the hole diameter, h is the height of the collimator septa, and D(Z) is
the distance between the point Z and the detector surface. The geometric efficiency
of the parallel hole collimator is given by [73,90, 145]:

parh __ d2
€ Aph?

Note that in (2.2) and (2.3), the influence of the shape of the holes and the thickness
of the collimator septa are neglected.

(2.3)

With the parallel hole collimator, the accumulation of the photons can be ap-
proximately considered as line integrals along the direction parallel to the holes.
The projection image is non-scaled with respect to the size of the object and the
magnification factor of this collimator is m = 1.
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Figure 2.6: Cross-section of a fan-beam/cone-beam collimator.

2.2.2 Fan-beam and cone-beam collimator

The geometry of a fan-beam collimator is similar to that of a parallel hole collimator,
but in one direction its septa are not parallel with each other but converging to a
line (Fig. 2.6). This geometry increases the geometric efficiency at the expense of
reduced field of view.

For a point in the field of view (&), its oblique incident angle 3(Z) is defined
with respect to the norm of the detector plane. The geometric efficiency of fan-beam
collimator is [125]

- &? - -
Efb(z) = oz m(Z) cos® B(7) (2.4)
with
m(Z) = f/(f - D(Z)) (2.5)

where h is the depth of the collimator measured along the norm of the detector
plane, f is the focus height of the collimator septa, and cos® 3 is applied as a
normalized angular factor. With the fan-beam collimator, we have m > 1 which
means that the projection is magnified by a factor of m with respect to the original
dimension of the object.

The collimator resolution measured along the non-focused direction is the same
as (2.2), and the one along the focused direction is [89]:
D@E)xdf—h

h f

Compared with the fan-beam collimator, a cone-beam collimator has even higher
geometric efficiency by converging the collimator septa both axially and trans-
axially, with [66,89]

d2

arnz™

RI(z) = (2.6)

B (%) =

(%)% cos® B(&) (2.7)
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Figure 2.7: Cross-section of a pinhole collimator.
and the collimator resolutions in both direction are the same as (2.6).

2.2.3 Pinhole collimator

Pinhole collimators consist of one or several small holes drilled in a highly atten-
uating plate or cylindrical tube (Fig. 2.7). Compared to the fan-beam/cone-beam
collimator which have the focal point and the detector on the opposite side of the
object, the focus of the pinhole collimator is between the object and the detec-
tor, which results in a stronger magnification effect when the object is close to the
pinhole collimator. This highly converged geometry offers high resolution beyond
the intrinsic detector resolution with focused field of view, which makes pinhole
collimators ideal for small animal SPECT imaging for pre-clinical experiments.

Based on the number of pinhole apertures, there are single pinhole and multi-
pinhole collimators. Compared with single pinhole collimator, multi-pinhole designs
make better use of the efficient detection area, increasing the detection sensitivity
and therefore enhance the signal-to-noise ratio in the reconstruction image.

The geometric efficiency of a single pinhole collimator can be approximately
calculated as

a2

EY#) =

m(Z)? cos® B(Z) (2.8)

with a the diameter of the pinhole aperture, and

m(Z) = f/(D(Z) - f) (2.9)

where f represents the focus height of the pinhole, i.e., the distance between the
collimator plate and the detector. For a multi-pinhole collimator system which has
I pinholes, the geometric efficiency is

I
Egnpi"(f) — Z Eé‘l)i%i (3‘3’) (210)
=1
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with E5Pi™¢ the geometric efficiency corresponding to the i-th pinhole aperture.
The collimator resolution is approximately

D(Z) x a
f

For more accurate expressions for the geometric efficiency and the collimator res-
olution of pinhole collimators, which take into account the penetration effect of
realistic pinhole apertures, one can refer to [2,85,86,114].

RPnh () = (2.11)

2.2.4 Rotating slat collimator

A rotating slat collimator consists of a series of long, thin, rectangular slat septa
parallel with each other (Fig. 2.8). Different from the collimators described above,
the rotating slat collimator needs to spin around its own axis in order to acquire
tomographic projection data. With this collimator, the photons are accumulated as
plane integral rather than line integral. Suppose the width of the slat septa is W,
the geometric efficiency at point & is calculated as the integration along the longer
side of the slat septa:

+W/2 ,
E’® :/ ————cos” 81, Z)dl 2.12
wy2 4nD(Z)h (4, 7) (2.12)

with [ the distance measure along the septa with respect to the spinning axis, and d
the distance between the adjacent parallel slats. The collimator resolution measured
perpendicular to the slat septa is the same as (2.2) and the one along the septa is
infinite. The magnification factor m equals to 1. A thorough discussion about the
geometric properties of the rotating slat collimator is given in [126]. Details about
the comparison between this collimator and the conventional parallel hole collimator
(see 2.2.1) are presented in chapter 4 and appendix-B.

2.2.5 Hybrid Collimators

Besides the collimator geometries described above, there are hybrid collimators
which are designed in concept as a combination of two of these collimators in order
to benefit from certain properties of each collimator. For example, combining axial
parallel slats with a slit parallel to the axis of rotation results in a slit-slat collimator,
which is axially equivalent to a parallel hole collimator and trans-axially similar as
a pinhole collimator [78,95,150]. It provides high resolution in trans-axial direction
and high geometric efficiency close to the slit due to the magnification geometry
along this direction. Meanwhile it also offers extended field of view in the axial
direction compared to an ordinary pinhole collimator. The axial resolution of a slit-
slat collimator can be improved by slightly converging the slats, which will result
in a fan-beam slit collimator [3].
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Figure 2.8: (a) Schematic structure and (b) cross-section of a rotating slat collima-
tor.

2.2.6 General guideline for collimator choice

The designs of the SPECT collimator can be categorized into either stationary (re-
maining still at each camera position) and rotating (with self-spinning) collimators,
or non-converging (m = 1) and converging (m > 1) collimators. The collima-
tor designs used in commercial SPECT cameras are mainly stationary collimators.
Usually, the parallel hole collimator is a good choice when a large field of view
(for example whole body imaging) is needed. The converging collimators are more
applicable for imaging small objects of interest, for instance the fan-beam and the
cone-beam collimator are often used for the examination of heart and brain. For
even smaller imaging targets such as thyroid, the pinhole collimator is preferable.
The pinhole collimators are also particularly suitable for preclinical small animal
imaging. The slit-slat collimator is situated in between the parallel-beam or fan-
beam collimation and the pinhole collimation, it can be used for brain, cardiac
imaging as well as small animal imaging.

2.3 Acquisition model

The acquisition model describes a mapping from the target of imaging (tracer dis-
tribution) to the measured data (sinogram), which can be subdivided into idealized
geometry modeling, realistic system response, scatter and attenuation.

2.3.1 Idealized geometry modeling

Idealized geometry modeling describes the schematic geometry mapping from the
image space to the detection space, which assumes
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(a) (b)

Figure 2.9: Idealized geometry modeling with (a) a parallel hole collimator, (b) a
pinhole collimator.

e ideal collimation, i.e., the collimation with the best possible spatial resolution,
e no position-dependent geometric efficiency,

e and no interaction between the photons and the matters encountered between
the origins of the photons and the detector.

For instance, with static/rotating collimators, it means that the projection data
can be simply modeled as perfect (unweighted) line/plane integrals of the object
(Fig. 2.9). In order to establish such an idealized model, the basic geometric pa-
rameters are required. For example, with a parallel hole collimator, we need to
know the electronic shifts of the detector, which represent the offsets of the center
of the detector in the directions orthogonal and parallel to the center of rotation
(CoR) [30]. With a single pinhole collimator, besides the electrical detector shifts,
we also need the exact values for the location of the pinhole with respect to the CoR,
the focus height of the pinhole, the distance between the CoR and the detection
surface, etc [20]. To get these parameters, one can either trust the values provided
by the manufacturer or estimate them through a specially designed measurement.
The latter is called geometric calibration. The geometric calibration is important
especially for high resolution imaging with converging collimators. The reason is
that the errors in the geometric parameters will be amplified in the projection due
to the magnification effect of the converged collimator geometry. Using an acqui-
sition model based on inaccurate parameters in the reconstruction will introduce
artifacts or degrade the quality in the reconstructed image.

With a non-converging collimator, the estimation of the electrical shifts is usu-
ally called the center of rotation measurement, which can be done by measuring
a single radioactive point source in front of the collimator [30]. The calibration of
converging SPECT systems with fan-beam, cone-beam or pinhole collimator is more
complex. In general the calibration procedure of these systems can be summarized
as follows [54,72,94,109,139]:
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1. Acquire projection data of one or multiple radioactive point sources placed in
the field of view of the system.

2. Establish the geometric mapping from the position of the point sources to the
projection locations, which are expressed as a function of all parameters that
need to be estimated.

3. Estimate all geometric parameters involved by fitting the estimated projec-
tions to the centroids of the measured projections.

The number of the point sources depends on the complexity of the collimator ge-
ometry and the prior information that is used to constrain the fitting solution. For
example, for single pinhole collimator, it has been proven that at least 3 point
sources are needed, and that one needs to know at least two of the distances be-
tween the point sources, in order to have unique solution [20]. With a proper
fitting algorithm (for example the iterative least squares fitting [20] or the singular
value decomposition (SVD) [36]), we can estimate the geometrical parameters with
acceptable accuracy to establish the idealized geometry model of the acquisition
system.

2.3.2 Realistic system response

With the idealized geometry model, the system response of a SPECT system is
assumed to be a perfect delta function throughout the image space. However, the
realistic system response, which incorporates the position-dependent system resolu-
tion and detection sensitivity, is rather shift-variant. One approach to estimate the
realistic system response is using Monte Carlo simulations, which are numerical cal-
culation methods based on random variable sampling [27,116,117,154]. The system
response can also be calculated analytically, either using approximated expressions
such as those given in 2.2, or using exact but more complex expressions which are
verified by real measurements [85,124,126].

2.3.3 Scatter

In light materials such as water or human tissue, a fraction of the emitted photons
undergo elastic collisions with electrons. This phenomenon is called Compton scatter
and changes the trajectories and the energies of these photons. After collision,
the photons lose part of their energies, making the energy spectrum even broader
(see Fig. 2.1(b)). The scatter degrades the quantification accuracy and the spatial
resolution of the reconstruction. The amount of the scatter can be estimated and
its effect can be compensated either by Monte Carlo simulations [17,74,75] or by
analyzing the energy spectrum of real measurements [65, 68, 100].
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2.3.4 Attenuation

Due to the interaction with the matter, a fraction of emitted photons will either get
absorbed or deviate into another direction, which is generally called attenuation.
Photons are attenuated by all the matters encountered between their origins and the
detector, thus the amount of photons gradually decreases when they are traveling
through the matter. The linear attenuation coefficient p represents the probability
of interaction per unit length. If we have N(s1) photons emitted at location s = s;
traveling along the s—axis, the expected number of photons N(s3) that arrive at
the detector position s = sy is given by

N(s2) = N(sy)e o #)% (2.13)

The effect of attenuation can be corrected for in the reconstruction if the dis-
tribution of attenuation coefficients within the object is known. An approximate
approach is to assume uniform attenuation coefficient within the boundary of the
object. A more accurate estimate is to acquire the attenuation map based on trans-
mission data, for example a CT image which is well-registered with the SPECT
image. Since the attenuation coefficient is energy-dependent, the values acquired
from the transmission scan need to be converted into the values corresponding to
the energy level of the emission scan before they are used for attenuation correction.

2.4 Image reconstruction

Based on the acquired data, we can restore a 2-D or 3-D representation of the tracer
distribution by using an appropriate reconstruction algorithm with the established
acquisition model. Before or during reconstruction, the data needs to be processed
with necessary corrections, e.g., decay correction due to the finite half-life of injected
radionuclide, scatter correction due to unexpected Compton scatter, crosstalk cor-
rection due to the use of dual radionuclides whose energy windows are close to each
other, etc. Details about these corrections will not be discussed since they are not
actually relevant to the work presented in this thesis.

The reconstruction algorithms can be classified into analytical methods and iter-
ative methods. As a key to understanding these methods, the two basic operations
involved in each reconstruction algorithm are projection (mapping from image space
to detector space) and backprojection (mapping from detector space to the image
space). Below we will introduce the most representative reconstruction algorithms
used in SPECT imaging.

2.4.1 Analytical reconstruction

The most widely used analytical reconstruction algorithm is filtered back-projection
(FBP). In this section we will explain the principle of 2-D and 3-D FBP reconstruc-
tion [14], which will be used in the comparative study of the parallel hole and the
rotating slat collimator systems in chapter 4.
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(a) 2-D projection (b) 2-D backprojection

Figure 2.10: Illustration of 2-D projection and backprojection.

2-D filtered back-projection

We take the idealized model of parallel beam acquisition to explain the 2-D FBP
algorithm. Suppose we have a 2-D tracer distribution A(Z), with & the vector in the
image space. During the acquisition, the detector rotates around the object. A unit
vector @ = (sin 6, cos ) is defined orthogonal to the projection line at the rotation
angle 6 (Fig. 2.10). The distance between this projection line and the center of
rotation is s. The line integral projection data can be expressed as

y(s,0) = /d:m(f)a(f. T (2.14)

where §(-) is the Kronecker delta function. Mathematically, (2.14) is the definition
of 2-D Radon transform (denoted by Rs) of the tracer distribution \(Z):

Ra(A(Z)) = y(s,0) (2.15)

The adjoint of Ry (see [14], page 17), denoted by R;, is given by

RiwI@ = [ e

0

= / y(& - 0, 0)do (2.16)
u 0

S=T-

Note that R, and R; are actually the projection and the backprojection operator,
respectively.

Take the 1-D Fourier transform (F7) of the data y(s, ) with respect to s and
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define + = v/—1, we have

y(v,0) [F1(y(s,0))](¥)

/ ds e~2ms / dZNZ)3(Z - i — 3)

= /dac/\ /dse_%””gé( U —3)

/ dj»/\(a—j»)e—%nu(mu)

[F2(A(@)](#) (2.17)

=i

where v and I/ are the frequency conjugates to the variable s and &, respectively.
(2.17) is called central-slice theorem, which means that the 1-D Fourier transform of
the projection y(s, @) is equal to the 2-D Fourier transform of the original function
A(Z) evaluated along the line defined by ¥ = v going through the origin of the
frequency domain of A(Z). In this case, the central-slice theorem can also be denoted
as

Fo=FRs (2.18)

with which the 2-D Radon transform and its inverse are expressed as

Ry = F['F (2.19)
Ry! = F'A (2.20)

The original tracer distribution A(Z) can be computed by calculating the inverse
of 2-D Radon transform (R;'). With the polar transform dj = vdvdf, the recon-
struction image is

/ d@/ |V|dye27r'w(:v u)/ ds y(S 0) —2mws
/ a6 / || (v, ) @D

RT/ v, )™ EDY] () (2.21)

A(Z)

(2.21) gives the basic principle of 2-D FBP. The whole procedure consists of filtering
the projection data in the frequency domain by |v|, which is typically called ramp
filter, then taking the 1-D inverse Fourier transform and back-projecting the result.
The ramp filter |v| functions as a high pass filter which compensates the blurring
effect of the back-projection.
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(a) 3-D projection (b) 3-D backprojection

Figure 2.11: Illustration of 3-D projection and backprojection.

Since the multiplication of two functions in the frequency domain is equal to
their convolution in the spatial domain, (2.21) can also be written as

&) = R (y(s,0) @ h(s)) (2.22)

s=T-U

with
h(s) = / dv|v|e* s (2.23)

which is the ramp filter in spatial domain.

3-D filtered back-projection

If the projection data can be modeled as plane integrals (for example with rotating
slat collimator), we need 3-D FBP algorithm to reconstruct the data. An explana-
tion of 3-D projection and backprojection is shown in Fig. 2.11. In this case, the
vector orthogonal to the projection plane can be uniquely defined by two rotation
angles ¢ and 6. The acquired data is given by

y(s, ,0) = / N&)6(Z - @(0) — s)di (2.24)

with @ = (—sin ¢ cosf, —sin ¢ sin 8, cos ¢) the unit vector orthogonal to the projec-
tion plane. (2.24) is the definition of 3-D Radon transform:

R3(A\T)) =y(s, ¢,0) (2.25)
The 2-D central-slice theorem (2.17) can be extended to 3-D case, i.e.,

Fs = FRs (2.26)
Rs = F['Fs (2.27)
Ry = F'A (2.28)
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The reconstruction image is then calculated as

@) = :0))
|

Rs l(y(s ¢
S . oo
/ dﬁ/ V|2dV62mu(x~u) / ds y(s, ¢7 e)e—Zmus
%52 _

oo — 00

/ dit / dv|v|*§(v, ¢,0)e> ™ ED (2.29)
%5’2 —o0

where 52 is the unit sphere. It can be seen that the filter used in 3-D FBP is
h(v) = |v|?, with the corresponding expression in the spatial domain

—1 0%6(s)
with which the reconstructed tracer distribution is
-1 0?y(s, ¢, 0)
r) = — n(——2 2 2.31
A(Z) 2 /%S2 di( 552 ) o (2.31)

The FBP reconstruction explained in this section works on the data acquired
by non-converging collimator systems with idealized geometric modeling. It works
linearly on the projection data assuming shift-invariant system response, which is
not true for SPECT imaging. Many studies focus on how to correct for the depth-
dependent collimator blurring and the attenuation in an analytical way. One of the
feasible solutions is to pre-process the sinogram in the Fourier space prior to the
FBP reconstruction [41,52,148]. In order to incorporate the position-dependent
geometric efficiency for the plane integral data, adaptations need to be made based
on the basic FBP algorithm [155,156]. Furthermore, special analytic algorithms
were developed to reconstruct the data acquired with converging collimator systems
[34,55,71,137]. In the framework of this PhD, we do not consider sophisticated
acquisition models with analytical reconstruction methods, therefore further details
will not be discussed.

In general, the basic FBP can be considered as an unweighted least squares
method (see 2.4.2) since the same weight is applied for all rotating angles. A major
limitation of FBP reconstruction is that it cannot take the Poisson nature of the
data into consideration. As a result, the reconstruction of noisy data using FBP will
suffer from streak-like artifacts. This limitation can be overcome by using statistic
iterative reconstruction algorithms discussed in the next section.

2.4.2 TIterative reconstruction

The advantage of iterative reconstruction algorithms is that they can easily involve
realistic physical effects during the acquisition. To illustrate the principle of different
iterative algorithms, we start with the introduction of basic notations. Suppose the
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original tracer distribution in the image space is digitized into pixels, where A; is
the actual tracer activity in image pixel j, the data in detector unit ¢ is given by

J

Jj=1

where a;; representing the probability that photons emitted from pixel j will be
detected in detector unit i, s; accounts for the presence of scatter (and possibly
crosstalk from other radionuclide), y; is the expected number of photons detected
at the detector unit 7 and ¢; is the actually measured number of photons at ¢ which
is corrupted by noise. I and J are the total number of elements in the detector space
and image space, respectively. As indicated at the beginning of 2.4, the influence
of scatter and crosstalk will not be discussed. Therefore we drop s; in (2.32) and
the equation becomes

J
Yi = Zaij)\j ~q; (2.33)
i=1

As a mapping from the image pixel j to detection pixel 4, (2.33) performs a pro-
jection operation. Likewise, the corresponding back-projection operation is given
by:

bj = Zaijfi (2.34)

where b; is the value back-projected to pixel j, and f; represents the data that needs
to be back-projected.

The matrix notation of (2.33) is
Y=AA=Q (2.35)

By definition, the matrix A = {a;;} is the projection operator and its transpose
AT is the back-projection operator. In emission tomography, A is typically called
system matriz which is the matrix format of the acquisition model.

The aim of reconstruction is to estimate A given the acquired data Q. A good
estimate can be achieved by using various iterative algorithms, among which the
most representative ones will be briefly explained.

Least-square solution

In order to obtain a reasonable estimate of A with noisy data @, the simplest way
is to minimize the objective function:

B(A) = @ — AA|? = (Q - AN)T(Q — AN
= |QI* + ATATAA — 20T ATQ (2.36)
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with || - || the Euclidean norm of the column matrix. The minima of ®(A) can be
found by setting the partial derivative of ®(A) with respect to A to zero:

0D (A

% =0=ATAN - ATQ =0= A= (ATA)1ATQ (2.37)

(2.37) gives the normal solution of the least-square (LS) problem. However, since
the dimension of the system matrix in emission tomography is usually very large,
it is impractical to directly compute A using (2.37). Alternatively, this solution can
be iteratively approached using Landweber algorithm:

ACHD) = A AT (Q — AN™Y) (2.38)
with

O0<e<

2
A2 (2.39)

where ||A| is the square root of the largest eigenvalue of AT A. (2.39) guarantees
the convergence of (2.38).

Weighted least-square solution

If we consider a simple Gaussian model of the data, the data ¢; is a Gaussian
random variable with mean value y; = > j a;;A; and variance o?. The probability
of measuring ¢; photons if y; photons are expected, which is also called the likelihood,
is given by
1
p(ql|yl) - \/%Ui

Assume that the detection of one photon is independent from that of other photons,
then the probabilities can be simply multiplied:

e*(qz'*yi)Q/?U? (2.40)

1 2 2
Y) = e—((li—yi) /20; 2.41
v =15, (241)

Denote the covariance matrix of the data as C'g, which is a diagonal matrix Cg =
diag{o?,02,...,0%} with the determinant det(Cg), the likelihood with Gaussian
noise model is

pQIY) = (2m) /3 (det(Cq)) H/2e~(1/D(Q-1)Cq (Q-Y) (2.42)
We aim to maximize the likelihood p(Q|Y"), which is equivalent to minimize

®(A) = (Q-Y)"Co(Q-Y) = (Q - ANTCLH(Q — AM) (2.43)
The normal solution of (2.43) is

A= (ATCy A ATCLQ (2.44)
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Similar as the LS method, the weighted least-square (WLS) solution can be itera-
tively approached by

A+ — A 4 CATCEI(Q — AA™) (2.45)
with

Maximum likelihood expectation maximization

The Gaussian noise model is fairly accurate if we have a large number of measured
photons. However, the number of counts are usually very low and the noise in emis-
sion tomography is better characterized by the Poisson distribution. The reason is
that the probability of radioactive decay is independent of time, and that randomly
selected events from a Poisson distribution preserve the Poisson character. The
likelihood with the Poisson model is

—Yi,n,di
e ¢ yz'
q;!

p(ailyi) = (2.47)

with the multiplication of the probabilities

p@QY) =] e_yi;ygi (2.48)

1

In SPECT imaging, the most popular iterative reconstruction method is mazimum
likelihood expectation mazimization (MLEM) algorithm [113]. This name consists of
two parts, ML and EM. The first part is the maximization of the likelihood function
(ML) which is the goal of this algorithm, and the second part is the expectation
maximization (EM) which is the specific algorithm used to find this maximum.

In order to simplify the calculation, we maximize the logarithm of the likeli-
hood (log-likelihood) rather than the likelihood with MLEM algorithm. Since the
logarithm function is monotonically increasing, maximizing the log-likelihood is
equivalent to the maximization of the likelihood function. The log-likelihood with
Poisson noise model is given by

LQIA) = Z%’ln(yi)_yi
- Zqiln(zaﬁ/\j)_zai]’)\j (2.49)

Note that the element In(g;!) is dropped because it is independent of A;, thus it is a
fixed value during the reconstruction. The maximization is realized by setting the
partial derivative of L(Q|A) with respect to A; equal to zero:

oL di
i g

J
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(2.50) is a non-linear function thus it cannot be solved directly. The solution of
(2.50) can be approached using the EM algorithm, which is a simple and reliable
algorithm that guarantees the convergence of the estimate.

With the EM approach, first we introduce a “complete” dataset X = {z;;},
with x;; the number of photons that have been emitted from pixel j and detected
at the detector unit 7. This complete data is actually not observable, however it is
assumed to be known. The expectation of z;;, given A is

<LL’”‘A> = aij)\j (251)

where (-) represents expectation. Same as @, X is also Poisson distributed. Similar
to (2.50), we can calculate the log-likelihood for this complete data X:

Lw()(7 A) = Z Z(.ﬁ” ln(aij)\j) - aij/\j) (252)

Since the value of z;; is not known, it is impossible to calculate L, (X, A). However,
with the current estimate of A, we can compute the expectation of L, (X, A), which
is

(LoX. QA = 373 (nyyIn(aishy) — i) (2:53)

k MRk

with /\5-") the current estimate of \; after n-th iteration. (2.53) is maximized by
setting the partial derivative with respect to A; to zero:

0 o

) n)\ — Yo —

oy (L(X0]QA) S~ ) =0 (2.55)
which leads to

N = il (2.56)

X
Combining (2.54) and (2.56) yields the complete MLEM algorithm:

()
A+ Aj 4
J

= L —
> Gij Z J . aij,)\gfl)

g J

(2.57)

Based on (2.50) and (2.57), the MLEM algorithm can also be considered as a
gradient ascent method, i.e.,

N oL
> aij OA;

A§”+1> = Ag,”) + (2.58)

A
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Similar as a majority of iterative algorithms, MLEM has the property that high
frequencies converge more slowly than low frequencies. Running MLEM with a
large number of iterations will introduce substantial high frequency noise in the
reconstructed image. One approach to noise reduction is to stop the iteration
earlier before the noise starts to accumulate. However, the reconstructed image
generated in this way cannot accurately represent the tracer distribution. A bet-
ter solution is to run MLEM algorithm until convergence, then post-smooth the
image to suppress the high frequency noise. This approach is called post-smoothed
MLEM, which provides reconstruction images with (nearly) uniform resolution, but
requires longer computation time. The convergence speed of EM method can be
greatly improved by applying alternative algorithms, for example the ordered sub-
set expectation maximization (OSEM) [64], the enhanced complete-data ordered
subset expectation maximization (E-COSEM) [62], the rescaled block-iterative ex-
pectation maximization (RBI-EM) [28], etc. As one of the most commonly used
algorithms, the principle of OSEM will be explained in the next section.

Ordered subset expectation maximization

The basic idea of the ordered subset expectation maximization [64] is to divide
the projection data into groups (subsets), with each subset containing a few of
projection images. Like MLEM, the goal of OSEM is to maximize the likelihood,
but the estimate is updated using projections in one subset rather than the whole
projection dataset. For each subset, the current estimate obtained from the previous
subset will be applied as the initial value in the EM iteration. Suppose the projection
data is divided into subsets S, 59, ..., Sk, with K the total number of subsets, the
OSEM estimate updated using the data contained in subset Sy is given by

Aﬁ") qi

Y~ )
Zj’ aij/)\j,

A (global) iteration of OSEM is defined as a single pass through all subsets. Each

OSEM iteration costs similar computation time compared to one standard EM
iteration, however it accelerates the convergence by approximately a factor of K.

AT (S = (2.59)

2ies. %ii jcg,

In SPECT, the subsets naturally correspond to groups of projections at different
rotation angles. It is recommended to select the subsets in a balanced and exhaus-
tive way, such that each subset can contribute equally to the reconstruction. For
example, for a 360° tomographic acquisition with 64 acquisition angles, the subsets
may be defined in such a way that every subset contains projections separated by
45° (K = 8 with 8 projections in each subset) or 90° (K = 16 with 4 projections
in each subset). In addition, the number of projections in each subset should not
be too small, especially with low number of counts. In other words, every subset
should contain sufficient data in order to obtain better likelihood values.

An example of the global iteration of OSEM is shown in Fig. 2.12. The two
figures in the upper left are the original image and the corresponding noisy projec-
tion, respectively. The projections are acquired with 64 projection angles equally
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Figure 2.12: Example of one global iteration with OSEM.

distributed over 360°. A uniform image is used as the initial image of the whole
reconstruction. For each iteration, the image is updated by (2.59) using the pro-
jection data of the current subset (Sk). The updated image is then applied as the
initial image of the subsequent iteration which uses the data of the next subset.
OSEM converges better with large angular difference between subsequent subsets,
therefore a sequence of subset (S1, S5, S3, S7, S2, Se, S, Ss) is chosen in Fig. 2.12.

Actually, OSEM does not converge to the ML solution in the presence of noise.
The convergence of OSEM can be improved by using a sequence of reducing number
of subsets, which ends up with a standard MLEM which uses all projections within
one iteration. We denote this sequence as N1 X K1, No X Ko, ..., N, x K, (number of
global iterations x number of subsets), with K; > Ko > ... > K,, = 1. An example
of such a sequence is shown in Fig. 2.13. The scheme is set to be 1x8,1x4,1x2,1x1.
Note that the left column in Fig. 2.13 actually corresponds to the global iteration
explained in Fig. 2.12. The image reconstructed with the setting of Ny x Kj is
applied as the initial image of the next setting Ny X K>, and so on.

The scheme of the reducing number of subsets is applied to do most image
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64 projection angles
Scheme with reducing subsets

Figure 2.13: Example of an OSEM scheme with reducing subsets.
reconstructions in the subsequent chapters.

Maximum a posteriori

With the conditional and marginal probabilities of the tracer distribution A and
the measurement @), the rule of Bayes states that

p(QIA)p(A)

p(A|Q) = Q)

(2.60)

where the likelihood p(Q|A) is the probability of obtaining the measurement @ given
the tracer distribution A. The prior p(A) is the probability of having A without
considering the measurement. The posterior p(A|Q) is the probability of having
the tracer distribution A with the acquired data Q. The probability p(Q) is a fixed
value for the given measurement, which remains constant during the reconstruction.

Actually, the goal of statistic iterative reconstruction is to find an estimate of
A such that the posterior p(A|Q) is maximal. With MLEM algorithm, we actu-
ally assume that the prior probability p(A) is constant for all A estimates, thus
maximizing the likelihood p(Q|A) is equivalent to maximizing the posterior p(A|Q).
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With a proper choice of prior p(A), A can be estimated by the mazimum a
posteriori (MAP) approach which maximizes p(A|Q). The objective function that
will be maximized in MAP is given by

(A, Q) = L(Q[A) — BM(A) (2.61)

where M (A) is the logarithm of the prior p(A), and S is the regularization parameter
or weight given to M (A). If we apply the EM algorithm to find the maximum of
®(A,Q), similar as (2.55), we need to solve
0 > ongj OM (X))
—— (L (X,A) — BM(A)) = = — i — B———2 =0 2.62
a; (LX) = M) = S48 = 3y - 5= (262)
The direct solution of (2.62) is impractical. An alternative solution was proposed
in [53] and is called the one-step late (OSL) algorithm. It makes use of gradients of
the previous iteration step. The formula for OSL is given by
(n+1) A Z di
AT = J i L (2.63)
oM i n
! i+ BE s T Y aip ALY
With (2.63), the denominator may be very small with a large S, which causes
numerical problems. To improve the stability of the computation, it is better to
consider MAP as a gradient ascent algorithm. Following the idea in [97], we have

it ) ) A — BB A
APHD =\ g\ O A Lo (2.64)
J J J (n) 502

2 @i+ 2)‘3‘” B 8/\A§[ |A<n>

where the factor of 2 in the denominator comes from the curvature of the surrogate
function for M(A) [42,70].

For MAP reconstruction, there exists various types of prior p(A) which are de-
signed to restore different features embedded in the original tracer distribution.
The choice of prior depends on the application. To obtain an image with local
smoothness, one can choose Gibbs-Markov priors [49], among which the most com-
monly used ones are the quadratic prior [91], the Huber prior [91], the median root
prior [4], etc. With multi-modality imaging techniques, anatomical information ac-
quired from CT or MRI images can be used as anatomical priors which helps to en-
hance the spatial resolution in the emission imaging. Examples include the A-prior
used in anatomy based maximum-a-posterior (A-MAP) which requires accurate seg-
mentation of the anatomical image [9], as well as the Bowsher prior [8,25,132], the
mutual information-based [115] and the joint entropy-based [96] priors with which
the explicit segmentation can be avoided.

By properly tuning the regularization parameter 3, it is feasible to achieve
(nearly) uniform spatial resolution in the reconstruction [45,118,119]. In that case,
the resolution and the noise properties of MAP reconstruction is very similar to
those of post-smoothed MLEM reconstruction [98,119], and therefore they can be
analyzed in the same way (see 3.3.2).

More details about MAP reconstruction are omitted here because they are ir-
relevant to the PhD work presented in this thesis.
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2.5 Conclusion

In this chapter, we introduce the basic concepts in SPECT imaging from data
acquisition to data interpretation. To explain the tradeoff between the resolution
and the sensitivity, a brief overview of various collimator designs is provided. Issues
with regard to how to establish an acquisition model are briefly discussed and the
most representative reconstruction algorithms used in SPECT imaging are explained
in general.
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Chapter 3

Image quality evaluation

Imaging quality assessment is an important branch in medical imaging research
field. There are several goals of quality assessment. First, it helps us to optimize the
acquisition protocol, which includes injected dose, the duration of the acquisition,
the width of the energy window and so on. Second, since the performance of the
SPECT system depends on for example the size of the object, the distribution of the
tracer, the energy of the radionuclide, etc, the image quality is really application-
based or task-based. By quality assessment we can know which imaging system
is most suitable for a given imaging task, as well as how to adjust the system
parameters to achieve the best performance.

There are various figures of merit (FOMs) that can be applied to evaluate the
system performance for different imaging tasks. As explained in 3.1, the FOMs
can be either estimated from real measurements, or calculated based on the data
acquired from computer-based simulations. The most commonly used FOMs are
explained in 3.2. An analytical approach which can be applied to efficiently calcu-
late these FOMs is introduced in 3.3. The applications of the proposed analytical
method in this PhD work are summarized in 3.4.

3.1 Data collection

The data used for image quality assessment in emission tomography are typically
collected in two ways, either by real measurements or by numerical simulations.

3.1.1 Measurements
The most straightforward way to evaluate the image quality is by doing real mea-
surements of specially designed phantoms. The investigation of different FOMs

requires different types of phantoms. For example, phantoms consisting of line
sources or hot rods with varying diameters are typically used for the resolution

35
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study (e.g., the Jaszczak phantom used in chapter 5). Contrast recovery can be
evaluated by measuring a phantom with hot or cold spots on a warm background.
Homogeneous phantoms are often used to examine for instance the quantification
accuracy or the inhomogeneity of the image.

3.1.2 Simulation

Although the data acquired from the measurements are very representative and re-
alistic, doing measurements normally involves many procedures which make it very
tedious and time-consuming. For image quality assessment, we prefer an efficient
alternative, i.e., computer-based numerical simulations. With simulations, the ac-
quisition procedure of the emission imaging is modeled with sufficient accuracy. A
typical example is the Monte Carlo-based method with which millions of photons
are simulated and tracked from their origins, incorporating their elaborate interac-
tions with the tissues and materials encountered along their paths. Using Monte
Carlo methods, one can implement a very realistic system matrix, but these meth-
ods require extremely high computing power. More often, we perform simulations
just using simplified forward projectors, which model the procedure of photon accu-
mulation as for example the weighted line/plane integration. This projector-based
simulation is less realistic than the Monte Carlo-based method, but much faster and
usually sufficiently accurate for our purpose.

The advantages of projector-based simulation are that the ground truth is ex-
actly known, and that it is easy to generate both noiseless data and data with
multiple noise realizations. The latter is realized by adding random noise in ev-
ery simulated dataset and repeating the simulations for a number of times. For
convenience, we call this repeated simulations in the remainder of the text. With
repeated simulations, it is convenient to study the noise characteristics of the im-
ages produced by a certain system whose performance needs to be quantified or
evaluated.

With the data yielded from repeated simulations and the corresponding (recon-
struction) images, we can calculate the most relevant FOMs related to the system
performance for a given imaging task (see 3.2). However, using an analytical method
with which the noise characteristics are considered, it is possible to estimate the
FOMs using only the noiseless data without doing reconstruction (see 3.3), which
is certainly more appealing. The analytical method can be validated by repeated
simulations.

In this PhD work, we mainly use projector-based simulated data for image
quality evaluation.

3.2 Data analysis

Before explaining the most common figures of merit, we introduce the concept of
estimator. Statistically, an estimator is a rule for computing the estimate of a
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given quantity based on the observed data, which is either the measured or the
simulated data in emission tomography. A reconstruction algorithm is actually an
estimator, which estimates the tracer distribution based on the acquired data. The
geometric calibration procedure (see 2.3.1 and chapter 5) can also be considered as
an estimator, which estimates the geometric parameters of the camera based on the
point source projections.

In this section, we will first introduce general measures that quantify the parame-
ters estimated by an estimator, and then illustrate some FOMs that are particularly
relevant to the quantification and the quality evaluation of the (reconstruction) im-
age.

3.2.1 Estimate quantification

Suppose we are interested in estimating an unknown parameter § with a certain
estimator based on the observed data x which are corrupted by noise or other
errors during the data observation. The estimated value is denoted by 6. With
repeated observations of 0, every time we get a different dataset x due to the
random noise. The n-th observation and the corresponding estimate are denoted as
2™ and 0(z(™), respectively. The sample mean ji(6) is then calculated as

1,
pl0) = 2 0) (3.1)
n=1

[1(0) is considered as a good estimate of the expectation value (4). The performance
of the estimator can be qualified by the following figures of merit.

Bias

The bias is defined as the difference between the expectation of the estimate and
the true value of the parameter to be estimated, i.e.,

Bias(0) = <é> —0 (3.2)

An estimator with zero bias is unbiased, otherwise it is biased. A biased estimator
will systematically over- or underestimate the real value of the parameter with
positive and negative bias, respectively.

Variance
The variance is used to quantify the noise in the data. The variance of a variate 0 is
often symbolized by the square of the standard deviation (¢2), which is calculated

by

o2 = Var(f) = <(é - <é>)2> (3.3)



38 CHAPTER 3. IMAGE QUALITY EVALUATION

With repeated observations, the sample variance is given by
1 2
=+ 2 (0a") - w0)) (3.4)
n=1
(3.4) is a biased estimate of the population variance. The unbiased estimate is

N 2
hr =y 2 (P - 00) (5.5)

Mean squared error
The mean squared error (MSE) is the expectation of the squared errors:

MSE(d) = <(é - 9)2> (3.6)
The MSE, the bias and the variance is related by

MSE(f) = Var() + Bias(6)? (3.7)

For an unbiased estimator, the variance equals the MSE.

Covariance

If multiple variates are estimated, we can calculate the correlation between these
variates, which is called covariance. Suppose we have two variates 6; and 6y, the
covariance between them is

Cov(dy,0x) = {(0; = (0;) (6 = (6:))) (3.8)
With repeated observations, the estimate of the population covariance is

N
. 1 R X S
Cov(0;,00) = = > (0:@™) = 1(6:)) (9u() = (01 (3.9)
n=1
A square matrix whose (j,k)-th element equals to Cov(f;,0y) is the covariance
matriz. The j-th element on the diagonal of the covariance matrix is the variance

of Gj.

3.2.2 Image quantification

Recall from chapter 2 that, for a tracer distribution A = [A1, A2, ,As]7 and a
given acquisition system with the system matrix A, the expected datais Y = AA+S,
where S represents the presence of scatter (and possibly also crosstalk) in the data.
The actually acquired data is Q(A) = [q1,q2,- - ,q7]T. The tracer distribution can
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be estimated based on the measured data Q( ) using a reconstruction algorithm.
The estimated image is denoted as A = [)\1, )\2, -, A7]T. For later reference, we
denote Q £ Y as the noiseless data and A £ A(Q) as the corresponding estimated
image.

Similar to (3.1), the mean of the estimate fi(A) can be calculated based on N
times repeated simulations with the same tracer distribution A:

N
Z AQ™) (3.10)

where Q(™ is the n-th measurement of A.

Measures for pixel

Each pixel in the reconstruction image can be considered as a single variate. There-
fore for each pixel we can calculate the bias and the variance, as well as the covari-
ance between this pixel and all the other pixels in the reconstruction image. The
calculation is the same as explained in 3.2.1, i.e., the variance in pixel j and the
covariance between pixel j and k are computed as

Var! =

(@) —ix))” (3.11)

H
-

Cov(};, Ar) i( @) = i) (M@™) = an))  (312)

The covariance matrix of the reconstruction image is a J x J matrix, whose
(4, k)-th element is

[Cov(A)];x = Cov(Aj, Ar) (3.13)

Given the relatively large number of image pixels in emission tomography, this
matrix tends to be huge for realistic systems, making it impractical to compute the
entire covariance matrix in practice.

Measures for ROI

Sometimes we are interested in ROIs rather than pixels. In this case, estimation
of the mean and the variance in a given ROI is important. The mean of the ROI
(Mean(ROI)) and the variance on this mean (Var(ROI)) in the reconstruction image
are calculated as

Mean(ROT)

Z 2(QM — Z (3.14)

R jeror R jerol

uMz
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2

N
Var(ROI) = Z Z A;(QM) — Mean(ROT) (3.15)

jEROI

where Np is the total number of pixels in the ROI. Var(ROI) can also be calculated
from the covariance matrix, i.e.,

Var(ROI) = Z Z Cov(Aj, Ak) (3.16)

JEROI kEROI

In the simulation where the ground true A is known, we can calculate the MSE for

a ROI:

MSE(ROD) = 3 (/\ —A) (3.17)

J€EROI

Another commonly used measure is root mean squared error (RMSE), sometime
also called root mean square deviation (RMSD), defined as

RMSE(ROI) = /MSE(ROI) 3 ( )2 (3.18)

j€EROI

Measures for lesion

For evaluation of lesion detection and quantification, one often considers simplified
lesions, consisting of a uniform increased (hot) or decreased (cold) tracer uptake
compared to the surrounding tissue. In [58] and [67], three measures for lesion
detection in a reconstruction image were proposed: hot spot recovery coefficient
(HSRC, hot lesions in a cold background), cold spot recovery coefficient (CSRC,
cold lesion in hot background) and the contrast recovery coefficient (CRC, the
contrast in the reconstruction image divided by the contrast in the original tracer
distribution). These measures are defined as

Hsre — Mean(lesion) (3.19)
True(lesion)
Mean(lesion)
= .2
CSRC Mean(background) (3:20)
CRC — (Mean(lesion) — Mean(background)) /Mean(background) (3.21)

(True(lesion) — True(background))/True(background)

where lesion and background refer to ROIs in the lesion and the background, re-
spectively, and True(ROI) is the true of the mean value in the assigned ROI, given
by

True(ROI) Z (3.22)
€RO

1
R .
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Note that CRC has another definition which is correlated to the concept of the
impulse response and the resolution in the reconstruction image rather than to the
lesion detection [107]. That definition will be introduced in 3.2.3 and will be actually
applied as a measure of the resolution in the post-smoothed MLEM reconstructions
in the subsequent chapters.

3.2.3 Image quality evaluation
Impulse response

For an imaging system, usually we use the point spread function (PSF) or the mod-
ulation transfer function (MTF) to describe the system response to a point input
in spatial domain or frequency domain, respectively [14]. In emission tomography,
there are two types of PSF. The first one is the response to a point source which is
purely determined by the system itself (see 2.1.3). The second one is the response to
a point source which is defined in the reconstruction image. As a simple illustration,
if we scan a single point source, the acquired data and the reconstructed image can
be described by the first and the second PSF, respectively. To avoid confusion, a
more general term impulse response is used to refer to the second definition.

In emission tomography, the impulse response is usually shift-variant due to the
system geometry and the properties of the reconstruction algorithm, meaning that
different locations in the field of view correspond to different impulse responses [46].
This shift-variant property precludes the use of global PSF or MTF for analysis.
If we add one single impulse § at location j in the object A, the measured data is
Q(A + de?) instead of Q(A), with e’ the j-th unit vector. The impulse response is
defined by

pm)hm<MQm+&ﬂw—<MQm»>

530 5 (3:23)

With repeated simulations, the impulse response at the pixel location j can be
approximated as

A(A + 6e7) — (M)

(A) ~ 5

(3.24)

Due to the shift-variant property and the large number of pixels in the image, the
impulse response is often studied locally in emission tomography.

Resolution

An important measure about image quality is the spatial resolution in the recon-
struction image. Note that the resolution discussed here is not the same as the
system resolution mentioned in chapter 2, but closely related to the impulse re-
sponse. If the impulse response is Gaussian, the resolution refers to the FWHM of
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the Gaussian profile. In general, the resolution in the reconstruction is determined
by the following factors:

e The system response to a single point source (the blurring effect due to finite
system resolution),

e the acquisition model used for reconstruction (whether or not the blurring
effects are incorporated in the acquisition model),

e the choice and the setting of the reconstruction method (the properties of
the filter used for the analytical algorithm, or the iteration scheme and the
regularization used for iterative algorithms)

e and the post-processing of the reconstructed image.

Contrast recovery coefficient

As mentioned before, the contrast recovery coefficient (CRC) has two different def-
initions. One is a measure of how much contrast is recovered in the reconstructed
image (see (3.21)). The other definition is the j-th element of the impulse response
at pixel j [107], i.e.,

CRC7 = 14(A) (3.25)

By this definition, the CRC is actually the peak value of the impulse response. It
means that a larger CRC corresponds to a narrower impulse response which has
a smaller FWHM. Therefore the CRC is closely related to the resolution in the
reconstruction, and vice versal. In the scope of this PhD work, we use (3.25) rather
than (3.21) as the definition of CRC since we apply the post-smoothed MLEM
which always requires a target resolution in reconstruction.

Contrast-to-noise ratio

Usually there is a trade-off between the quantification accuracy and the noise in
the reconstruction image. Therefore these two properties are often combined as one
figure of merit. One example is the contrast-to-noise ratio (CNR) which is defined
as follows:

CRC
v/ Var

If two reconstruction images are forced to have the same spatial resolution, they
have the same pixel CRCs. If we compare the two systems in this case, the ratio of
the CNR values is actually the ratio of the squared root of the variances.

CNR =

(3.26)

IThis holds in most of the cases, especially when the impulse response is Gaussian-shaped.
However, one should note that if the profile of the impulse response is very non-Gaussian, the
relation between the CRC and the resolution might be different.



3.2. DATA ANALYSIS 43

Signal-to-noise ratio

Another commonly used figure of merit is the signal-to-noise ratio (SNR) which is

Signal
v/ Var

The SNR can be calculated for a single pixel or a ROI in the reconstruction image,
with Signal defined as the pixel value or the mean value on the ROI, respectively.

SNR =

(3.27)

Application of observers

Based on the reconstruction image, very often we need to decide whether there is a
lesion or not, which is a classification problem [12,13]. To evaluate the system per-
formance in classification tasks, we can apply an observer to the image [84,120,121].
The observer can be a human who is trained to make a diagnosis, or a mathematical
model or a computer algorithm. A standard method to study the lesion detectabil-
ity is the receiver operating characteristic (ROC) study, which compares the true
positive versus false positive rates for human observers [84,120, 121]. Since the
human observer is very time-consuming and requires a large number of images, nu-
merical observers were developed, which greatly reduce the time for ROC analysis.
The objective of the mathematical model is to simulate the performance of human
observers.

Given a reconstruction image A, a linear numerical observer calculates a scalar
test statistic by

n(A) = sTA (3.28)

with s the observer template. For a binary classification problem, we compare
this statistic to a predefined threshold to decide whether or not there is a lesion
present. If 7(A) exceeds the decision threshold then A is determined to have a
lesion (positive), otherwise there is no lesion (negative). If there is really a lesion
present, the positive and the negative decision is called a true positive (TP) and a
false negative (FN), and if there is actually no lesion, the corresponding decision is

called a false positive (FP) and a true negative (TN), respectively.

For binary classification tests, the performance of the observer can be evaluated
by two statistical measures, namely the sensitivity and the specificity:

TP
itivity = ——— 3.29
sensitivity = - (3.29)
TN
ificity = ——— 3.30
specificity = s (3.30)

The tradeoff between the sensitivity and the specificity is often analyzed with a
ROC curve (see Fig. 3.1), which is a plot of true positive rate (TPR, = sensitivity)
versus false positive rate (FPR, = 1l-specificity). The area under the ROC curve
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Figure 3.1: Example of a ROC curve.

(AUCQ) is often used to measure the lesion detectability. AUC ranges from 0.5 which
indicates a worthless test to 1.0 which corresponds to a perfect one.

The detection performance can also be quantified by the SNR of n(A) [84,120,
121], which sometimes is also called detectability index. It is defined by

((ndlen) — {n(dy1o))” -
(Var(n(&)| 1) + Var(n(A)| Ho) ) /2 |

SNR?(A) =

where Hj is the null hypothesis representing lesion absent and H; is the hypothesis

representing lesion present. If n(A) obeys a Gaussian distribution, the SNR is
related to the AUC by

1 N
AUC = = {1 + erf (SRH (3.32)
2 2
where erf(+) is the error function.

There exist various types of numerical observers. The difference between them

is the calculation of the test statistic n(A). For better illustration, first we define
the profile of the lesion as

2= <A|H1> - <A|Ho> (3.33)

where <A|H1> and <A|Ho> are the expectations of A with and without the lesion,
respectively.

To detect a nonrandom signal in white Gaussian noise, the optimal choice is a
nonprewhitening (NPW) observer, which applies a simple matched filter to calculate

n(A) [16,81,123]:
T]pr(]\) = ZTA (334)
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Figure 3.2: Upper row: flow chart about the calculation of ncpo(A) [50] using three
channels. Lower row: DOG channel templates, the frequency is increased from left
to right.

If the noise is Gaussian but correlated, it is better to apply the prewhitening (PW)
observer which incorporates a prewhitening operation in the calculation of the
n(A) [16,123]:

npw(A) = 2T [Cov(A) 1A (3.35)

with Cov(A) the covariance matrix of A.

The most popular observers are the channelized Hotelling observers (CHOs)
because they have a good correlation with human performance [50, 92,93, 147].
This correlation is influenced by the lesion properties and the choice of the channel
functions. The test statistic of CHO is

neuo(A) = zTUTK =Y (UA + n) (3.36)

where U represents a set of frequency-selective channels which mimic the human
visual system, n is the channel noise which models the uncertainty in the human
detection process. K is the covariance matrix of the channel outputs, which is

1 - N
K=3U (Cov(A|H1) n Cov(A|H0)) UT + Ky (3.37)
where K is the covariance of the internal noise. SNRcpo can be written as:
SNRCHO =VITUTK-1Uz (3.38)

A simple example for the calculation of ncuo(A) using a difference-of-gaussian
(DoG) model [1] with three channels is given in Fig. 3.2.
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3.3 Analytical evaluation methods

As explained before, the figures of merit proposed in 3.2 can be calculated with
repeated simulations. However, to achieve accurate estimates, a large number of
noise realizations are required, which makes the simulation-based methods very
time-consuming. A more efficient alternative is to calculate the figures of merit in
an analytical way. In [15], analytical expressions for the mean and the variance
were given as a function of iteration number for MLEM reconstruction. The idea
was extended and applied for OSL-MAP EM algorithm in [140]. This approach is
useful for the evaluation of the system performance with reconstructions stopped
at early iterations, however it can only be applied to the algorithms with explicit
update equations with certain approximations.

As a complementary approach, Fessler et al. proposed a method which analyzes
the resolution, the mean and the covariance matrix for iterative reconstruction at the
point of convergence [43,46]. The properties of the noise and the resolution were
studied by computing partial derivatives of the objective function and truncated
Taylor expansion approximations. This method is consistent with the one proposed
in [15] when the algorithm iterates till convergence [101,103]. The advantage of this
method is that it does not require explicit expressions for the objective function,
and that it can be easily extended for the calculation of other FOMs. In [107,108],
it was extended to derive the simplified expressions for the local impulse response
and the covariance matrix using Fourier transform. Later, this method was applied
for the estimation of the bias and the variance in regions of interest [106], as well as
the evaluation of the systems in lesion detectability with numerical observers [102,
104,149,151,152]. Other interesting extensions include [63,69, 82,138, 158]. Since
this approach incorporates the computation of the Fisher information matriz, it is
referred to as Fisher information-based methods in the remainder of the text.

In this section, we focus on how to analytically calculate the most relevant
FOMs with the Fisher information-based method. We first introduce the basic
concepts in 3.3.1, and then explain how to derive the analytical expressions for the
FOMs in 3.3.2. Based on the basic equations which can be applied to any objective
function, the expressions for the local impulse response, the covariance matrix, the
measures for the ROI and the SNR for the channelized Hotelling observer were
first derived for the converged MAP reconstruction and were then adapted for the
post-smoothed MLEM reconstruction.

3.3.1 Key concepts
Fisher information matrix

The Fisher information is an important concept in the theory of statistical inference.
It measures the amount of information that an observable random variable X carries
about an unknown parameter 6 [57,79,123].

Definition. The Fisher information is defined in a following way: given an ob-
servation X and a vector © = [0, -- ,0k|" as the unknown parameters, the Fisher
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Figure 3.3: Plot of log-likelihood. (a) curve with sharp maximum. (b) curve with
flat maximum.

information matrix F'(©) is a K x K symmetric matrix whose (7, k)-th element is
the covariance between first partial derivatives of the log-likelihood:

[F(©)];4 = Cov [MW@) 81np<Xe>}

) 3.39
09, 00y, ( )
An alternative but equivalent definition is based on the expected values of the second
partial derivatives

9?Inp(X|O) > (3.40)

[F(@)]J;k == < aojagk

where p(X|©) is the conditional probability density function of the data. Note
that the Fisher information matrix depends on the parameters to be estimated.
Therefore, one should specify which Fisher information is used for the data analysis.

In emission tomography, the observable variable and the parameter to be esti-
mate are the acquired data ) and the original tracer distribution A, respectively.
Using the notations defined in chapter 2, the (j, k)-th element of the Fisher infor-
mation matrix of the reconstruction image is given by

2
Pk =~ i)

It can be considered as a measure of the sharpness of the peak of the log-likelihood
curve [Fig. 3.3]. A sharp maximum represents the problem is well-posed, and a flat
maximum corresponds to an ill-posed case.

(3.41)

Cramér-Rao bound. If A is estimated by an unbiased estimator and if F'(A)
is nonsingular, an important inequality is given by

Var(A;) > [F~1(A)] (3.42)

which gives the lower bound of the variance on the estimate \;, called Cramér-
Rao bound [33,57,79,123]. An estimator which achieves this lower bound is called
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efficient. To be general, a bound can be placed on the covariance matrix of the
estimate, which is given by

Cov(A) > [F~1(AN)] (3.43)

which means that Cov(\) — [F~'(A)] is positive semidefinite. For an efficient and
unbiased estimator, the inequality in (3.43) becomes an equality, where the covari-
ance matrix is the inverse of the Fisher information matrix. Since the covariance is
a measure of the uncertainty, the Fisher information matrix is actually a measure
of certainty. This explains why it is involved in the analytical expressions of many
FOMs that are closely related to the system performance [13].

Gaussian noise model. If we assume that the data in the measurement follow
a Gaussian distribution, with the expressions given in (2.32) the likelihood is

1 0= i d—s)2 /(262
p(Q|A):H 271_0_‘6 (qi Zj ijAj—si)"/(207) (344)

and the log-likelihood is

LQIN) = =3 Yl = Yaighs — 517/ (3.45)

%

The first and the second derivatives are calculated as

oL QiGij — Qij Y p Qik Ak — Silij
8)\j o ; 01'2
0L a%j
ol
0%’L 5 Qi
= _ il 3.46
ON;ON Z o2 (3.46)

By definition, the Fisher information matrix is

F(A) =A"C,'A (3.47)

2
D[] representing the diagonal matrix.

where Cg £ Cov(Q) = D[o?] is the covariance matrix of the acquired data, with

Poisson noise model. With the Poisson noise model, the likelihood is given
by

(3.48)

- aij>‘j+5i)(z_ N+ s
e a; Sq
p@n) =] PR

K2

with the log-likelihood

L(QIA) = Z 4 111(2 aijAj + 5i) — Zaij/\j —5; —Ing!
J J

%
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The partial derivatives are
oL
_— = 3 — ]_
OAj Z i ;i J)\ + 54 )

0?L ;i G; a;j0ikG;
_ N %%k 3.49
OAjON ZZ: (ZJ a;ij\j + si)? XZ: 1%2 ( )

Using g;(A) to denote the noiseless data y;, the (j,k)-th element of the Fisher
information matrix is calculated as

[F(A)jx = <aA aAk> Zam [_2 ]aik = Zi:aij [q(lm} air  (3.50)

The last equal sign is due to (g;) = g;(A) [13].

The matrix format of (3.50) is given by

F(A) = ATD[@_;A)} A (3.51)

Linearization

In order to analyze the performance of the nonlinear imaging system, we assume
that the system is locally linear. With this assumption, the behavior of the system
near a given point can be approximately described by a linear function. We call
this linearization. For the function y = f(z), the equation of linearization at the
point of interest x = x¢ is given by

y:f(x0)+g

50 | (@~ 20) (3.52)

zo

which is actually the first-order Taylor expansion of the function.

For a multi-variable function Y = {(X), we have

Y = f(Xo) + Vf

(X — Xo) (3.53)
Xo

where X is the vector of variables, X is the linearization point of interest, V is a
row gradient operator, and V f is a matrix consisting of the first-order derivatives
of f with respect to each single variable in the vector X.

3.3.2 Fisher information-based method

In this section we will briefly explain how to estimate the linear impulse response,
the covariance matrix of the reconstruction image and some other figures of merit
based on the calculation of the Fisher information matrix.
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Basic derivations

In emission tomography, many estimators are implicitly defined as the maximizers
of a certain objective function, which is either the likelihood or the posterior:

A =A@ = argmax@(A,Q) (3.54)

There is no analytical solution for such an estimator, therefore iterative algorithms
are often applied. If we ignore the non-negativity constraint, the maximum of &
satisfies:

%q)(A’Q”A:[\ =0 (] = 17"' >J) (355)

We want to compute how the solution A changes as a function of small variations
in Q. To this end, we take the derivative with respect to ¢; at A = A, with the
chain rule it yields

02 A 0 « 0? A
k K3 K3

The matrix notation of (3.56) is denoted as
VO (A, Q)V,AQ) + V'e(A,Q) =0 (3.57)

where the (j,k)th elements of V2° is 02/0X;0)\, the (j,i)th element of V!! is
9%/0\;0g;, and V, is the row gradient operator. If —V2°®(A, Q) is positive definite,
we can solve V,A(Q) by

VoAQ) = [-VP(A(Q), Q)T VIe(A(Q). Q) (3.58)
(3.58) is used to derive the expressions for the linear impulse response and the
covariance matrix of the reconstruction image.

Mean value. Previous studies state that, with a likelihood-based estimator,
the expectation of the estimate is approximately equal to the value that one obtains
by estimating the noiseless data @ [15,29,146]:

(A@) =A@ 24 (3.59)

Linearized local impulse response. Recall from 3.2.3 that the local impulse
response is defined by (3.23), i.e.,

) = 1m (MA@ +3e)) — (A@(A))

§—0 1)

The assumption of (3.59) is equivalent to assuming that the estimator is locally
linear [46]. Substituting (3.59) into (3.23) yields the definition of the linearized
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local impulse response (LLIR):

Q
5

P(A)

= -AQ) (3.60)

P = quQ(A))aijQ(A)
= FVR(AQ), Q) V! R(AQ), Q) @A) (3.61)

Covariance matrix. In order to find a good approximation for the covariance
matrix of the reconstruction, the estimate A(Q) is linearized near the point Q = Q
using (3.53):

AMQ =AM +VAQ) | (@-Q) (3.62)
Q=Q
Taking the covariance of both sides yields
Cov(A(Q)) = V,A(Q) - Cov(Q) - [V, A (363)

Combining (3.63) and (3.58), we have the general approximation for the covariance
matrix of the estimator:

Corlh(@) = [-TIHAQ), Q) TUaRD). ) 7(‘)
IVHB(A(Q), QI - [~V 2(A(Q), Q)]

(3.64)

Prediction for MAP reconstruction

Based on the basic equations (3.61) and (3.64), analytical expressions for the LLIR
and the covariance matrix were proposed for converged MAP reconstructions [43,
46].

As discussed in chapter 2, the objective function that is maximized with the
MAP reconstruction has the form of

(A, Q) = L(Q[A) — BM(A) (3.65)

where L(Q|A) is the log-likelihood, 8 is the regularization parameter and M(A) is
the log-prior. With a Poisson noise model, the derivatives of the log-likelihood are

~VOL(Q|A) = ATD[_Zq(iA)]A (3.66)
VILQIA) = ATD LL-(lA)} (3.67)
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with which we have

~V2P(A,Q) = ATD [(%}AJrBR(A) (3.68)
V1SN Q) = ATD[@_(lA)} (3.69)

where R(A) is the Hessian matrix of the log-prior, i.e., a square matrix containing
the second-order partial derivatives of M (A).

Linearized local impulse response. Substituting (3.68) and (3.69) into
(3.61) with Q@ = Q and A = A, and note that (9/9);)Q(A) = Ae?, it yields

(M) ~ [ATD [;2((//\\))} A+ BR(AN)]'ATD Li-(lf\)} Ael (3.70)

Since the projection is a smoothing operation, g;(A) and g;(A) is very similar [46].
Therefore the LLIR approximation of MAP estimator can be simplified by

(A) = [F + BR(A)] "' Fe? (3.71)
with the Fisher information matrix
1
F = ATD[ . ]A (3.72)
ai(A)

The j-th diagonal element of the diagonal matrix in (3.72) is the reciprocal of the
variance of ¢; under Poisson statistics.

Covariance matrix. Applying (3.68) and (3.69) to (3.64), and assuming that

gi(A) =~ g;(A), we have
Cov(A) =~ [F + BR(A)| "' F[F + SR(A)] ! (3.73)

ROI quantification. Following the idea proposed in [106], we can evaluate the
system performance based on ROI quantification. Let the total activity inside the
ROI be

Aror = fTA (3.74)
where f is the vector of the ROI with f[j] equal to 1 if the pixel j is inside the ROI,
and 0 otherwise. In general, the bias and the variance of this ROI are

Bias(Arot) = f7 <A> —fTA (3.75)

Var(Aror) = fTCov(A)f (3.76)

For the analysis of a ROI surrounded by uniform background, we use Ag to denote
a reference image where the activity inside the ROI is equal to the uniform back-
ground. Let Aror = A — Ay which represents the activity inside the ROI above
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the background. One approximation is that the reconstruction of the uniform back-
ground is unbiased inside the ROI, i.e.,

FT(Ag) = fTAg =~ 0 (3.77)
Applying (3.77) to (3.75), we have

Bias(Aror)

%

IT(R) = 7+ 700 = 17 (Ao)
JTA=JTA+ T = f" R
= fT(A=Ro) = fT(A - Ao) (3.78)

Q

Using the first-order Taylor expansion, it yields

Bias(Aror) ~ —V4(A(Q))Aror — fTAror (3.79)
Applying the expression for —V, (A(Q)) , we have

Bias(Aror) ~ f7[F + BR(A)] "' FAgor (3.80)
The expression for the variance on Agor can be directly derived as

Var(Aror) ~ f7[F + BR(A)]"'F[F + BR(A) ' f (3.81)

We denote the bias on the mean activity in the ROI and the variance on that
mean by Bias(ROI) and Var(ROI), respectively. If the total number of image pixels
in the ROI is Ng, these two measures are

Bias(ROT) =~ NLR fTIF + BR(A)] " FAror (3.82)
Var(ROI) =~ ]\}12% fTIF 4+ BR(A)]"'F[F + SR(A)] ' f (3.83)

The derivations above are valid in the simplest case for ROI quantification. More
sophisticated cases, such as with random activity or variable contrast in the ROI,
are discussed in [106].

CHO Signal-to-noise ratio. In [102], the analytical expressions for the SNR
of channelized Hotelling observer was derived for converged MAP reconstruction.
In order to compute SNR for this observer (see 3.38), one needs the expressions for
z and the covariance matrices of the reconstruction Cov(A|Hy) (k= 0,1).

In the case of small lesion and low noise, we can apply the first-order Taylor
series expansion to (3.33), resulting in

2= <[\|H1> - <[\|Ho> ~ V,A(Q)AF, (3.84)

with f; = (A|H,) — (A|Hy) the expectation of the lesion profile. Applying the

expressions for V,A(Q), we have

2~ [F+BR(N)|'Ff (3.85)
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For the covariance matrix of the MAP reconstruction Cov(/AX|Hk)7 it is reasonable
to assume that the presence of a small lesion hardly affects the Poisson noise in the
data. Ignoring the object variation, we have the following approximation:

Cov(A|Hy) = Cov(A) =~ [F + SR(A)] "' F[F + BR(A)] ! (3.86)
The covariance of the channel output is thus
K =~ U[F + BR(A)|'F[F + BR(AN)]'UT + Ky (3.87)

Substituting (3.84) and (3.87) into (3.38), we can calculate SNRcuo-

Here we only explain how to calculate the SNR for the channelized Hotelling
observer. To calculate the SNR for other numerical observers, with the variations
in the object and the background taken into consideration, one can refer to [102,
104,149,151, 152].

Local shift-invariance approximation. It can be seen that the key equations
in this analytical approach are (3.71) for the LLIR and (3.73) for the covariance
matrix. All the other figures of merit can be derived based on these two equations.
The computation of (3.71) and (3.73) involve the inversion of J x J matrices F' and
[F + BR(A)], where J is the total number of image pixels. Since the number of
image pixels are relatively high in emission tomography, solving (3.71) and (3.73)
is not practically feasible.

To avoid this problem, an approximate computation was proposed in [107,108].
The idea was to assume local shift-invariance of the system. If we consider the ele-
ments of the j-th column of the Fisher information matrix F' as an image associated
with the j-th pixel (denoted as F¥), these Fisher information images vary smoothly
as we move to the columns of F' associated with neighboring pixels. In addition,
the Fisher information image was assumed to have local support, implying that
the resolution and variance at pixel j are mainly determined by the j-th column of
F. With these assumptions, the LLIR and the covariance matrix associated with
pixel j can be approximately calculated using FV instead of F', with approximated
expressions

(A) [Fi 4+ BRI(A) " Fiel (3.88)
Cov/(A) ~ [F7 4+ BRI(AN)]'FI[F' + BRI (A)] " tel (3.89)

Q

where F7 and R’ are approximated as symmetrical Toeplitz matrices. In this case,
they become shift-invariant filters. ?(A) and Cov’(A) can be then computed by
matrix multiplications in the Fourier domain, which is more efficient and practical.

For MAP reconstruction with regularization, the spatial resolution in the re-
construction image is often non-uniform and shift-variant [46]. In [45,118,119],
the regularization parameters are determined by fitting the impulse response to
a symmetrical target function, which yields nearly perfect shift-invariant impulse
response. As shown in [98,119], MAP reconstruction and post-smoothed MLEM
reconstruction have similar noise properties if the resolution is carefully matched.
Therefore, it is reasonable to adapt the Fisher information-based approach to es-
timate the figures of merit for post-smoothed MLEM, which yields nearly uniform
resolution in the reconstructed image.
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Prediction for post-smoothed MLEM reconstruction

To enable the comparison between different systems at equal uniform spatial res-
olution, the analytical expressions derived for MAP reconstruction were adapted
and extended to approximate the postsmoothed MLEM with a fixed target resolu-
tion [130,135,160].

LLIR and covariance matrix. With the post-smoothed MLEM reconstruc-
tion, the regularization parameter S is set to zero, and a post-smooth filter P is used
to impose isotropic Gaussian impulse response. Since the Fisher information matrix
F may not be invertible without the regularization of the prior, an approximate
pseudoinverse G was introduced [130]. With these adaptations, the expressions for
the LLIR of a certain pixel j and the covariance matrix of the reconstruction image
become:

(A) ~ PGF¢’ (3.90)
Cov(A) ~ PGFGT PT (3.91)

For matched resolution in the reconstruction, (3.90) and (3.91) are equivalent to
(3.71) and (3.73).

Since we are only interested in local properties of pixel j, it is reasonable to
assume that locally A can be considered as shift-invariant [107,108]. With this
approximation, F' can be turned into a circulant matrix F. Accordingly, G and P
also become j-dependent. The expressions for the LLIR and the covariance matrix
for pixel j are turned into

V(A ~ PIG'F¢ (3.92)
Cov/(A) =~ PPGIFIGIT PiTel (3.93)
with
) Fi* Fi
G = max(R(E), 0) (3.94)

~ F9*FJ max(R(F7),0) + e

where G7 and FJ are the Fourier transform of G and F7. respectively, * represents
the complex conjugate, R(F7) is the real part of F/ and e = 107'°|F/,_|3 with F/_
the de-value of F7 in the Fourier domain [130]. The advantage of (3.92) and (3.93)
is that they can be efficiently calculated in the Fourier domain [108,130].

To simplify the expressions below, we define a set of filters:
Q, = PIG'F’ (3.95)
Q. = PG'FIGTPT (3.96)

with which the LLIR and the covariance matrix correlated to pixel j can be written
as
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noiseless data of
impulse at j

projection (A) of weighted projection data

impulse at j

back-projection (AT)

noiseless data of
phantom

projection {A) of LLIR

phantom A

8 pseudo-
Inverse

covariance image LLIR with target resolution

post-smoothing (P) |

Figure 3.4: Explanation about how to calculate the LLIR and the covariance matrix
correlated with a certain pixel of interest j. (a) the phantom and the pixel of
interest j. (b) noiseless projection of an impulse at j. (c) noiseless projection of the
phantom. (d) projection of the impulse at j weighted by (c¢). (e) back-projection of
(d). (f) pseudoinverse of (e). (g) LLIR without post-smoothing. (h) and (i) LLIR
and covariance matrix at target resolution after post-smoothing.

For better understanding, Fig. 3.4 provides an explanation about the calculation of
the LLIR and the covariance image for a certain pixel in a 2-D digitized phantom.
Due to the Poisson nature of the data, the variance image of the projection data
(denoted as Cy) equals the noiseless projection Y. The phantom and the pixel
of interest are shown in Fig. 3.4(a). Based on (3.72), the Fisher information im-
age FV is basically calculated by a forward projection A of an impulse at pixel j
(Fig. 3.4(b)), weighted by the inverse of the variance distribution of ¥ (Fig. 3.4(c)
and (d)), and followed by a backprojection A” (Fig. 3.4 (e)). Based on FY we can
calculate the pseudoinverse GY (Fig. 3.4(f)). Multiplying Fig. 3.4(e) and (f) in the
Fourier domain yields the LLIR without post-smoothing (Fig. 3.4(g)). Based on
this LLIR, we can derive a proper post-smoothing filter P’ to impose an isotropic
resolution with Gaussian profile, yielding the LLIR (Fig. 3.4(h)) and the covariance
matrix (Fig. 3.4(i)) at the target resolution.

Pixel contrast-to-noise ratio. By definition, the CRC and the variance of
pixel j are the j-th elements of [7(A) and Cov’(A), respectively. The pixel contrast-
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to-noise ratio is then calculated as
CNR/ = CRCY/V Var?
~ T QI el /1[I TQliel (3.99)

ROI contrast-to-noise ratio. Assuming local shift-invariance, it is valid to
apply Q7 and Q7,, which are derived for the particular pixel of interest j, to a small
ROI centered at j [135]. Here we are interested in the mean in the ROI response
(Mean(ROI)) rather than the bias on that ROI (Bias(ROI)). Suppose the ROI is
centered at pixel j and is defined by a vector of f, the mean in this ROI and the
variance on this mean can be approximated as

Mean(ROI) ~ NLR fQilf (3.100)
Var(ROT) ~ % £TQh g (3.101)
R

The ROI contrast-to-noise ratio is

CNR(ROI) = Mean(ROI)/+/Var(ROI) (3.102)

CHO Signal-to-noise ratio. For a lesion located near pixel j, the following
approximations for z and K can be derived based on (3.84) and (3.87) for post-
smoothed MLEM reconstruction:

2= Qlfi (3.103)
K ~UQLUT (3.104)

Note that in (3.104) the internal noise K is ignored. With these two expressions
we can calculate SNRepo using (3.38).

Validation. The approximations for the LLIR (3.92) and the pixel variance
calculated based on the covariance matrix (3.93) have been validated for shift-
variant single and multi-pinhole SPECT systems [130] and for a time-of-flight (TOF)
PET system [135]. The CNR for the ROIs (3.102) and the SNR of CHO were applied
as the figures of merit in the comparative study between the parallel hole and the
rotating slat collimators at a fixed target resolution. The analytical expressions for
these two measures were verified in [160] with the validation results presented in
chapter 4.

3.4 Application: determination of system geome-
try

The ideas and the methods introduced in this chapter were applied as the main
analysis tools in this PhD work. The Fisher information-based method, which
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predicts the image quality for post-smoothed MLEM reconstruction, was used to
optimize and compare different SPECT collimation systems. The idea of model
linearization was applied to investigate the calibration problem of a multi-pinhole
SPECT system.

System optimization and comparison

In the first part of this PhD work (chapter 4), we took advantage of the analytical
methods to evaluate the relative performance of a parallel hole collimator and a
rotating slat collimator. We imposed a target resolution which is larger than the
geometric resolution of each collimator, and applied i) the theory of the FBP recon-
struction explained in chapter 2, and ii) the Fisher information-based method which
was adapted for the post-smoothed MLEM reconstruction. As the same target res-
olution was imposed in the reconstruction, we only need to compare the variance
in the reconstruction. The collimator systems were first optimized and then com-
pared with each other using their optimal configurations. Both pixel variance and
ROI variance were computed and compared. In addition, the lesion detectability of
these two systems were also evaluated by calculating the SNR for the channelized
Hotelling observer.

Geometrical parameters estimation

In the second part of this PhD work (chapter 5), we extended the linearization
model to study the noise propagation properties in the calibration procedure of a
multi-pinhole system, whose configuration was optimized by the Fisher information-
based method [133]. The errors on the estimated parameters and their influence on
the reconstruction accuracy were fully explored in an analytical way.

As briefly discussed in chapter 2, the calibration of multi-pinhole SPECT is per-
formed by measuring several point sources in the FOV, and comparing the measured
projections with the estimated projections to estimate all geometric parameters. Let
P and U be the geometric parameters to be estimated and the projections of the
point sources, respectively. Obviously U is a function of P. Assuming a linear
relation between the small variation in the parameters (AP) and the deviations in
the projection data (AU), we have

U=U)+MP-P) (3.105)

where P is the real value of P, Uy is the original projection data calculated using P,
and M is a matrix containing the first-order derivatives of the projection coordinates
U to each parameter of P, calculated at the point Py. For convenience, (3.105) can
also be written as

AU = MAP (3.106)

with AU = U — Uy and AP = P — Py. The least squares solution of (3.106) is given
by

AP = (MTM)*MTAU (3.107)
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and the covariance matrix of the estimated parameters is
Cov(P) = (MTM)™*M* Cov(U)M(M* M)~! (3.108)

The equations (3.106)-(3.108) are essential for the further analysis of the calibration
problem which is discussed in detail in chapter 5.

3.5 Conclusion

In this chapter, we explain the commonly used figures of merit for image quality
evaluation, as well as how to calculate these FOMs by numerical simulations and
by an analytical Fisher information-based method. The analytical method is first
illustrated for converged MAP reconstruction and then for post-smoothed MLEM
reconstruction. In the end, the applications of the proposed analytical method in
this PhD work presented in the next two chapters are indicated.
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Chapter 4

Optimization and
comparison: parallel hole and
rotating slat collimation
systems

In a previous study of our group, a method was proposed to compare different
tomographic systems. It assumes that each system acquires a tomographic scan
of a certain tracer distribution in the same acquisition time. From this scan, each
system is forced to reconstruct an image with a predefined spatial resolution. The
system that can perform this task with the ”most favorable” noise propagation is
considered as the best system. The variance on pixel values is used to assess the
noise in the reconstructed image. In this work, we extend this idea to compare the
performance of the parallel hole (PH) and the rotating slat (RS) collimator systems.

In order to compare the two systems fairly, we first optimized the configuration
of each collimator at a predefined target resolution, yielding the optimal collimator
aperture which gives the minimal pixel variance in the reconstruction, and then
compared the performance of the two collimator systems with their own optimal
collimator apertures.

Two different analytical approaches were used for analysis. The first method
is based on the FBP theory (see 2.4.1) which was applied to the central point
of a uniform symmetrical phantom. Due to the symmetry, this method is also
relevant to MLEM/WLS reconstruction. It yields analytical expressions for the
optimal collimator aperture and the corresponding variance of the reconstructed
pixel values, but it can only be applied to highly symmetrical configurations. The
second method is the Fisher information-based method which was adapted for the
post-smoothed MLEM reconstruction (see 3.3.2). It provides numerical results, and
it is more general and can be applied to non-symmetrical objects and shift-variant

61
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tomographic systems. With the Fisher information-based method, we calculated
the CNRs in pixels of interest, the CNRs in regions of interest, as well as the SNR,
for channelized Hotelling observer with each collimator system.

The comparative study of the two collimator systems were done for both planar
imaging and volume imaging. The main results are: 1) For cases where both meth-
ods are valid, they are in excellent agreement. 2a) The optimal collimator aperture
varies linearly with the target resolution. 2b) For a fixed target resolution, the
optimal collimator aperture depends on the collimator type and the imaging mode
(planar or volume). 2c) The optimal aperture of PH is a factor of v/2 larger than
that of RS, regardless of the figure of merit in use. 3a) The relative performance
of the two collimators is determined by the object size, the object-to-detector dis-
tance and the spot-to-background contrast. 3b) Different figures of merit yield very
similar relative performance for RS versus PH.

4.1 Introduction

In SPECT imaging, image quality is limited by the tradeoff between the spatial
resolution and the geometric efficiency. For the conventional parallel hole (PH)
collimator (Fig. 4.1(a)), the geometric efficiency is always very low for a reasonable
spatial resolution since PH only detects photons whose trajectories are parallel to
the collimator holes. In contrast to PH, a rotating slat (RS) collimator (Fig. 4.1(b))
can achieve a much higher geometric efficiency without any resolution loss due to
its capability of in-plane photons collection [48,59,60,76,77,126,141,143,144,157].
However, in order to interpret the plane integral data acquired by RS, even for
planar imaging, an extra reconstruction step is needed, which results in increased
noise propagation. It is not obvious whether or not a higher geometric efficiency will
lead to improved image quality. The goal of our study is to compare the PH and
the RS collimators with different analytical noise propagation models, investigating
which collimator provides better image quality in the reconstructions.

To compare different tomographic systems, it is important to state clearly which
FOM will be used and for which kind of imaging task the comparison will be per-
formed. Indeed, there are various FOMs and tasks that can be applied to the system
comparison, e.g., the SNR of a human observer for a lesion detection task, or the
mean and the variance of an estimator in an estimation task [13]. In our previous
studies, we used the estimate of the variance on the value of the reconstructed pixel
or on the mean value of a ROI to evaluate the noise propagation characteristics of
different tomographic systems. For fair comparison, we assume that each system
acquires a tomographic scan of the same tracer distribution in the same acquisition
time and we tune the reconstruction algorithm for each system in such a way that
all reconstructed images have the same predefined spatial resolution. The system
that yields the lowest variance can then be considered as the best system. This
approach was used in [133] for the selection of the best design among various multi-
pinhole configurations. In this chapter, we extend this idea to compare the PH and
the RS collimators.
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)] PH collimator Detector

Axis of rotation

Figure 4.1: (a) Geometry of a parallel hole (PH) collimator system. (b) Geometry
of a rotating slat (RS) collimator system.

Comparative studies between these two collimator systems have already been
presented in several papers [59,60,76,77,141,157]. In [76] and [77], a specific ex-
pression of the SNR gain (RS versus PH) at the center of a uniform disk/sphere of
activity was derived for planar and volume imaging, respectively. The comparison
was based on the noise propagation behavior of FBP reconstruction. It was found
that RS outperformed PH only for small objects. Effort has been made in [77] to
achieve an isotropic point spread function for each collimator, but the final spa-
tial resolutions yielded by the two systems were not really identical. Zhang and
Zeng [157] compare these two collimators using the same figure of merit and the
same type of phantom as in [77] for the iterative least squares (LS) reconstruction,
yielding similar results as [77]. In that study, the variation of the geometric efficiency
within the FOV and the distance-dependent detector response were not taken into
consideration. In [59,60], the PH and the RS systems were compared using MLEM
reconstruction with the system model derived from Monte Carlo simulations. The
contrast-to-noise for cold and hot spots with varying sizes was investigated at dif-
ferent iterations. It was found that the PH collimator only outperforms RS for
low contrast lesions in very large warm background. The results are reliable be-
cause they were derived based on accurate system models. However, the analysis
was done with fixed object-to-detector distances. Since the geometric efficiency
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of the RS collimator is position-dependent while that of PH is constant, changing
the detector distance may have a significant influence on the outcome of the colli-
mator comparison. Wang et al [141] performed a real lesion phantom study. The
data were reconstructed using the rescaled block-iterative expectation maximization
(RBI-EM) algorithm. The contrast-to-noise analysis (similar as in [59,60]) showed
that RS leads to a better contrast recovery than PH for the same background noise
level. Since different detectors were used for the two collimator systems (Nal for
PH and CZT for RS), it was not clear how much of the improvement was due to
the high geometric efficiency of RS and how much was due to the better energy
resolution of the CZT detector.

Besides the points discussed above, the tradeoff between the collimator resolu-
tion and the noise has not yet been fully explored in previous works. For the same
predefined spatial resolution (called target resolution in the remainder of the text),
the variance of the reconstructed image varies with the collimator resolution, in a
way that is specific to each type of collimator. The main innovation in the present
work is the investigation of the relation between the variance and the collimator
resolution for the PH and RS collimators and the comparison of these two types of
systems using for each the collimator resolution that yields the minimal pixel /ROI
variance at fixed target resolution. To avoid the confusion between the resolution in
the reconstruction and the collimator resolution, we introduce the term of collimator
aperture to denote the collimator resolution. The collimator aperture which corre-
sponds to the minimal variance is thus defined as the optimal collimator aperture
of a certain collimator system.

The purpose of this study is therefore to make a fair comparison between the
PH and the RS systems. The word ”fair” in this context refers to the following:

e The two systems are equipped with the same type of detector with the same
detection area,

the object-to-detector distance is the same,

the acquisition is done for the same tracer distribution in the same amount of
time,

the reconstructions have the same spatial target resolution,

e and as mentioned above we use the collimator aperture that is optimized
individually for each system.

We used two analytical approaches in this study. The first one is based on the
theory of FBP reconstruction and is similar to the work in [76,77]. The FBP-based
method uses a simplified system model and closed form expressions can only be
obtained for highly symmetrical configurations. The second approach is the Fisher
information-based method (FIM), which gives fast predictions of the linearized lo-
cal impulse response and of the covariance image [43,46,107,130,135] for iterative
reconstructions. In this study, the FIM was used to estimate the noise properties of
the post-smoothed MLEM reconstruction. Compared with the FBP-based method,
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one of the advantages of FIM is that it allows the implementation of more accu-
rate physical models. Practical considerations, such as the attenuation within the
phantom, the position dependence of the geometric efficiency as well as the effect of
the collimator blurring, can be conveniently included in the system model. There-
fore FIM was used to generalize and extend the results yielded by the FBP-based
calculation.

We applied these two methods to uniform symmetrical phantoms and contrast
phantoms, investigating for each type of collimator the relation between the optimal
collimator aperture and the target resolution. With the optimal collimator aper-
tures corresponding to a certain target resolution, the figures of merit obtained with
the two systems, i.e., the variance of the reconstructed pixel/ROI values and the
SNR for channelized Hotelling observer, were compared as functions of the phan-
tom size, the object-to-detector distance and the spot-to-background contrast. The
study was done for both planar imaging and volume imaging and the results were
verified with repeated simulations.

This chapter is organized as follows. In 4.2.1, the geometry of the PH and the
RS systems, the concept of the collimator aperture and the geometric efficiency are
described. In 4.2.2, we give general descriptions about the data acquisition and
the reconstruction with the target resolution. The figures of merit used for system
comparison are introduced in 4.2.3 and the two proposed methods (FBP and FIM)
are briefly described in 4.2.4. In 4.2.5 we explain how to optimize the collimator
aperture. Details about the numerical experiments are given in 4.3. The results
obtained from the two methods are presented in 4.4 and 4.5, respectively. The
results are further discussed in 4.6 and our conclusions are given in 4.7. Details of
all the mathematical derivations are presented in appendices.

4.2 Methods

4.2.1 System description
Collimator geometry

We consider a PH collimator consisting of a 2-D array of long narrow square holes
with width d,, and height h, (Fig. 4.1(a)). The RS collimator is modeled as a series
of long thin slat septa positioned parallel with each other and perpendicular to
the detector surface (Fig. 4.1(b)). The slat septa have a width W and a height
h,. The distance between two adjacent slat septa is d,.. Both the PH and the RS
collimators were equipped with a square detector array with size WxW. In this
study we assume that there is no penetration through the septa, that the thickness
of the septa is negligible, and that the detectors have a perfect absorption efficiency
and a perfect intrinsic detector resolution. The distance D between the center
of the image space and the detector surface is constant during the tomographic

acquisitions®.

1A discussion about the influence of these assumptions is presented in 4.6.
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For the RS system, the collimator and the detector need to spin around a spin-
ning axis in order to acquire complete data. This axis is perpendicular to the
detector surface, connecting the center of the detector array and the center of the
image space. For tomographic scans, both the PH and the RS collimators rotate
around the object. The axis of rotation (AOR) is the line parallel to the detector
surface through the center of the image space.

Collimator aperture

The collimator aperture (which denotes the collimator resolution) is a measure of the
response of a collimator system to a point source in the object plane, characterized
by the PSF. The PSF2 is here denoted as P. and is modeled by a Gaussian with
standard deviation of o., where the subscript ¢ represents ”collimator” and can be
substituted by either p or r to refer to the PH or the RS collimator, respectively (the
same convention will be used for other quantities below). The collimator aperture
can be expressed by either the full width at half maximum (FWHM,) of the PSF
or by its standard deviation, which for a Gaussian PSF is given by

~ FWHM,
2v/21n2

Generally speaking, the collimator response is depth-dependent. For the proposed
collimator geometries we have at a location Z in the image space, [145]

(4.1)

Oc

FWHM,(Z) = D(%)d./he (4.2)

where D(Z) is the distance between # and the detector plane. Combining (4.1) and
(4.2) yields

D(Z)d,
2v21n 2h,

We use the symbol . or FWHM, (without argument Z) to denote the collimator
aperture that corresponds to the center of the image space, i.e.

o() = (4.3)

Dd,
Op= —— 4.4
2v/21n 2h, (44

Geometric efficiency

The geometric efficiency of a collimation system (FE.) is the fraction of the photons
emitted from a point in the object that will be detected if there is no attenuation.
The geometric efficiency is closely related to the collimator aperture. Generally, E),
is proportional to ag, and FE, is proportional to o,.. In addition, FE, also depends on
the detector width W, because a wider detector spans a larger solid angle. However,

2For the RS system, it only refers to the PSF profile along the dimension perpendicular to the
collimator septa.
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the detection efficiency decreases with increasing incidence angle, and therefore we
introduce an effective detector width Qyw which takes a normalized angular factor
into account. Appendix-A gives the specific definition of Q. With this definition,
E,. is proportional to Qyy, which leads to concise expressions.

Due to the collimator geometry, E, is position-dependent while F, is not. Ex-
pressions of F, and E, can be found in appendix-B.

4.2.2 Acquisition model and reconstruction
Acquisition Model

The tracer distribution is denoted as A\(Z), with & the vector in the image space. It
is nonnegative, and A(Z) = 0 for & ¢ S, with S the finite support of A(Z). Schematic
drawings describing the notations used below are shown in Fig. 4.2.

For planar imaging, \(Z) represents a 2-D distribution® (# € R?) in a plane par-
allel to the detector surface. During the acquisition, the PH collimator is stationary
and the RS collimator spins around the spinning axis. The acquired data for the
PH system is here modeled as

=T, [ Pl - DN (4.5)

where T}, is the acquisition time, E, is the geometric efficiency, P, is the PSF which
models the collimator blurring, and ||-|| represents the Euclidean norm. As discussed
above, P, is a 2-D isotropic Gaussian with standard deviation of .

The planar RS acquisition is modeled as

+W/2

yn(5,0) = T, /

—W/2

di / E,(a — 1, D)P,(|s — B))A(E)dads (4.6)
RZ
with

£ = aiy + B, (4.7)

where s is the distance between the slat interval and the spinning axis, ¢ is the
spinning angle, @, and ﬁj; are two orthogonal unit vectors in the detector plane,
with @y = (—sin¢,cos$) orthogonal to the slat septa. Note that for this 2-D
imaging configuration, the distance D between the source and the detector plane
is fixed and the geometric efficiency E, (see (B.2) in appendix-B) only varies along
ﬂi;. P, is the 1-D PSF spread along 4. Assuming equal acquisition time for both
collimator systems, we have

T, =T,/ (4.8)

because RS spins over 7 during the acquisition.

3To simplify the problem, we use a 2-D tracer distribution rather than a 3-D tracer distribution
for planar imaging.
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Figure 4.2: Notations used for acquisition model of (a) parallel hole collimator, (b)
rotating slat collimator.

For volume imaging, A(¥) represents a 3-D distribution (¥ € R3). For both
collimator systems, the collimator and the detector rotate around the AOR. The
acquired data of the PH system is modeled as

— —

yp(v,0,2) =T,E, /RB P,(v/(v — )2 + (z — B)2,7)Atten(E)\(€)dadBdy (4.9)

with

—

§ = at, + pu. + iy (4.10)

where 6 is the acquisition angle with respect to the AOR, and v and z are the 2-D
orthogonal coordinates in the detector array, defined by unit vectors w,, ., respec-
tively, with @, parallel to the AOR. The third unit vector iy = (—sind,cos6,0) is

orthogonal to the detector plane. Atten(§) represents the probability that a photon,
emitted from & and traveling parallel to iy, is not attenuated.

The data acquired by the tomographic RS system is modeled as

+W/2
w5001, [ d [ Bfa-t)Ps- )
—-W/2 R3
x Atten(€, DA(E)dadBd (4.11)
where
€ = i + Biiy + ilp (4.12)

with ﬁj; = (cos ¢ cos B, cos psinb,sin ) and @y = (—sin ¢ cosf, —sin ¢sin b, cos ).
In (4.11), Atten(&,1) has a similar meaning as Atten(¢) in (4.9), with trajectory of
the photon from 5 to the detector position .
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Note that in (4.9) and (4.11), the PSF P.(-,v) models a depth(y)-dependent
collimator response, representing a Gaussian with standard deviation of o.(v) given
by (4.3).

The decay of the tracer during the acquisition and the photon scattering are not
included in our model, and the data is assumed to be Poisson distributed.

Reconstruction with Target Resolution

From y, and y, we reconstruct the image using either FBP or MLEM, with a spatial
resolution equal to the predefined target resolution. The reconstruction is achieved
by making an initial (nearly) unbiased reconstruction, which is then smoothed with
a post-processing filter to impose the target PSF (F;), in our case an isotropic
Gaussian with target standard deviation o;.

To ensure that the initial reconstruction is nearly unbiased, the blurring due to
the finite collimator aperture needs to be compensated during the reconstruction.
With FBP, this is done by deconvolving the acquired data for the collimator PSF.
With MLEM, the effect of the collimator blurring is included in the system model. It
was assumed that a nearly unbiased reconstruction is achieved by iterating MLEM
until convergence.

To estimate the resolution and the noise properties in post-smoothed MLEM
reconstructions, we use the Fisher information-based method introduced in 3.3.2,
which applies to a discrete model of the acquisition. With the discrete model, both
the image space and the detection space are digitized into pixels with finite size.
The LLIR (/) and the covariance image (Cov?) correlated to a particular pixel j
in the reconstruction are used to describe the resolution and the noise properties,
respectively.

In this study, we choose o; > o, such that post-smoothing is always needed to
achieve the target resolution. The post-smoothing filter is designed based on the
deviation between the LLIR I/ of the nearly-unbiased initial reconstruction and the
target PSF P;. Applying this filter to the nearly-unbiased initial reconstruction
then ensures that the final I’ equals P;.

Compared to FIM which needs the discrete model, the FBP-based method uses
the continuous data acquisition model and the variance is calculated for a point
rather than for a pixel with finite size. The difference is only apparent however
because the variance is calculated in both cases for a smoothed image with a pre-
scribed target resolution o;. As long as the pixel size is sufficiently small compared
to the target resolution (which is the case in our study), the effect of the discretiza-
tion is small and can be considered negligible. The calculated variance actually
corresponds to the detection of a (non-uniform) ROI with a Gaussian profile with
standard deviation o;.

Details about the two methods are presented in 4.2.4.
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4.2.3 Performance measure

The relative performance of the two systems was mainly compared using the ratio
(gain) between the CNR of a reconstructed point/pixel obtained with the RS and
PH collimators. Based on the definition of CNR, given by (3.26), we have

CNR, CRC/y/Var,  [Var,
CNR, CRC/,/Var, V Var,

GamCNR = (413)

Note that CRC is canceled out because it is the same for both collimator systems
as we impose equal target resolution (see 3.2.3).

(4.13) is computed using both proposed methods. With the Fisher information-
based method, we also calculate the gains of the CNRs in the regions of interest
(CNRgor) and of the SNR for a channelized Hotelling observer (SNRcpo):

) CNRgor,r
G ROIl) = —— 4.14
aingnr (ROI) CNRnor, (4.14)

. SNRcHo,r
G CHO) = ——— 4.15
aingnr ( ) SNRero. (4.15)

with more details presented in 4.2.4.

4.2.4 Analytical methods
FBP-based calculation

The first method used for the comparative study between the PH and the RS colli-
mator systems is based on the theory of FBP reconstruction explained in 2.4.1. The
main principle is as follows. The object A(Z) is a uniform disk or a uniform sphere
for planar and volume imaging, respectively. The center of A\(Z) coincides with the
center of the image space. To simplify the calculation, the following approxima-
tions are made in (4.5), (4.6), (4.9) and (4.11): 1) There is no attenuation within
the object, i.e. Atten(g) =1, and 2) The position-dependence of the geometric ef-
ficiency and of the collimator response is ignored, i.e., 7y is replaced by D (distance
between the center of the image space and the detector) in the second argument
of E,., Pp, and P,.. Thus, the effect of the collimator smoothing is modeled by a
single convolution between the data and a Gaussian with standard deviation o.. In
addition, when calculating the variance at the center of the object, the variance of
the data acquired at the center of the detector is used to approximate the variance
of the data of all the other detectors.

To reconstruct the data, the conventional way is to apply a ramp filter (for 2-D
RS or 3-D PH imaging) or a second derivative filter [14] (for 3-D RS imaging) to the
acquired data, and then perform back-projection. To impose the target resolution
o4, an extra filter which corresponds to a Gaussian kernel with a standard deviation
of \/o? — o2 is applied together with the reconstruction filters before the back-
projection, which is equivalent to post-smooth the initial unbiased reconstruction.
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Based on the reconstruction formula, the variance of the central point of the
reconstructed image is derived as a function of the collimator aperture o, (PH) or
or (RS). This variance is further minimized by choosing an optimal value for the
collimator aperture (see 4.2.5). The minimal variance for each collimator system is
used in (4.13) to evaluate of the relative performance of the two collimator systems.

This method is only valid for the central point of a uniform symmetrical object.
Detailed calculations can be found in appendix-C and appendix-D.

Fisher information-based method

The second approach is the Fisher information-based method introduced in 3.3.2,
which was applied to estimate the CNR in pixels of interest, the CNR in regions
of interest and the SNR for a channelized Hotelling observer for the post-smoothed
MLEM reconstruction with the two collimator systems.

FIM assumes discrete data and is most conveniently presented in matrix no-
tation, and the matrices are calculated based on noiseless projection. As ex-
plained before, the activity distribution and the acquired data are denoted by
A=A, e, A7 and Y = [y1, y2, -+ ,y1]7, respectively. The data is expressed
as

Y = AA (4.16)

where A is the system matrix. The image estimated by the reconstruction algo-
rithm is denoted by A. (4.16) is implemented by discretizing (4.5)-(4.12), with A
including the combined effect of the position-dependent geometric efficiency, the
depth-dependent collimator response, as well as the attenuation within the object.

For convenience, we re-write the expressions derived in 3.3.2 to illustrate how
to estimate CNR, CNRgro1 and SNRcpo for post-smoothed MLEM by FIM. To
simplify the expressions, a set of filters are defined:

Q! PIGIF? (4.17)
QL = PIG'FIGITPT (4.18)

where F/ is the Fisher information image, G’ is the approximate pseudoinverse of
F’, and P’ is the post-smoothing filter which imposes the target resolution. In this
study, P’ is defined in the following way:

; P, [k]/Li[k] if R(Lo[k]) > 0.005
J — t 0 ’
P/k] { 0 if R(Lo[k]) < 0.005 (4.19)
where P7, P,, Lg are the Fourier transforms of P?, P, and lg, with lé = G/ FYel the
LLIR before post-smoothing, k is the index of the elements in the Fourier domain,
and R(-) denotes the real part of a complex number.
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Using the filters defined above, the LLIR and the covariance image correlated
to pixel j are

P(A) ~ Qe (4.20)
Covl (A) ~ QLé (4.21)

The CNR in pixel j is

CNR = CRCY /V Var! ~ /T Q] e’ /\/eiTQlei (4.22)

The CNR of a ROI centered at j is

CNRgor = Mean(ROI)//Var(ROT) ~ f7Q7 f/\/ fTQLf (4.23)

where f is the vector of the ROI with f[k] equal to 1 if the pixel k is inside the
ROI, and 0 otherwise. The SNR for channelized Hotelling observer is

SNRCHO =V ZTUTKflUZ (4.24)

with

7 fi (4.25)
K ~UQLUT (4.26)

where f; is the expectation of the lesion profile and U represents a series of frequency-
selective channels.

As explained in 3.2.3, CR(Y is constant for a given target resolution. The
(co)variance in the reconstruction is proportional to the measured activity Y (with
Cov’/ x F7!, F C;l and Cy « Y'), and inversely proportional to the acquisition
time T (with A o« T, Cy « T, thus F « T). As a result, CNR is inversely
proportional to v/Y and proportional to v/T.

4.2.5 Collimator aperture optimization

As we impose the target spatial resolution o, the variance in the reconstruction
is a function of the collimator aperture o., because the variance is influenced by
the geometric efficiency and the effect of collimator blurring, both of which are in
turn determined by the collimator aperture. Therefore, it is possible to minimize
the variance (or maximize the CNR/CNRgro1/SNRcuo) by a proper choice of the
collimator aperture. Here we use CNR as the figure of merit to explain how to find
the minimal variance or maximal CNR with each collimator system.

With the FBP-based calculation, the optimal value of the collimator aperture is
derived by calculating the derivative of the denominator of the variance expression
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with respect to o, (see appendix-C and -D). This yields the minimal variance and

the optimal collimator apertures o2P".

With FIM, the optimal collimator aperture of a certain system is estimated as
follows: 1) Choose a target resolution oy and a particular pixel j. 2) Calculate the
CNR using different collimator apertures. 3) Plot the CNR curve as a function of
the collimator aperture. 4) Interpolate the curve by the least-squares polynomial
fitting method. 5) Locate the maximal CNR on the curve. 6) Define the collimator
aperture which corresponds to the maximal CNR as the optimal collimator aperture
ooP! for the chosen target resolution. (This maximal CNR value is thus called
optimized CNR in the remainder of the text.)

Using either the minimized variance (FBP) or the optimized CNR (FIM) of each
collimator system as the input of (4.13) leads to an ultimate measure for the system
comparison

CNRopt Varmin
gpt = fnm (427)
CNR, Var,

. opt
Gaindyg =

With FIM, we also found the maximal values for CNRgror and SNRcgo with each
collimator, yielding

CNRSE
Cain®! . (ROI) = — 2oL 4.28
CNR( ) CNR?{SLP ( )
SNRPY
GainZ! (CHO) = CHO,r 4.29
SNR

SNRHo.,
4.3 Numerical studies

Using the methods proposed in 4.2.4, we determined the optimal aperture for each
collimator system, and then evaluated the relative performance of the PH and the
RS collimators with their own optimal apertures.

With the FBP-based method, the results were directly obtained from the analyt-
ical calculation. With the Fisher information-based method which does not produce
closed form solutions, we applied it to particular PH and RS systems with particu-
lar objects described by concrete parameters. The latter is called numerical study,
which will be described in detail in this section. In numerical studies, synthetic
noise-free data were computed using digitized versions of (4.5)-(4.12) with specified
parameters. Four numerical studies were performed by the Fisher information-based
method. The results of the first two studies can be directly compared with those
from the FBP-based method since they were both obtained based on uniform phan-
toms. The other two studies aimed to further generalize and extend the FBP-based
results by applying FIM to non-uniform, non-symmetrical phantoms.

4The collimator aperture o. can be varied by changing D, d. or he, or their combinations (see
(4.4)). In this study we fix D and d. and only vary he.
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The system parameters used in the first three studies are given in table 4.1, and
those used for the last one is given in table 4.2. In each study, the acquisition time
was 20 minutes for both the PH and the RS collimator systems.

4.3.1 Optimal collimator aperture

First, the relation between the optimal collimator aperture (a;pt, ooPt) and the
target resolution o; was derived for planar and volume imaging, respectively. Five
different target resolutions were applied. The FWHM of the target resolution ranged
from 7.2 mm to 14.4 mm.

The phantom used in planar imaging was a uniform disk with diameter =54 mm
and detector distance D = 100 mm. The activity within the phantom was A =
9.344 kBq/cm?. The optimal aperture was found for each target resolution and
calculated only for the central point of the phantom.

The phantom used in volume imaging was a uniform sphere positioned at the
center of the image space, with diameter =54 mm and D =300 mm. The activity
of the phantom was 9.344 kBq/cc. We assumed uniform attenuation within the
phantom, with the attenuation coefficient = 0.01505 mm~'. The optimal colli-
mator aperture was individually calculated for the central point, 6 eccentric points
and 2 ROIs. The eccentric points were selected equidistantly on the X-axis or the
Z-axis (see Fig. 4.5(a)). The ROIs were spherical and located at the center of the
phantom, with the same activity distribution as the phantom, and with diameter

of 7.2 mm and 18.0 mm, respectively.

4.3.2 Optimized CNR gain

With the optimal collimator aperture derived in 4.3.1, the optimized CNR gain
(Gainghiy) was calculated for the central point of the phantom, as a function of
phantom diameter (diameter =20.4 — 116.4 mm) or detector distance (D =50 —
300 mm for planar imaging, D =120 — 300 mm for volume imaging), with three
different target resolutions (FWHM; =9 mm/10.8 mm/12.6 mm). The phantom
activity and the attenuation coefficient were the same as in 4.3.1.

4.3.3 Ellipsoid phantom

To verify the consistency of the acquisition models and reconstruction procedures,
a post-smoothed MLEM reconstruction was performed for a simulated asymmet-
rical ellipsoidal phantom, with the PH and the RS collimator systems, respec-
tively. As shown in Fig. 4.12(a), this phantom consists of a warm background
(A =4.823 kBq/cc, p=0.0120 mm~!), a hot spherical region (A= 9.645 kBq/cc,
#=0.0120 mm~!) and a cold spherical region (A=2.411 kBq/cc, u=0.0045 mm~1).
The length of the semi-axes along/perpendicular to the axis of rotation were 36 mm
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and 27 mm, respectively. The diameter of the two regions was 21.6 mm. The dis-
tance between the center of the phantom and the detector was 80 mm. The FWHM
of the target resolution was 9 mm.

First, we used FIM to optimize the collimator aperture for the central point
of the phantom. Second, for each collimator system, the noiseless sinogram of
this phantom with and without an impulse in its center were generated and recon-
structed, yielding two reconstruction images. The LLIR was then obtained by sub-
tracting these two reconstructions. Based on the shape of LLIR, the post-smoothing
filter was defined by (4.19) and was applied to the reconstruction image.

In order to accelerate the convergence, OSEM algorithm (see 2.4.2) was applied
for the reconstruction. The iteration scheme for the PH system was 5x32, 5x16,
5x8, 5x4, 5x2, 5x1 (number of global iterations X number of subsets). For the
RS system, the scheme of the subsets was the same and the number of iterations
was doubled, because the reconstruction of RS data has a lower convergence speed
than that of PH data [59].

4.3.4 Variable contrast phantom

To obtain the ranking of the system performance with different figures of merit in
more realistic cases, we used contrast phantoms with variable parameters to calcu-
late the gain and the optimal collimator aperture correlated to CNR, CNRgror and
SNRcuo with each collimator system, using the Fisher information-based method.

In this study, the contrast phantom used for planar/volume imaging had a very
similar structure as the ellipsoid phantom that shown in Fig. 4.12(a), i.e., it consists
of an ellipse/ellipsoid and two circles/spheres, representing the background (Ap), the
hot organ () and the cold organ (A.), respectively. The system parameters and
the basic setting of the phantom are given in table 4.2. In both imaging modes,
the pixels of interest were the central points of the two organs. Both the ROIs and
the lesions were circular and located at the center of the organs. The ROIs had a
diameter of 8 pixels and had the same activity as the organ, while the lesions had a
diameter of 2 pixels and the lesion-to-organ contrast was 2. The distance between
the center of the phantom and the detector was 100 mm.

For the calculation of SNRcuo, we used a DOG model with 3 channels as the
observer model. The channels were defined as the differences of pairs of a set of four
2-D Gaussians. These Gaussians were with means of 0 and standard deviations of
(2d\/m) " pixel ! where d = 0.573,0.995,1.592 and 2.653. These parameters were
the same as in [50].

Optimal collimator aperture

With the basic setting of the phantom parameters, we first calculated the collimator
aperture which yields the maximum value of each figure of merit using the approach
explained in 4.2.5. For each FOM, the optimal collimator aperture was found for
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the central pixel of the phantom, using the PH and the RS collimator system,
respectively. This study was only done for planar imaging.

Gain with different FOMs

With the variable setting of the phantom parameters (see table 4.2), the gains in
CNR/CNRgo1/SNRcuo were computed as functions of phantom size, organ con-
trast and the organ size, respectively. First, the dimension of the contrast phantom
was scaled globally. Second, the contrast in the hot organ with respect to the
background (Ap/Ap) was varied. Third, the size of the two organs was changed
simultaneously. In each case, we only applied the scaling factor to the assigned
parameter and kept the other parameters at the same values as given in the basic
setting. The FWHM of the target resolution was 4 pixels. The septa heights of the
two collimator systems were chosen to yield the minimal variance according to the
results of the FBP-based method.

Validation

For each data point with variable parameter settings, the values of CNR, CNRgo1
and SNRcpo estimated by FIM were verified by simulations for planar imaging.
The phantom and the system parameters used in the simulation were the same as
those used in FIM (see table 4.2).

To calculate the measures related to the noise property, we performed repeated
simulations with 100 noise realizations. For each realization, we added random
Poisson noise to the noiseless projection data, and used the resultant noisy data
to do image reconstruction. Based on all the reconstructions, the measures were
computed using the equations given in 3.2. The variance in the pixel (Varj ) and the
variance in the ROI (Var(ROI)) were calculated by (3.11) and (3.15), respectively.
The covariance matrix of the reconstruction image (Cov(A|Hy)) used in (3.37) to
estimate SNRepo was computed based on (3.12).

For measures which are defined as expectation values, we assumed that the
expectation of an estimate can be approximated as the value obtained by estimating
the noiseless data®. For the calculation of the impulse response, instead of using
(3.24), we used

A(Y (A +6e7)) — A(Y (A))

(A) = 5 (4.30)
Similarly, the mean in the ROI defined in (3.14) was computed as
1 .
Mean(ROI) = o >N (4.31)

JjEROIL

5Tt is the same assumption that we made for FIM (see (3.59)). This assumption holds when
the original tracer distribution A is with sufficient number of counts, which was the case in our
study.
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with j\j the value in the j-th pixel of A. The lesion profile defined in (3.33) was
estimated by

2= A(Y(A|HL)) — A (Y (Al Hp)) (4.32)

For the PH system, the image reconstruction was done using standard MLEM

algorithm with 100 iterations. For the RS system, an iteration scheme of 20x20,
20x10, 20x5, 20%x2, 20x1 was used with the OSEM algorithm (see 2.4.2).

4.4 FBP: analytical results

We first present the results from the FBP-based methods. All the relevant math-
ematical derivations can be found in appendix-C and appendix-D, for planar and
volume imaging, respectively.

4.4.1 Optimal collimator aperture

For the central point of a uniform symmetrical phantom, we obtain a linear relation
between the target resolution o; and the optimal collimator apertures U;pt, ooPt,
For planar imaging

o =0y /V2 (4.33)

ot = 7, )2 (4.34)

and for volume imaging

o =0,/V3 (4.35)
ot = 0, /V6 (4.36)

Note that for both imaging modes the simplified model leads to the remarkable
relation

ooPt = \200P! (4.37)

4.4.2 Optimized CNR gain

With the above mentioned optimal collimator apertures, the optimized CNR gains
(RS versus PH) in the central point of uniform disk/sphere phantoms are

Qw
Gain®t, (2-D) = 1.1164/ ———— 4.38
amCNR( ) diameter ( )
Qw
Gain®' . (3-D) = 1.192¢/ ———— 4.39
amCNR( ) diameter ( )
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Figure 4.3: Optimized CNR gain: influence of phantom size (diameter) and detector
distance D with respect to the detector width W. The upper left area is where
GaintggR < 1, and the lower right area is where Gain%ﬂ’\tm > 1.

for planar (2-D) and volume (3-D) imaging, respectively. Qyy is the effective detec-
tor width that is defined in appendix-A, and diameter refers to the diameter of the
phantom.

From (4.38) and (4.39), it can be seen that Gainghyy is independent of the target
resolution o, but depends on the size of the phantom (diameter) and the detector
distance (D) with respect to the detector width (W). The influence of these factors
on the gain is illustrated in Fig. 4.3.

If D/W >> 1, we have Qu ~ W (see appendix-A). This implies that in the
far-field case, RS is always better than PH as long as the phantom diameter is no
larger than the detector width.

4.5 FIM: numerical results

4.5.1 Optimal collimator aperture

Fig. 4.4 shows the optimal collimator aperture of the central point of the 2-D/3-D
symmetrical phantom, calculated by both proposed methods. The optimal aper-
tures are plotted as a function of target resolution for both planar imaging (left)
and volume imaging (right). For planar imaging, the results of the two methods are
in good agreement. For volume imaging, there are small deviations for large target
resolutions.

Fig. 4.5 shows the results for all points of interest calculated by FIM in volume
imaging. Fig. 4.5(b) plots the optimal aperture for all the points at a target reso-
lution of FWHM; = 9 mm. The dashed lines plot the values calculated by (4.35)
and (4.36) as reference. From these plots we can see that the optimal aperture is
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Figure 4.4: Results of central point. The optimal collimator apertures calculated
from the two methods are plotted as a function of the target resolution for planar
imaging (left) and volume imaging (right), respectively. The unit of the FWHM is
mm.

insensitive to the location of the point. Fig. 4.5(c) shows the CNRs of all points
of interest, which were calculated using ngt and o2 of the central point of the
phantom (point 0). For both PH and RS, the CNR goes up when the point becomes

more eccentric.

Fig. 4.6 shows the optimal aperture (left) and the ratio of the optimal apertures
(right) of the central ROIs, calculated by FIM in volume imaging. From Fig. 4.6 we
can see that: 1) The optimal aperture of the large ROI is always larger than that

of the small ROIL 2) For the same target resolution, og?* ~ V200rt,

4.5.2 Optimized CNR gain

Fig. 4.7 and Fig. 4.8 show the optimized CNR gain at the central point of the
phantom, plotted as a function of detector distance D (left) or phantom diameter
(right), calculated for planar and volume imaging, respectively. The target resolu-
tion is with FWHM,; = 9 mm. For planar imaging, we can see that the results of the
two methods (FBP and FIM) are in good agreement for small phantoms or large
D. For large phantoms or small D, the gains are slightly underestimated by the
FBP-based method (4.38). For volume imaging on the other hand, the gains yielded
by FIM are systematically smaller than those from FBP. Generally, the CNR gain
increases with increased detector distance or smaller phantom size.

Fig. 4.9 plots the optimized CNR values that yielded the gain in Fig. 4.8. For
volume imaging, the CNR acquired by either of the collimator systems increases
with decreased detector distance or smaller phantom size.

Fig. 4.10 is similar to Fig. 4.8, with the optimized CNR gains calculated by FIM
with different target resolutions. It confirms that CNR gain is not influenced by
the choice of the target resolution, as long as the corresponding optimal aperture is
used for each collimator system.
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Figure 4.5: Results of eccentric points. (a) 3-D spherical phantom and points
of interest. Z is the axis of rotation, and X is perpendicular to Z. (b) Optimal
collimator aperture of all points of interest, calculated for the target resolution
with FWHM; = 9 mm. The dashed lines indicate the values obtained from the
FBP calculation, which is only valid for point 0. (¢) CNR of all points of interest,
calculated using the optimal apertures of point 0, with FWHM,; = 9 mm. The unit
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Figure 4.6: Results of central ROIs. Left: Optimal aperture of the ROI as a
function of the target resolution. Right: Ratio of the optimal aperture (gg*/a2?").

The dotted line indicates the value of v/2. The unit of the FWHM is mm.
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Figure 4.7: Optimized CNR Gain in planar imaging with FWHM,; = 9 mm. Left:
Gains plotted as a function of detector distance D for two different phantom sizes
(triangle: diameter = 20.4 mm, square: diameter = W). Right: Gains plotted as
a function of phantom diameter at two different detector distances (triangle: D =
300 mm, square: D = 50 mm).
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Figure 4.8: Optimized CNR Gain in volume imaging with FWHM; =9 mm. Left:
Gains plotted as a function of detector distance D for two different phantom sizes
(triangle: diameter = 20.4 mm, square: diameter = W). Right: Gains plotted as
a function of phantom diameter at two different detector distances (triangle: D =
300 mm, square: D = 120 mm).
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Figure 4.9: Optimized CNR in volume imaging with FWHM,; =9 mm. Left: CNR
plotted as a function of detector distance D for a phantom with diameter = W.
Right: CNR plotted as a function of phantom diameter with D = 120 mm.
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Figure 4.10: Optimized CNR gain in volume imaging with different target resolu-
tions (FWHM; = 9 mm/10.8 mm/12.6 mm). Left: Gains plotted as a function of
detector distance D for a phantom with diameter = W. Right: Gains plotted as a
function of phantom diameter with D = 120 mm.
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Figure 4.11: CNR Gain of central ROIs in volume imaging with FWHM,; =9 mm.
The gains were calculated for the central ROIs with the optimal apertures minimiz-
ing the pixel variance. The asterisk represents the gain in the central pixel which is
the same as the dashed line in Fig. 4.8. Left: Gains plotted as a function of detector
distance D for a phantom with diameter = W. Right: Gains plotted as a function
of phantom diameter with D = 120 mm.

Fig. 4.11 shows the CNR gains of the central ROIs, calculated with the collimator
apertures which minimize the variance in the central pixels. Very similar outcomes
of the system comparison are yielded for the central pixel and the central ROIs.

4.5.3 Ellipsoid phantom

For the target resolution of FWHM,; = 9 mm, the optimal apertures for the central
point of the ellipsoidal phantom are FWHM,” * = 5.448 mm, FWHM?%" = 3.638 mm
and FWHM;pt/FWHMﬁpt ~ 1.497. Fig. 4.12 shows the central sagittal slice of (a)
the original phantom, (b) the phantom smoothed by the target resolution, (c)-
(d) the PH and the RS MLEM reconstructions of the noiseless sinogram of this
phantom, post-smoothed to the target resolution. The reconstructions look quite
similar to the smoothed version of the original phantom.

4.5.4 Variable contrast phantom
Optimal aperture

Fig. 4.13 gives the results about the optimal aperture corresponding to the cen-
tral point of the contrast phantom in planar imaging. We use the symbol of
square/triangle/diamond to represent CNR/CNRgror/SNRcno, and use the solid
and the dashed lines to indicate PH and RS, respectively. As shown in the left figure
in Fig. 4.13, each FOM yields its own optimal aperture sets. Although the opti-
mal apertures are different for different FOMs, the ratio of the optimal apertures
(ogPt/ogPt) is always close to v/2 (Fig. 4.13, right).
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Figure 4.12: Central sagittal slice of (a) ellipsoid phantom, (b) phantom smoothed
with target resolution (FWHM,; = 9 mm). (c¢)-(d) PH and RS MLEM reconstruc-
tions, calculated using their own optimal collimator apertures, post-smoothed to
the target resolution. The dash dot line represents the axis of rotation.
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Figure 4.13: Results with contrast phantom in planar imaging. Left: Optimal
collimator apertures are plotted as a function of the target resolution. Right: Ratio
of the optimal aperture. The dashed line represents the value of /2.
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Figure 4.14: Gains (RS/PH) in planar imaging, plotted as a function of phantom
size (left), organ-to-background contrast (middle) and organ size (right).

Gain with different FOMs

The comparison results using different FOMs are shown in Fig. 4.14 and Fig. 4.15 for
planar and volume imaging, respectively. It can been seen that 1) with increased
phantom size, all the gains decrease. 2) The gains go up with increased organ-
to-background contrast. For planar imaging, PH has slightly better performance
than RS in low contrast cases, while for volume imaging, RS always outperforms
PH with the given parameters. 3) For planar imaging, the gains decrease with
increasing organ size for the hot organ, while it is the opposite for the cold organ.
Overall, RS is better in hot spot imaging (gains > 1) and PH has benefit in cold
spot imaging (gains < 1). For volume imaging, again RS yields better results with
hot spot, but the two collimator systems behave almost equally well in cold spot
imaging. The plots of the gains in both organs are quite flat with respect to the
organ size.
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Figure 4.15: Gains (RS/PH) in volume imaging, plotted as a function of phantom
size (left), organ-to-background contrast (middle) and organ size (right).

Validation

The validation results for each data point in Fig. 4.14 are shown in Fig. 4.16. The
asterisk and triangle represent PH and RS, respectively. The approximated CNR,
CNRRgro1 and SNRcpgo are in good agreement with their values computed from
repeated simulations.

If we plot the CNRgor predicted by FIM with respect to the CNRyor calculated
from the repeated simulations (Fig. 4.16, middle), a slope of 1.04 can be derived
using least squares fitting. In addition, 64.7% (resp. 94.1%) of the plotted points
are located in the 68.3% (resp. 95.4%) confidence intervals (one and two standard
deviations) centered on the identity line, indicating that the CNRgro; estimated by
FIM are in good accordance with those estimated from the repeated simulations.
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Figure 4.16: Validation results for each data point in Fig. 4.14. Left/middle/right:
CNR/CNRRgo1/SNRcno. The dashed lines indicate the perfect agreement.



4.6. DISCUSSION 89

4.6 Discussion

Previously, the validation of FIM has been performed for various multi-pinhole
SPECT system configurations [130], as well as for the TOF-PET system [135]. As
for the PH and the RS collimator system, we did the validation based on a 2-D
contrast phantom with post-smoothed MLEM reconstruction of 100 noise realiza-
tions (Fig. 4.16). Although the validation is only performed for planar imaging,
we believe that FIM will be also valid for volume imaging due to its capability of
accommodating shift-variant system response [130] and the attenuation within the
phantom [135].

For the imaging systems studied here, FBP yields essentially the unweighted
least squares (LS) solution. However, for a large symmetrical object, most of the
projection values contributing to the reconstruction of a central point have the
same expected value. Due to the assumed Poisson distribution, they also have the
same variance, which means that LS can be approximately considered as weighted
least squares (WLS). On the other hand, the approximate Fisher information-based
method yields predictions that are in good agreement with reconstructions produced
with MLEM or WLS followed by post-smoothing. Therefore, for the center of a large
symmetrical object, post-smoothed LS, WLS and MLEM should all produce nearly
the same variance at matched resolution. In our case, although the system models
used for FBP and FIM are not identical due to the FBP-specific approximations,
the difference is expected to have only minor influence on the variance of the central
point of the object, where the modeling of the geometric efficiency and the collimator
blurring is always accurate. Consequently, FBP calculation and FIM should agree
well for the central points.

It can be seen from the results that the two methods indeed give very similar re-
sults for the central point of a uniform object. Although the FBP-based calculation
involves some particular approximations, it provides insight into the mechanisms of
noise propagation for the two types of collimators, and is expected to be accurate at
least for the basic results ((4.33)-(4.37)). FIM was validated for the proposed col-
limation geometries, and coincides well with the FBP-based method. In addition,
FIM is more flexible in the sense that it can be applied to more realistic phantoms
and more sophisticated system models, including the attenuation of the phantom
and the depth-dependent collimator response in volume imaging, therefore it was
used to extend and generalize the results of the FBP-based calculation.

The comparison was performed with several assumptions described in 4.2.1. In
fact, these assumptions (the septal penetration, the detector efficiency, etc.) are
expected to have minor impact on the outcome of the collimator comparison. A
non-negligible septa thickness ¢ will introduce a scale factor of d?/(d. + t)? in o,
and of d./(d. +t) in o,. As a result, 0% in (4.33)-(4.37) should also be scaled,
and a scale factor of \/(d. + t)/d. should be applied to the optimized CNR gain
in (4.38)-(4.39). For a realistic acquisition system with intrinsic detector resolution
o4 # 0, oy should be replaced by /o7 — o3. With this replacement, our main results

(4.33)-(4.39) will still hold for the central point of a symmetrical phantom.
From (4.33)-(4.36), we found that the optimal collimator aperture is proportional
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to the target resolution that is imposed in the reconstruction. Similar results were
presented in a study of pinhole imaging system [44], which claims that in order to
minimize the variance of the emission-rate density estimate at a particular spatial
resolution, the pinhole size should be proportional to that resolution. Furthermore,
for a Gaussian-shaped pinhole aperture, the FWHM of the pinhole aperture that
yields the minimal variance in planar imaging equals the desired spatial resolution
divided by v/2. The tradeoff between the spatial resolution and the noise with this
Gaussian pinhole collimator is very similar to that with the PH collimator in our
study. Therefore, (4.33)-(4.36) could be also considered as a reference for the system
optimization of other collimators whose configurations are similar to the proposed
collimations in this chapter.

Using the two analytical methods, it was also found that the optimal aperture
of a line-integral acquisition system is always v/2 times larger than that of a plane-
integral acquisition system. This relation was first derived with the FBP-based
calculation for a central point in an ideal phantom ((4.37)), and was then verified
for eccentric points (Fig. 4.5) and central ROIs (Fig. 4.6) by FIM using more sophis-
ticated system models. In addition, a similar ratio was also found for the central
point of non-symmetrical, non-uniform phantom (Fig. 4.12) and with different fig-
ures of merit (Fig. 4.13). Based on the results above, we propose to compare these
two types of systems with their collimator aperture ratio equal to v/2. The principle
of using the optimal collimator aperture could be applied to any system comparison
task at equal spatial resolution.

Our results show (Fig. 4.5(c)) that the eccentric pixels have a lower variance and
higher CNR than central pixels in the phantom. This well-known observation [5]
is explained by the fact that, with the PH(RS) system, some of the lines(planes)
through eccentric pixels have a shorter intersection length (or less intersection area)
with the phantom and are therefore less multiplexed with neighbouring pixels than
the lines(planes) through the central pixels.

The CNR gain ((4.38) and (4.39)) can also be written as a function of the
geometric efficiency gain F' (with F' = E,./E,). For example, for volume imaging,
it yields

. QW FO't
Gain2!, = 11924/ ———— = 1.653/ —— 4.40
AMONR diameter diameter ( )

This expression is similar to those presented in [77,157], where the formula was
expressed as the gain in SNR rather than in CNR. Since we compared the two
systems based on the same activity distribution, the SNR gain is actually equivalent
to the CNR gain. The main differences between our approach and [77,157] are that
we compared PH and RS at a fixed target resolution, and that we used the optimized
aperture for each collimator system.

The mathematical expressions for the optimal aperture and the optimized CNR
gain are derived based on uniform symmetrical phantoms, while realistic tracer
distributions in human and preclinical imaging are usually very non-uniform. To
generalize the basic results, we applied the Fisher information-based method to
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contrast phantoms with variable parameters, in order to explore the relative perfor-
mance of the two systems using different figures of merit. To verify the consistency
between the projector and back-projector, we also present the reconstruction images
of a non-uniform, non-symmetrical ellipsoid phantom using the optimal aperture of
its central point calculated by FIM. With the modeling of depth-dependent blurring
and the attenuation, the reconstruction in volume imaging is very time-consuming.
Therefore we did not consider numerical verification of FIM in this setting.

The relative performance of the two systems for the central point of a uniform
symmetrical phantom can be evaluated based on Figs. 4.3, 4.7 and 4.8. Fig. 4.3
explicitly gives the condition under which the RS will outperform PH, and vice
versa. Although the ”Gain = 1”7 boundaries depicted in Fig. 4.3 are not accurate
due to the FBP-specific approximations, they can be considered as references for the
collimator comparison when combined with Figs. 4.7 and 4.8. It can be seen that
the comparative result is ultimately determined by the object size and the object-
to-detector distance D. Generally, the optimized CNR gain increases with smaller
object size (which is in agreement with [59,76,77,157]) or with larger object-to-
detector distance. One should note that for tomographic scans the absolute CNR,
value actually decreases as the detector distance increases, therefore the object
should always be positioned as close as possible to the collimator, regardless of the
system in use.

The relative performance of the two systems with non-uniform contrast phan-
toms can be evaluated based on Fig. 4.14 and Fig. 4.15. Using the collimator
aperture optimized for pixel variance, the gains in all three figures of merit (CNR,
CNRgor and SNReno) give very similar rankings. PH only yield better results than
RS in 2-D cold spot imaging in combination with a large background, while RS out-
performs PH in the rest of the cases. These results are in agreement with [59, 60].
However, in [60], it is claimed that the RS collimator is more than 4 times better
than PH for 3-D cold spot imaging, while for the same case in our study only slight
improvement was found by using the RS system (Fig. 4.15, right). This discrep-
ancy is probably due to the fact that in [60] they applied equal collimator apertures
for both systems and that there may not have been a perfect match of the spatial
resolution in the reconstructions.

In this study, the projection and the backprojection with the RS collimator treat
all the detectors between the neighboring slat septa as one detector element (see
(4.6) and (4.11)). This RS projector is called non-pizellated projector. If the de-
tector array is pixellated, i.e., each detector pixel participates individually in the
projection/backprojection, the RS projector becomes a pizellated projector. Obvi-
ously, the information carried in the data acquired with a non-pixellated projector
is less than that with a pixellated projector. In that case, every pixel is recon-
structed with lower certainty, resulting in a higher variance in the reconstruction.
However, based on our study [161], the increase of the variance is very small and
has no significant influence on the comparative result between the PH and the RS
systems. Hence, the non-pixellated RS projector is preferable since it facilitates
the algorithm implementation and saves a lot of computation time compared to a
pixellated RS projector.
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Only objects smaller than the field of view (FOV) of the collimators were con-
sidered in this study to avoid the possibly confounding effects of the data truncation
problem which is still poorly understood. When an object is larger than the FOV
in transaxial direction, both PH and RS systems may suffer from increased variance
and artifacts, depending on the amount of data truncation. For axial truncation,
however, PH has the advantage because the axial out-of-FOV activity remains un-
detected and does not create artifacts. In contrast, the RS system will detect
a contribution from this activity. This contribution will increase the variance in
the reconstruction. Moreover, unless the acquisition can be well modeled as plane
integrals, artifact-free reconstruction may be problematic as well. However, only
considering objects fitting in the FOV, we already found that for very large objects,
the PH collimator should be recommended rather than the RS collimator. Con-
sequently, considering even larger objects which will cause additional problems for
RS, will not change that recommendation.

With uniform phantoms, the CNR gains for two different ROI sizes were quanti-
fied with the collimator aperture optimized for the pixel variance. Strictly speaking,
for optimal quantification of an object of interest, both the collimator aperture and
the target resolution should be adjusted to match the size of that object. However,
in practice, we usually produce a single image with a fixed aperture size, applying
a certain amount of smoothing, and then use that image for all kinds of tasks such
as visual inspection, definition of ROIs with different sizes and quantification of
the ROI-values. In this sense, it is reasonable to perform the comparative task for
a single pixel or the ROIs with different sizes based on the same system parame-
ters. The ranking for the relative system performance is found to be very similar
regardless of the object of interest.

4.7 Conclusion

In this study, we compare the PH and the RS collimators using the optimal collima-
tor aperture that yields the minimal pixel variance at a prescribed spatial resolution.
Two analytical methods, the FBP-based calculation and the Fisher information-
based method, are applied to compute the optimized CNR using a simplified colli-
mator blurring model and a realistic depth-dependent blurring model, respectively.
It is shown that the two methods yield very similar results for the central point
in a uniform disk or sphere phantom. To generalize the basic results derived from
the FBP-based calculation, we also applied FIM to estimate the CNR in eccentric
pixels of interest, the CNR in regions of interest, as well as the SNR for channel-
ized Hotelling observer using non-uniform non-symmetrical contrast phantom with
variable parameters.

It is found that the variance in the reconstruction image varies with the col-
limator aperture, and that the optimal collimator aperture is proportional to the
target spatial resolution imposed in the reconstruction. For equal spatial resolution
in the reconstruction, RS always needs more post-smoothing than PH. Therefore,
the optimal collimator aperture of a RS system is always smaller than that of a PH
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system. Our results suggest that a fair comparison between the performance of the
two types of collimators can be achieved using a ratio of v/2 between the PH and the
RS collimator apertures. With the optimal apertures, the expressions of the CNR
gain (RS versus PH) are derived in different imaging modes. The three proposed
figures of merit yield a very similar ranking for the relative system performance,
which is determined by the object size, the object-to-detector distance as well as
the spot-to-background contrast. For planar imaging, PH only outperforms RS for
cold spot imaging with large objects, while RS gives better results for all the rest of
the cases. For volume imaging, RS is almost always better than PH, if the object
is not larger than the detector width.
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Chapter 5

Multi-pinhole SPECT
calibration

For pinhole SPECT, geometric calibration is needed to acquire an accurate de-
scription of the geometrical configuration. It is often achieved by putting several
radioactive point sources in the field of view, and estimating all the parameters
using penalized least squares fitting between the estimated point projections and
the mass centers of the measured point projections.

For a single pinhole SPECT system with circular orbit, the geometry can be
uniquely determined from a measurement of three point sources, provided that at
least two inter-point distances are known. In contrast, it has been shown math-
ematically that, for a multi-pinhole SPECT system with circular orbit, only two
point sources are needed, and the knowledge of the distance between them is not
required. In our study, it was found that the conclusion for multi-pinhole SPECT
only holds if the motion of the camera is perfectly circular. In reality, the detector
heads systematically slightly deviate from the circular orbit, which may introduce
non-negligible bias in the estimated parameters and degrade the reconstructed im-
age. These small deviations from the ideal orbit are called systematic deviations in
the remainder of the text.

To study the error propagation in multi-pinhole SPECT calibration, we extended
an analytical linear model and applied it for two purposes: 1) to estimate the influ-
ence of both data noise and systematic deviations on the accuracy of the calibration
and on the image quality of the reconstruction, using different prior information dur-
ing calibration, and 2) to determine a point source configuration which yields an
accurate and stable calibration result and acceptable reconstruction errors in the
presence of systematic deviations.

In this chapter, the details about these two studies are explicitly explained.
The theoretical results derived based on the analytical method were verified by
(repeated) simulations, and well supported by the results from real experiments
using Jaszczak-type resolution phantoms.
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5.1 Introduction

For accurate image reconstruction, a good estimate of the system matrix is required.
Determining the system matrix is particularly challenging for small animal imaging
with multi-pinhole SPECT using a rotating gamma camera. For (multi-) pinhole
SPECT, it is convenient to factorize the system matrix into several contributions.
These include

e the geometry of the idealized pinhole system, where idealized means that the
acquisition is modeled as perfect line integrals,

e the blurring caused by the intrinsic detector resolution and the finite (effective)
diameter of the pinholes,

e the position dependent detector sensitivity, caused by the finite aperture angle
of the pinholes and the position dependence of the relevant solid angles.

In this work we only study the estimation of the first contribution to the system
matrix. Estimating the related geometrical parameters is called geometrical calibra-
tion or simply calibration (see 2.3.1). Once the position of these idealized projection
lines is known, the acquisition model can be further improved by modeling the finite
resolution (e.g. by replacing the single line with a tube or a set of lines [127]), and
by taking into account the calculated or measured detector sensitivities for each
pinhole aperture [10].

For a conventional single pinhole SPECT system with circular camera motion,
there are 6 degrees of freedom (DoF's) for the gamma camera and 3 DoF's of the pin-
hole. However, since we can arbitrarily define the position of the pinhole along the
axis of rotation and where the projection angle is zero, only 7 parameters are needed
to uniquely characterize the geometry of the single pinhole SPECT system [20]. It
has been proven mathematically and experimentally that a measurement of 3 point
sources, of which at least two inter-point distances are known, is necessary and
sufficient to determine these 7 geometrical parameters [20].

Compared with single pinhole SPECT, multi-pinhole SPECT systems attract
more attention due to the increase of the detection sensitivity, which results in a
higher signal-to-noise ratio in the reconstruction image [18,38,80,112,128,130]. As
proven mathematically in [131,142], a rotating multi-pinhole SPECT only requires
2 point sources without any knowledge about their distance with respect to each
other. However, our preliminary tests with measured data indicated that if the
distance between the point sources is not fixed to its true value, the calibration of
the multi-pinhole system can be unstable and the reconstruction may suffer from a
large scaling effect (with the reconstructed distances typically smaller than the true
ones).

With the mathematical models proposed in [131,142], a basic assumption is
that the acquisition orbit is perfectly circular. In reality, there are always slight
deviations between the circular orbit and the actual orbit due to gravity, mechanical
imprecisions, or other reasons [36,88]. Some of the deviations follow a certain
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pattern (for example a sine-curve) as a function of acquisition angle, and some are
more erratic. These systematic deviations will introduce bias on the calibration
results if we use a calibration method which assumes perfect camera motion. Since
the deviations are expected to be very small, the bias was assumed to be negligible
in the previous studies.

The calibration procedure we currently use is described in [99]. The calibration
phantom is a rigid plexi plate containing three radioactive point sources. It is
positioned in the center of the field of view, and a scan is acquired with the same
geometry and protocol as those of the animal scan. From this scan, the geometry
is estimated using a two-step procedure based on least squares fitting. For all the
geometrical parameters and the point sources locations, we give initial values and
calculate the coordinates of the point projections. These parameters and locations
are then fitted by comparing the estimated projections to the mass centers of the
measured point projections using a least squares fitting procedure. Prior knowledge
of the distances between the point sources is typically applied during the fit in order
to improve the calibration stability [21]. In the first step of the procedure, the so-
called conventional calibration, a single value is fitted for each parameter. This
problem is over-determined and has a unique solution. The results are used as the
input values of the second step, which we refer to as refined calibration [36]. With
refined calibration, the detector and the pinhole collimator are considered as one
rigid object, whose motion can be uniquely described by 3 translation coordinates
and 3 rotation angles. These 6 degrees of freedom are determined individually
for each projection angle. Here, the number of unknowns is very large and the
sum of squared differences has probably many local minima. For that reason, a
penalty which discourages large translations and rotations is introduced since all
the deviations are expected to be small.

The conventional calibration basically estimates the mean value of each param-
eter over all angular positions!. If the systematic deviations lead to non-negligible
bias on these mean values, that bias is not corrected for in the second step, because
the refined calibration tends to produce perturbative angle dependent adjustments
with (nearly) zero mean. In this work, we show that this bias can degrade the
reconstruction image quality, and we propose a method to predict the degradation,
which can be used to design robust calibration configurations.

The first goal of this work (study I) is to study the error propagation in multi-
pinhole SPECT calibration. To do this, we extended an analytical linear approxima-
tion model, which was previously used to estimate the noise propagation property
in single pinhole calibration [21], to investigate the influence of both data noise and
systematic orbit deviations on multi-pinhole SPECT calibration. This method first
estimates the bias and the variance on the estimated parameters (calibration accu-
racy ), and uses these to compute the resolution loss and image deformation in the re-
constructed images (reconstruction accuracy). With this method, the stability and
accuracy of the calibration/reconstruction results with and without the prior knowl-

1Each parameter is estimated as a single value, although in reality its true value may vary
during rotation. We assumed this estimated value is a useful mean value. Apparently, it is not a
true mean because it is biased.
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edge of the distance were explored. The comprehensive calibration/reconstruction
results of a typical point source setup were analyzed both theoretically and with
reconstructions of measured data.

The second goal of this work (study II) is to determine point source configura-
tions which lead to an accurate and stable calibration result for our multi-pinhole
SPECT system, particularly in the presence of systematic deviations. The selection
was done using the proposed analytical method. In order to reduce the acquisi-
tion time for small animal experiments, we were interested in simultaneous ani-
mal/calibration scanning. Therefore the candidate point sources were only allowed
to be localized on the surface of a cylindrical tube which is assumed to be the animal
carrier. The reconstruction errors corresponding to every point combination were
calculated and compared. One of the selected point configurations was used in a
simultaneous phantom/calibration measurement to support the theoretical result.

5.2 Outline of the study

For better understanding of the following sections, we first introduce the most rel-
evant notations and symbols used in the remainder of the text. In addition, we
classify the calibration problems into several cases, which will be discussed explic-
itly in 5.3.

We define the parameter set Pr as the true geometric parameters consisting of
both the camera-specific parameters and the locations of the point sources. We use
Up to denote the original projection of the point sources without the disturbance
of noise or systematic deviations, and the symbol U to represent the projection
data which are subject to either random noise or systematic deviations, or both.
The difference between this “actual” projection and the original projection is thus
AU = U — Uy. Applying a calibration procedure to U results in the estimated
parameter set P. The difference between the estimated and the true parameters is
AP =P — Pr.

Ideally, the camera follows a perfectly circular motion. Then Pr are constant
for all projection angles, and will be denoted as Py. However, if the camera slightly
deviates from the circular orbit, these parameters need to be adjusted as a function
of the projection angle. As mentioned in the introduction, the deviation at each
acquisition angle can be described by 6 degrees of freedom (DoFs). We symbolize
the amplitude of each DoF by APy(ks, ke), with ks and kg the index of the degree
of freedom and the index of the projection angle, respectively. For convenience,
we use APy(ks, ) to denote the deviation pattern of the ks-th DoF as a function
of the projection angles, use APy(-, kg) to denote the 6 DoF's corresponding to the
ko-th angle, and use APy (with no argument) to denote the systematic deviations
in general which involve all 6 DoF's of all acquisition angles.

Since AP, is not involved in the projection model of conventional calibration,
we consider it as a source of error disturbing the projection. To distinguish between
the influences of the two error sources, we use AUy and AUp to denote AU caused
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by data noise and systematic orbit deviations, respectively, with AUp a function of
AP,.

Assuming that the effects of the two error sources are independent from each
other, we discuss the calibration problems in the following cases:

e Case 0: The projection is ideal (U = Up), thus the geometric parameters are
perfectly estimated (P = P).

e Case 1: The projection U is disturbed by measurement noise (U = Uy+ AUy)
and the parameter estimation is done with conventional calibration. The noise
on the data introduces uncertainty on each estimated parameter, and this
uncertainty will be expressed as variance (or standard deviation, denoted as
APp) on the final parameter estimates (P = Py(£APy)).

e Case 2: The projection U is subject to systematic orbit deviations (U = Uy +
AUp), and the parameter estimation is done with conventional calibration.
The orbit deviations will introduce bias (APg)? on the estimated parameters
(P =P+ APg).

e Case 3: The projection is the same as in case 2, but the refined calibration
is performed after the conventional calibration to estimate the systematic
deviations (with element denoted as APp(ks,kge)?). The parameters with
this refined adjustment are P = Py + APg + APp.

A summary of all these cases can be found in table 5.1.

Real measurements will be subject to both noise and systematic deviations.
However, it is assumed that they are independent such that the contributions can
be studied separately. Therefore, we only compute the degradation of image quality
in the reconstruction due to AP in case 1, 2, and 3 using the analytical method, and
then compare the results for a general evaluation about the influence of different
error sources and of the application of different calibration procedures.

In this study, first, we analyzed the calibration accuracy and reconstruction
accuracy in case 1, 2 and 3 based on a typical 3-point calibration phantom (study
I). Then, a point source configuration was selected for our multi-pinhole SPECT
system in case 3 only (study II).

This chapter is organized as follows. In 5.3.1, the principle of calibration using
point sources is briefly explained. The expressions for the projection coordinates U
are given as a function of the parameter set P with and without the modeling of
systematic deviations. In addition, the use of prior knowledge of distances during
the calibration is also described. In 5.3.2 we explain how to apply a linear approx-
imation model to estimate the accuracy on the estimated parameters, such as the

2Tt is assumed that the systematic deviation APy(-,kg) has (nearly) zero mean, therefore we
define APp as the bias with respect to Py rather than Py + APy(ks, ko).

3Note that both APy(ks, kg) and APp(ks, ke) represent systematic deviations, but the former
is the ground truth and the latter is the estimation. The rule of notation for APy also holds for
APp.
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Table 5.1: Overview of calibration problems

Case | Error source True param. Pr | Proj. data U | Calibration procedure | Estimated param. P
0 - P Uy conventional Py
1 noise Py Uy + AUy conventional Py(£APxN)
2 systematic deviations | Py + APy(ks, kg) Uy +AUp conventional Py + APp
3 systematic deviations | Py + APy(ks, ko) Uy + AUp conventional + refined Py+ APg + APp(ks, ky)
Table 5.2: Camera-specific geometrical parameters
dp distance between the image center and the detector plane
fi focal length of i-th pinhole aperture

m;, n; | mechanical offsets of i-th pinhole aperture in detector column/row direction
eu, €y | electrical detector offsets in detector column/row direction
P tilt angle, i.e. angle between the detector plane and the AOR

v twist angle, i.e., orientation of the detector grid as a rotation around an axis perpendicular to the detector plane

Table 5.3: Unknown calibration parameters per calibration method.

Calibration method

Camera-specific parameters

Point source location parameters

No distances fixed
Inter-point distance(s) fixed

Inter-pinhole distance(s) fixed

All distances fixed

dp, fi=1,...1, Mi=1,....I, Ni=1,...,I, €us €v, ®, ¥
dp, fi=t1,...1, Mi=1,....1, Ni=1,...,I, Cus €v, D, ¥
dp, 3 translations, 2 or 3 rotations, e,, e,, ®, ¥
dp, 3 translations, 2 or 3 rotations, e,, e,, ®, ¥

Tj=1,....0s Yj=1,....05 Zj=1,...,0
3 translations, 2 or 3 rotations
Tj=1,....dy Yj=1,....d5 Zj=1,....J
3 translations, 2 or 3 rotations
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standard deviation APy and the bias APy obtained with conventional calibration.
In 5.3.3, the measures for the reconstruction accuracy are proposed as a function
of projection coordinates and AP, and an efficient approach for computing these
measures is described for the above mentioned case 1, 2 and 3, respectively. In 5.3.4,
we explain how to verify the proposed analytical method using repeated numerical
simulations for each individual case. The data truncation modeling is described in
5.3.5. The deviation patterns used for point configuration selection are explained
in 5.3.6. Details, results and the conclusion of the first study are given in 5.4-5.6,
and those of the second study are presented in 5.7-5.9, respectively.

5.3 Methods

5.3.1 Principle of calibration
Point Projection with Perfect Circular Orbit

Following the notations in [20], we describe a multi-pinhole SPECT system with
circular camera motion using the following parameters: detector distance dp?, focal
distances f1, fo,..., fr, mechanical offsets my,mo,...,m; and ni,ns,...,ny, elec-
trical offsets e, and e,, tilt angle ®, and twist angle ¥, with I the total number
of pinhole apertures. These parameters are briefly described in table 5.2 and il-
lustrated in Fig. 5.1. The projection data is acquired at different rotation angles
O, indexed by ko (kg = 1, ... ,Ng, with Ny the total number of angles). It is as-
sumed that all the parameters are independent of the acquisition angle and remain
constant during the acquisition.

Similar to the single pinhole geometry [20], the projection coordinates are ex-
pressed as U = [...,u;;(kg),vij(kg),...]7, where T denotes the transpose, and the
projection coordinates wu, v of the calibration point source j (z;,y;,2;) through
pinhole aperture ¢ along the kg-th projection angle can be written as:

m; — X
uij(kg) = fiﬁ+mi+eu (5.1)
i T Yj
n; — Z;
vij(ko) = fi — j_g +ni+ey (5.2)
i T Yj
in which
z; Ly
Yj = R3(V)R2(®)R1(0) | v (5.3)
Zj Zj

41t is different from the symbol d used in [20] which represents the distance between the axis
of rotation and the pinhole.
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Figure 5.1: (a) Ilustration of the geometry parameters along column direction. (b)
Illustration of three rotation angles.

with 8 = O(kg) and

cosf) sinf O

Ri(0) = —sinf cosf 0 (5.4)
0 0 1
10 0

Ry(®) = 0 cos® —sind (5.5)

0 sin® cosd
cos¥V 0 —sinV¥
R3(¥) = 0 1 0 (5.6)
sin 0 cosV¥

The parameter set to be estimated (P) consists of both camera-specific param-
eters (dp, fi, mi, ni, €y, €y, ®, ¥) and point source locations (z;, y;, z;). For
the conventional calibration, we apply (5.1) and (5.2) to calculate the locations of
the point source projection using the initial estimates for all parameters. The esti-
mates are updated by minimizing the sum of the squared differences between the
calculated projections and the centroids of the measured projections.

The uniqueness and the stability of the fitting solution is influenced by the choice
of the point sources. For multi-pinhole SPECT, two point sources are essential to
yield a unique solution, providing that they do not form a line orthogonal to the
axis of rotation [131,142].
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Point Projection with Systematic Deviations

If the orbit of the camera slightly deviates from the assumed perfect circle, the
actual geometric parameters described in table 5.2 will vary from projection angle
to projection angle. For each acquisition position, the ensemble of the detector and
the pinhole collimator can be considered as a rigid object with 6 degrees of freedom,
i.e., 3 translation coordinates and 3 rotation angles, all assumed to be small [36].
As shown in Fig. 5.1, the v-axis is orthogonal to the u-axis, and the distance dp is
measured along the direction perpendicular to the detector plane uv. Therefore we
use dd, du and dv to denote the 3 translation coordinates and d®, J¥ and 6O to
denote the 3 rotation angles as a function of the rotation angle. By definition, we
have APy = [§dT, 6u”, 6vT, 50T, 60T 607T]|T. The parameters are adapted as

dp(ke) = dp+ dd(ke) (5.7)
m;(kg) = my+ dulkg) (5.8)
ni(ke) = n;+o0v(kg) (5.9)
ew(kg) = ey — ou(ko) (5.10)
es(ko) = ey, —ov(ky) (5.11)

@(k@) = &4+ (5‘1)(]@) (5.12)
U(ks) = U+ U(ke) (5.13)
@l(kg) = @(ka) + 5@(k9) (5.14)

Applying (5.7)-(5.14) to (5.1)-(5.6), we have the general projection equations:

m;(ke) — Z;(ko)
p(ke) — fi + 7; (ko)
ni(ke) — Zj (ko)

Uij(ke):fid +mi(kg) + eu(ko) (5.15)

mj(ka):fidD(ke)_fﬁgj(ke) +ni(ko) + ey (ko) (5.16)
with
(ko) x;
zijgke; = R3(V (ko)) R2(® (ko)) R1(O' (ko)) vs (5.17)
Zj k@ Zj

For the refined calibration, we used the calibrated values of all parameters
yielded by the conventional calibration as inputs of (5.15) and (5.16) to estimate
APp(-, ky), which consists of the kg-th elements of dd, du, dv, §®, 6V, 6O, using a
penalized least squares fitting method.

Distance as Prior Knowledge

As mentioned in 5.3.1, besides the camera-specific parameters, the positions of the
point sources are also estimated during the conventional calibration. In order to
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acquire extra robustness of the calibration result, we always take advantage of the
information about the distances between the point sources. For three point sources,
it is achieved by transforming the Cartesian coordinates of the point sources [z;, y;,
zj] (j = 1,2,3) into three translation coordinates (¢, t,, t.), three rotation angles
(p1, p2, p3) and three distances (dia, di3, da3) [21]. For two point sources, beside
the three translation coordinates, it only yields two rotation angles (pi, p2) and one
distance (dy2). In our case, the three points are small cavities drilled in a rigid plate
(which is our so-called calibration phantom), thus the distances between the point
sources are fixed. The phantom position is then uniquely described by t, ty, t.,
p1, p2 and ps, and we only need to estimate these 6 parameters to determine the
point source positions.

Similar to the calibration phantom, the configuration of our multi-pinhole plate
is also rigid. In principle we can use the same strategy. For the ¢—th pinhole
aperture, we take [m;, f;,n;] as the Cartesian coordinates to denote the pinhole
position. The coordinate transformation will end up with 3 translation coordinates
(tm,tf,tn), 3 rotation angles (p1,p2,p3) and 3 x (I — 2) independent distances
(dy2,dy3,das, . .., dy;, dog, ds3;). If the distances between the pinhole apertures are
known, we can apply the same approach, i.e., using the inter-pinhole distances to
stabilize the calibration result and only fitting the 6 parameters which indicate the
position of the pinhole plate in the image space.

With conventional calibration, the number of unknown parameters P depends
on whether or not the prior knowledge of the distances will be used, and if so,
which distances (inter-point or inter-pinhole) will be fixed during the calibration.
An overview is provided in table 5.3.

5.3.2 Calibration accuracy

It is assumed that the relation between AU and the small variations in the estimates
AP can be approximately described using the following linear equation:

AU = MAP (5.18)

where M is a matrix containing the first-order derivatives of the projection coordi-
nates Up (see (5.1) and (5.2)) to each parameter of Py. The least squares solution
of the linear system (5.18) yields the variations AP induced by small errors in the
projection coordinates AU:

AP = (MTM)*MTAU (5.19)

where 7' denotes matrix transpose. Note that AP in (5.19) has a single value for
each parameter and therefore corresponds to the conventional calibration procedure.
We will use (5.19) to estimate the variance (or the standard deviation APy) and
the bias (APg) on the estimated parameter P, due to data noise and systematic
deviations, respectively.

5This only holds for I > 3. If I = 2, it will result in 3 translations, 2 rotations and only 1
distance.
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Case 1

If the projection coordinate U is only disturbed by data noise, the noise is better
characterized by its covariance matrix Cov(U) rather than by a single noise real-
ization AUpy. The calibration accuracy can then be expressed by the covariance
matrix of the estimated parameters P:

Cov(P) = (MT M)~ *M*Cov(U)M (M M)~! (5.20)

The variance on the j—th parameter (Var(P;)) is the j—th diagonal element of the
covariance matrix:

Var(P;) = (0(P}))? = [Cov(P)];; (5.21)

We have APy = [0(P;)] with o(P;) the standard deviation on the j-th parameter.

Case 2

If the projection U is only subject to systematic deviations, we calculate U using
(5.7)-(5.17) and compute AUp = U — Up. The bias on the estimated parameters is
computed by (5.19):

APg = (MTM)*MTAUp (5.22)

Case 3

The bias APg on the estimated parameters is calculated in the same way as in case
2. With the analytical linear model, there is no straightforward way to estimate
APp(ks, kg). However, it is still feasible to approximately estimate the reconstruc-
tion accuracy with an alternative approach. That approach will be discussed in
detail in 5.3.3.

5.3.3 Reconstruction accuracy

To evaluate the reconstruction accuracy, we use a similar approach as in [21]. Two
figures of merit, i.e., the loss of spatial resolution and the deformation in the re-
construction image, are applied to quantify the degradation of the reconstruction
accuracy. To this end, a grid of points which is considered sufficiently covering the
field of view of the multi-pinhole system is reconstructed analytically. To distinguish
between the projection of the calibrating point sources and the projection of this
grid of point sources used for reconstruction evaluation, we add the superscript 9
in the latter case, with U and UY corresponding to the ideal and actual projection
coordinates of the point sources on the grid, respectively.

For a point on the grid X, = [24,¥q, 24|, the projection ray ((5.1) and (5.2))
that goes through this point and the i—th pinhole can be expressed in a general
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format:
auiq(k’g)xq + buiq(k’g)yq + Cuiq(/ﬁg)zq + dm‘q(kg) =0 (5.23)
anQ(ke)xq + bUiQ(ke)yq + Cviq(kG)Zq + dviq(ke) =0 .24)
or in matrix format
uzq(kG)X + Bu7,q(k9) = (525)
mq(ka) + qu(k’e) (526)
with Auzq(kQ) [auiq(kG)abuiq(k9>7cuiq(k0)]T7 Buzq(kQ) = duiq(ke)y Aviq(ke) -
[aviqg(Ko)s buig(Ke), cuig(ke)]T and Byig(ke) = dyiq(ke). Combining the matrices in

(5.25) and (5.26) of all projection angles, all pinhole apertures and both directions
u and v, we have

A X, +B,=0 (5.27)
with A, = [A], (1), AT}, (1),. Aqu( 9)s Aflq( 9)]7 and similar for B,. The

dimensions of A, and B, are NAB x 3 and Nap X 1, respectively, with Nap =
2 x Ny x 1.

If the system is perfectly calibrated, all the parameters get exact values and
Xf = [24,Yq 24)" is the unique solution of (5.27). However, with noise or systematic
deviations on the data, the calibration cannot be perfect and will introduce small
variations AP in the estimated parameters. This yields matrices A’, and B’, which
are functions of U9 and AP. As a result, (5.27) is typically overdetermined. In this
case, we calculated the coordinates of the ’reconstructed’ point source X (f as the
least squares solution of the linear equation (5.27):

XP= (A A AT B, (5.28)

where the arguments U9 and AP are dropped for convenience. Using (5.28) we can
estimate the resolution loss and the image deformation as reconstruction accuracy.

The loss of spatial resolution is estimated based on the distance (denoted by
Siq(kg)) between the reconstructed point X[ = [zF, y% 2T and the corresponding
back-projection ray through the i-th pinhole aperture along the ky-th projection
angle. The calculation of S;;(kg) can be found in appendix-E. At each projection
angle, we decompose S;, in three directions as S;q = [sfq,s?q,sfq]T, and take the
longest length among all three dimensions, all acquisition angles and all points on
the grid with back-projection rays through all pinhole apertures as the measure of

the resolution loss.

Res. Loss = max(max(moax(max(||s§q(k9)||)))) (5.29)
7 q €
where € € (x,y, z) indicates the direction of the measure.

The image deformation is evaluated from the relative difference in distance be-
tween any two points on the grid before and after the reconstruction®. Let p and ¢

6Note that the definition of the image deformation is different from that in [21] in order to
facilitate the validation.
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be the index of the two points, the corresponding relative difference T, is defined
as

o IXE X 1%, - X,
- HXp - Xq”

x 100% (5.30)

We define the maximal value of T}, among all points combinations on the grid as
the image deformation.

Img. Def. = max(max(||Tpy)) (5.31)
P q

Note that S;q(kg) and T}, are two arrays which have 3 x Ny x Ny x I and N, X
(N, — 1)/2 number of elements, respectively, with N, the number of points on the
grid.

The matrices A}, and B} which yield X' (and subsequently Siq(kg) and Tp,)
are calculated differently in the noise study and in the study of the systematic
deviations. In order to simplify the expressions that follow, we first introduce
symbols Fy,iq(U9, AP, kg) and F,,(U9, AP) to denote the set of matrices involved,
ie.,

Fuviq(Ug?APa k@) Agu,q(Ug AP, k@) uzq(Ugv AP, k9)7
A (U AP kg), B, (U9, AP, ky)
Fpe(U?, AP) = AL(U?, AP), B,(U?, AP),
AL(UY, AP), BL(U?, AP)

Next, we will discuss how to compute the measures for the resolution loss
(Siq(ke)) and the image deformation (7),,) in case 1, 2 and 3.

Case 1

If AP is only due to data noise, the matrices A’ and B’ are computed based
on U§ and the covariance matrix Cov(P). As explained in [21], Cov(P) can be
decomposed as Cov(P) = I'TT. By a linear transformation AP¥ = T'e; with

er = [0,...,0,1,0,...,0]7 the k—th unit vector, it yields parameter estimate er-
rors APy, AP%, ..., APE  with K the total number of unknown camera-specific
parameters’. Since these AP]’f, are uncorrelated noise components, it is valid to

assume that these errors have an independent effect on the image reconstruction
accuracy. Thus they can be added quadratically (see appendix-F):

"The parameters related to the point source location do not influence the reconstruction, there-
fore they are not considered here.
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K
Sia(ko) = | > Siq(Fuviq (U5, AP, ko))|? (5.32)
k=1
K
Tpg = Z pa(Fpg( UOaAPk))||2 (5.33)
k=1
Case 2

If there are only systematic deviations during the acquisition, the matrices A’ and
B’ are computed using U9 = U§ + AU7, and the bias APp is generated by (5.19):

Siq(ke) = Sig(Fuvig(U?, APp, ky)) (5.34)
Tpq = Tpq(Fpq(U?, APB)) (5.35)

Case 3

Although it is not feasible in this case to calculate the calibration accuracy (APg +
APp(ks, kg)) with the linear model, we propose an approach to approximate the
reconstruction accuracies. Recall that the true systematic deviations and the es-
timated deviations are APy and APp, respectively. It is assumed that AP, can
be accurately estimated by refined calibration, i.e., APp ~ AP,. As a result, the
influence of systematic deviations is (almost) compensated in the reconstruction
procedure, and we expect the resolution loss and the image deformation in case 3
to be predicted with the following equations:

Siq(ke) = Siq(Fuviq(Uga APB: ke)) (536)
Tpg = Tpg(Fpg(Ug, APp)) (5.37)

Note that, since the effects of the systematic deviations are assumed to be canceled
out, they are not included in A’ and B’. However, since the bias APg cannot be
corrected for by refined calibration, it will still degrade the reconstruction accuracy,
and therefore needs to be incorporated in A" and B’ in (5.36) and (5.37). Also note
that (5.36) and (5.37) are optimistic estimates. The reconstruction accuracies will
be worse if ||[APp — AFy|| > 0.

5.3.4 Validation with repeated simulations

The calibration accuracy and the reconstruction accuracy can be validated by nu-
merical simulations.
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Case 1

For noise propagation, we first calculate the projection Uy of the calibrating point
sources using (5.1) and (5.2), then add Gaussian noise on Uy and perform conven-
tional calibration. For each calibrated parameter, the variance (or the standard
deviation) is derived from multiple noise realizations. The calibration of the n-th
noise realization will result in a disturbed parameter set APgJ. Thus, the error
measures can be estimated as

N,
~ 1 =
Sig(ko) = | 5= 2_ 15ia(Fuvig(Ug, AP ko))II? (5.38)
S n=1
N,
- 1 =
Ty = N, Z 1 Tpq (Fpg (U, APR)) 12 (5.39)
S n=1

where N, is the number of noise realizations.

Case 2

To verify the reconstruction accuracy with systematic deviations, we use (5.15)
and (5.16) to generate the calibrating point source projections with deviations but
without noise (U = Uy + AUp), then perform conventional calibration based on the
deviated projections. The bias APg is estimated during the fitting and is used to
analytically reconstruct the grid of point sources from UY9. The measures for the
resolution loss and the image deformation are calculated in the same way as in 5.3.3
with (5.34) and (5.35).

Case 3

To quantify the reconstruction accuracy corresponding to the two-step calibration
procedure, we perform the refined calibration based on U = Uy + AUp using the
parameters estimated in case 2 (Py + APpg) as initial values for the fitting. The
refined calibration yields the estimated systematic deviation APp, with which the
computation for the accuracy measures becomes

Siq(kﬁ) = Siq(Fuviq(Uga APB + APD, k?g)) (5.40)
Tpq = Toq(Fpg(U?, AP + APD)) (5.41)

5.3.5 Truncation modeling

In 5.3.1, we give the equations which yield projection coordinates for each point
source through each aperture for all projection angles. In reality, a point source will
not always be detected through every pinhole aperture at every projection angle.
With the analytical method, this data truncation is modeled by only preserving the
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columns or rows in U, M and cov(U) ((5.19) and (5.20)) corresponding to those
projection points that are located in the field of view (FOV) of the aperture and in
the valid detector area. With numerical simulation, the truncated point projections
are simply not used for the least squares fitting in the calibration procedure. For
each pinhole of our multi-pinhole collimators, we determined the aperture FOV on
the detector from long planar scans of a small plane source put in front of each hole.

5.3.6 Two types of systematic deviations

For the selection of point source configuration (study II), we applied two types of
systematic deviations. The first one is with the deviation pattern which is estimated
by refined calibration based on previously measured calibration data. This is called
realistic systematic deviations which is particularly relevant to the behavior of our
gamma. The second one is with the deviation pattern which yields the worst pos-
sible reconstruction error (WPRE), and it is correspondingly referred to as WPRE
systematic deviations.

We aimed to estimate the influence of these systematic deviations on the recon-
struction error, as a function of various point configurations. Recall from (5.19)
that the difference between the estimated parameters and the true parameters AP
is

AP = (MTM)*MTAU
The bias on the parameters is the expectation of this difference, i.e.,
APg = (AP) = ((M"M)""MTAU) (5.42)

With real measurements, the projection data is subject to both data noise (AUy)
and systematic deviations (AUp). In this case, (5.42) can be further written as

AP = ((M"M)"'M"(AUp + AUy))
(MTM)'MT (AUp + AUy)
(MTM)*MTAUp + (MTM)*MT (AUy) (5.43)

With random noise, (AUy) is expected to be zero. Therefore we have

APz = (MTM)"'MTAUp
(MTM) MY (U(APy) — Up) (5.44)

where APy represents either the realistic systematic deviations or the WPRE sys-
tematic deviations, which will be explained as follows.

Realistic Deviation Pattern

The realistic deviation pattern is denoted by AP, and was estimated from previ-
ously acquired calibration data. The point source projections U disturbed by APgs
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are written as U(AP$). Using (5.44), the bias on the parameters is
AP = (MT M) *MT(U(AP$) — Uy) (5.45)

Take case 3 for example, the two reconstruction errors are estimated as

RLest = max (|sf (Fuuig(Ug, APE", ko)) (5.46)
i,q,€,ko
Dest = Ig%Xﬂqu(qu(Ugv AP;?)))D (5.47)

WPRE Deviation Pattern

The aim of introducing the WPRE deviation pattern is to find a generally good
point configuration which gives adequate result regardless of the behavior of camera
motion. In principle, it is impossible to simulate all potential systematic deviations
of all gamma cameras. The idea we applied here is to calculate the reconstruction
errors corresponding to a series of impulsed deviations with a constrained amplitude
for each degree of freedom. It was assumed that the influence of these impulsed
deviations on the reconstruction error are independent. With this assumption, these
deviations can be combined linearly to yield a value which is equal to the maximal
absolute sum of the reconstruction errors yielded by all these impulsed deviations.
This value is so-called the worst possible reconstruction error, representing either
the worst possible resolution loss (WPRE) or the worst possible image deformation
(WPID) according to the figure of merit for which the maximum absolute sum is
calculated.

In order to find the WPRL and the WPID values as well as the corresponding
deviation patterns, the following approach was used. We apply an impulse of a
certain deviation at one certain acquisition angle. This impulsed deviation pattern
is symbolized by APSm’k(k’g, -), with the superscript & indicating where the impulse
is given. The kg-th elements in APSm’k(kg, -) are given as

W (ks) kg =k,

~Wi(ks)/(Ng —1) ko #k (5.48)

API™* (ks ko) = {
with W (ks) the amplitude of the impulse, estimated as the maximum amplitude of
the corresponding realistic deviation:

W (ks) = max |APS™ (ks, +)| (5.49)
By the definition given by (5.48), the mean of APém’k(k(;, -) across all angles is zero.

The bias on the estimated parameters due to this impulsed deviation is

AP (ks) = (MTM)*MT(U(AP)™ " (ks,+)) — Up) (5.50)

To further simplify the expressions, we define

55, (K, ks, ko) = 85, (Fuvig(US, AP " (ks), kg)) (5.51)

iq

Tpq(k, ks) = qu(qu(UogvAPém’k(ké))) (5.52)
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and introduce a sign function (Sgn(x)):

1 if x >0,
Sgn(z) = { 1 ifz<0 (5.53)

Assuming these impulses have independent influence on the image quality®, the
WPRL and the WPID is defined as

6 N
WPRL = max Y > |[s5,(k, ks, k)| (5.54)
baeko
6 No
WPID = max SN Tk, ks)| (5.55)
o ks=1k=1

The corresponding deviation patterns are

No

AP (g, ) = > (AR (ks ) x Sgn(s%, (k. ks, ko)) ) (5.56)
k=1
Ne )

INALLHUNNES (APSm’k(k(;, -) x Sgn(Tpq(k, ka))) (5.57)
k=1

where 7, G, ¢, kg and p,  are the values satisfying (5.54) and (5.55), respectively.

An example demonstrating how to calculate WPRL and A PyVPRL ((5.48)-(5.56))
in a simplified case is demonstrated in Fig. 5.2.

5.4 Study I

In the first study, we investigated the influence of data noise and systematic de-
viations on the reconstruction accuracy with both the proposed analytical method
and a real measurement. The studies were based on our self-designed 7-pinhole
collimators for a typical acquisition setting with dual-head gamma camera. Each
designed multi-pinhole plate consists of a central aperture with 6 surrounding aper-
tures located on a circle with a radius of 20 mm. A detailed description, as well as
the technical drawing of this pinhole design, can be found in [133]. The calibration
phantom in use was a Bequé phantom [21] which consists of three radioactive point
sources with 1 mm diameter (Fig. 5.3(a)). The data were acquired using both de-
tector heads and with 64 projection angles equally spread over 360°. Detector 1
and detector 2 started at the top and the bottom of the gantry respectively and
rotated clockwise during the acquisition.

One of the aims is to investigate the influence of applying the prior knowledge
about inter-point and inter-pinhole distances on the calibration/reconstruction ac-
curacy. To this end, four different calibration methods were applied to the same
data:

81n fact, there are Ny — 1 rather than Ny independent impulses, because del APF(ks,) = 0.
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fitting all parameters, including all distances,

fixing only the inter-point distance(s),

fixing only the inter-pinhole distances,

fixing both the inter-point and inter-pinhole distances.

The resolution loss and the image deformation yielded by all these methods are
compared.

The other purpose is to find out whether it is enough to use only 2 point sources
to do the calibration with adequate accuracy, even in the presence of systematic
deviations. As a preliminary test, we separated the projections of the 3 point
sources, and performed the calibration with

e projection data of all 3 point sources,
e projection data of the 1st and the 2nd point source,

e projection data of the 1st and the 3rd point source

which are referred to as 3PS, 2PS-sub12 and 2PS-sub13 in the remainder of the
text, respectively. The calibration results and the reconstruction accuracies of 2PS-
subl2 and 2PS-subl3 were compared with those of 3PS for each detector head
individually.

5.4.1 Analytical evaluation

For the analytical study, typical values were used for Py. The detector distance
(dp) and the focal length of the pinhole collimator (f) were chosen to be 206 mm
and 176 mm, respectively. The mechanical offsets of the pinhole apertures were the
same as the designed values [133]. The electrical shifts (e, €,), tilt angle (®) and
twist angle () were expected to be zero. The calibration phantom was positioned
in the center of the field of view, and was parallel to the two detector planes at
the beginning of the acquisition. The inter-point distances dis, di13 and ds3 were
26 mm, 19 mm and 26 mm, respectively.

The analytical linear model described in 5.3 was applied to evaluate the recon-
struction accuracy of different calibration methods combined with different point
source settings (3PS, 2PS-sub12 and 2PS-sub13). For the noise propagation study,
we modeled the error (AUy) on the determination of the centroid of the projection
points due to data noise by a Gaussian distribution with realistic standard deviation
of 0.6 mm. For the influence of systematic deviations, we used the deviations esti-
mated from a previous refined calibration procedure with dual-head data as AP,.
All 6 degrees of freedom in APy are plotted in Fig. 5.4 as a function of kg. The two
detector heads have very different deviation patterns.

The calibration accuracies, i.e., the variance and the bias on each parameter to
be estimated, were calculated by (5.21) and (5.22), respectively. The corresponding
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Figure 5.3: (a) Configuration of the Bequé calibration phantom. (b) Cross section
of the grid of points used to evaluate the reconstruction accuracy. The point sources
are positioned on two circles with a radius of 10mm/20mm. (c) Trans-axial slice of
the Jaszczak phantom with 40 mm diameter used in study I. The diameters of the
hollow rods are given in the unit of millimeter.

reconstruction accuracies were calculated as explained in 5.3.3. The grid of points
that was used to generate UJ and UY had a cross section shown in Fig. 5.3(b).
The radius of the two circles were 10 mm and 20 mm, respectively. The complete
grid was obtained by rotating the displayed grid by 0° and 90° around the axis of
rotation.

The analytical evaluation was done with both non-truncated and truncated point
projections. The results were verified by numerical simulations with 100 noise real-
izations (see 5.3.4).

5.4.2 Jaszczak phantom reconstruction

In order to visually inspect the degradation of the reconstruction quality, we recon-
structed a Jaszczak-type phantom using the parameters estimated from different
calibration approaches. The Jaszczak-type phantom (Fig. 5.3(c)) consists of a plas-
tic cylinder with an outer diameter of 40 mm and 6 wedge-shaped sections with
multiple hollow rods having a diameter ranging from 1.5 mm to 3.0 mm in steps of
0.3 mm. This configuration facilitates us to closely examine the resolution and the
image deformation of the reconstruction image.

We scanned the Jaszczak-type phantom on a clinical dual-head gamma camera
(E.cam, Fixed 180°, Siemens Medical Solutions) equipped with the self-designed
7-pinhole collimators. For the Jaszczak phantom, we filled the hollow rods with
37 MBq ™ Tc, and scanned the phantom with 30 seconds/view in step-and-shoot
mode. The calibration data were acquired immediately after the phantom scan.
The three point sources on the calibration phantom were filled with 1.85 MBq
99mTPe each and were scanned using the same geometry but with 10 seconds/view
acquisition. The diameter of each point source was 1 mm.

For each calibration approach, the data were reconstructed twice. First, the
parameters were estimated based on the conventional calibration procedure which
assumes perfect circular camera motion. Second, the parameters adapted by the
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Figure 5.4: Plot of the systematic deviation APy acquired from a previous refined
calibration as a function of angular position kg. Different line types represent differ-
ent degrees of freedom. Angles with number 0-63 and 64-127 are for detector head
1 and head 2, respectively. The translations are expressed in mm, the rotations in
degrees.

refined calibration were used. To show the effect of the very different systematic
deviation patterns (Fig. 5.4), the reconstruction was performed for each head sep-
arately.

For the reconstruction, the activity distribution of the phantom was recon-
structed in a 72 x 72 x 88 image space with 0.62 mm? voxels. The OSEM algorithm
(see 2.4.2) was used for reconstruction with the following iteration scheme: 5 x 16,
5% 8, 5x4,5x2 5x1 (global iteration x number of subsets). Corrections for
decay and scatter were applied. Due to the small size of the phantom, the influence
of the attenuation was expected to be negligible. Therefore the attenuation within
the phantom was ignored during the reconstruction.

5.5 Results 1

5.5.1 Analytical evaluation

As an example of calibration accuracy, the results of both detector heads with trun-
cation modeling are given in Fig. 5.5 and Fig. 5.6. In the left column the standard
deviations APy on the camera-specific parameters? due to noise propagation are
plotted. In the right column, the bias on the same parameters (APp) are shown
for the given systematic deviations (Fig. 5.4). It can be seen that APy are very
small (all less than 0.3 mm or degree), whereas APp on the same parameters (for
example the focus heights f;) are much more pronounced. The three point settings

9Because of the large number of camera-specific parameters, we only present the errors on ms,
fi and n; for the second, the fourth and sixth pinhole aperture.
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Figure 5.5: Calibration accuracies of a subset of the parameters with detector head
1, yielded with different calibration point settings and with truncated point pro-
jections. Top / middle / bottom row: 3PS / 2PS-subl2 / 2PS-sub13. Left / right
column: standard deviation (APy) / bias (APg) on each parameter. Results of
four calibration methods are plotted in cluster. The unit of error is either in mm
or in degrees.

(3PS, 2PS-sub12 and 2PS-sub13) in combination of two detector heads yield similar
noise properties but very different bias on the estimated parameters.

It is not obvious from Fig. 5.5 and Fig. 5.6 which point source setting will re-
sult in better reconstruction accuracy. In table 5.4, table 5.5 and table 5.6 we give
specific values for resolution loss and image deformation for case 1, 2 and 3, respec-
tively. The figures between the brackets are the corresponding values acquired from
numerical simulations presented for validation purpose. The results are shown for
both detector heads. Mostly the reconstruction accuracies predicted by our linear
approximation model are in good agreement with those obtained from simulations.

There are several points worth noticing in these tables. First, the degradation
of the reconstruction quality due to noise is almost the same for the two detector
heads, but the degradation due to bias is quite different because of the different
systematic deviations. Second, with the given systematic deviations, the recon-
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Figure 5.6: Calibration accuracies of a subset of the parameters with detector head
2, yielded with different calibration point settings and with truncated point pro-
jections. Top / middle / bottom row: 3PS / 2PS-subl2 / 2PS-sub13. Left / right
column: standard deviation (APy) / bias (APg) on each parameter. Results of
four calibration methods are plotted in cluster. The unit of error is either in mm
or in degrees.



119

(%50°0) %500 | (1T0°0) T10°0 | (%21T°0) %ETT°0 | (610°0) STO0 | (%TH0'0) %TF0'0 | (600°0) 60070 poxy *1sIp [V
(%20°0) %8<0°0 | (TT0°0) TT0°0 | (%€0T°0) %EIT0 | (L10°0) 8T00 | (%T90°0) %920°0 | (IT0°0) 0TO0 | POXY *ISIP HJ-IOMU]
(%T180°0) %980°0 | (6£0°0) L£0°0 | (%TZT'0) %EET0 | (220°0) 920°0 | (%950°0) %FS0°0 | (120°0) 1200 | POXY *ISIP SJ-IOUL
(%026°0) %£28°0 | (6£0°0) 8800 | (%S0T'T) %621 T | (L20°0) L20°0 | (%228°0) %clLL 0 | (£20°0) 12070 Poxy *3ISIP ON

‘Jo -Suwiy SSOTT *s9Yy ‘Jo -Suwiy SSOT ‘soy ‘Jo -Suiy SSO *soy Z PesH
(9%L80°0) %950°0 | (T10°0) T10°0 | (%&11°0) %TIT0 | (810°0) 8T0°0 | (%T1¥0°0) %1¥0°0 | (600°0) 600°0 POxXy “3sIp [V
(%€20°0) %2500 | (2T0°0) TT0°0 | (%S0T0) %TIT0 | (LT0°0) 8T0°0 | (%650°0) %5500 | (0T0°0) 600°0 | POXY “ISIP HJ-1oM]
(%€80°0) %F80°0 | (££0°0) 8€0°0 | (%STT°0) %TET0 | (620°0) 200 | (%850°0) %ES0°0 | (€20°0) €600 | POXY ISIp SJ-I9U]
(%068°0) %6280 | (520°0) 6£0°0 | (%S0T'T) %EOT'T | (220°0) 9200 | (%128°0) %T192.°0 | (¥30°0) £20°0 Poxy *3ISIP ON

‘Jo -Suwy SSOrT °*soy ‘Jo -Suuy SSOrT *soy ‘Jo ‘Swy SSOT sy T pesH

£1qns-sde z1qns-sde sdeg

5.5. RESULTS I

"STOTYRINUITS WOIJ PIYe[NO[ed a1k S19orI( Ul sonfeA 'suorpoafoid pajeound) Yim | 9sed Ul ADBINdode UOTPONIISU0IY :§°G 9[qR],




CHAPTER 5. MULTI-PINHOLE SPECT CALIBRATION

120

Table 5.5: Reconstruction accuracy in case 2 with truncated projections. Values in brackets are calculated from simulations.

3PS 2PS-subl2 2PS-subl13

Head 1 Res. Loss Img. Def. Res. Loss Img. Def. Res. Loss Img. Def.

No dist. fixed 0.90 (0.78) | -28.8% (-30.8%) | 0.80 (0.72) | -41.1% (-42.1%) | 1.39 (1.04) | -22.0% (-22.3%)
Inter-PS dist. fixed | 0.99 (1.00) | 1.74% (1.81%) | 0.95 (0.97) | 1.94% (2.02%) | 1.39 (1.38) | -1.61% (-1.67%)
Inter-PH dist. fixed | 0.97 (0.96) | -0.91% (-0.83%) | 0.87 (0.89) | 1.09% (1.19%) | 1.35 (1.36) | -1.72% (-1.80%)
All dist. fixed 0.92 (0.93) | 1.24% (1.31%) | 0.90 (0.92) | 1.53% (1.63%) | 1.35 (1.36) | -1.72% (-1.81%)
Head 2 Res. Loss Img. Def. Res. Loss Img. Def. Res. Loss Img. Def.

No dist. fixed 1.44 (1.32) | -19.2% (-17.7%) | 1.35 (1.21) | -30.9% (-28.5%) | 2.36 (2.07) | -14.4% (-14.2%)
Inter-PS dist. fixed | 1.56 (1.55) | 2.88% (2.76%) | 1.52 (1.45) | 3.51% (3.32%) | 2.39 (2.32) | -3.99% (-4.40%)
Inter-PH dist. fixed | 1.49 (1.48) | -2.70% (-2.88%) | 1.28 (1.27) | 2.18% (-2.25%) | 2.34 (2.28) | -4.09% (-4.52%)
All distances fixed 1.47 (1.45) | -2.10% (-2.19%) | 1.28 (1.26) | 2.70% (2.49%) | 2.34 (2.28) | -4.09% (-4.52%)

Table 5.6: Reconstruction accuracy in case 3 with truncated projections

. Values in brackets

are calculated from simulations.

3PS 2PS-subl2 2PS-sub13

Head 1 Res. Loss Img. Def. Res. Loss Img. Def. Res. Loss Img. Def.

No dist. fixed 0.55 (0.48) | -28.7% (-30.8%) | 0.44 (0.60) | -41.2% (-41.9%) | 1.09 (1.00) | -21.8% (-22.3%)
Inter-PS dist. fixed | 0.39 (0.54) | 0.86% (0.87%) | 0.23 (0.42) | 1.14% (1.03%) | 0.80 (1.19) | -1.03% (-1.81%)
Inter-PH dist. fixed | 0.24 (0.42) | -0.34% (-0.44%) | 0.16 (0.47) | -0.95% (-0.29%) | 0.69 (1.10) | -1.12% (-1.94%)
All dist. fixed 0.26 (0.37) | 0.32% (0.34%) | 0.18 (0.38) | 0.71% (0.69%) | 0.69 (1.10) | -1.12% (-1.94%)
Head 2 Res. Loss Img. Def. Res. Loss Img. Def. Res. Loss Img. Def.

No dist. fixed 0.80 (0.80) | -18.2% (-16.5%) | 0.86 (0.60) | -31.1% (-28.1%) | 1.66 (1.90) | -13.2% (-14.1%)
Inter-PS dist. fixed | 0.66 (0.78) | 0.87% (1.43%) | 0.55 (0.71) | 1.98% (1.44%) | 1.37 (2.09) | -2.48% (-4.35%)
Inter-PH dist. fixed | 0.39 (0.55) | -1.05% (-1.28%) | 0.41 (0.50) | -1.57% (-0.61%) | 1.31 (2.05) | -2.58% (-4.46%)
All dist. fixed 0.34 (0.47) | -0.45% (-0.55%) | 0.42 (0.45) | -1.20% ( 0.40%) | 1.31 (2.05) | -2.58% (-4.47%)
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struction errors due to noise are negligible compared with those due to bias, even
for detector head 1 whose deviations are not pronounced. Third, regardless of the
cause of the error, the reconstruction accuracy (especially the image deformation)
improved if we applied the prior knowledge of either the inter-point or inter-pinhole
distances during the calibration. However the gain hardly increased when we fixed
all distances. Fourth, the negative relative deformation values in table 5.5 and 5.6
predict that the reconstructed object will be up to 40% smaller than the true object,
if no distance information is used during calibration. Fifth, since detector head 2
suffers from more severe systematic deviations than head 1, the corresponding ac-
curacies are much worse. Sixth, with the given point source position, the 2PS-sub12
leads to similar resolution properties as 3PS, whereas 2PS-sub13 results in very bad
resolution in the reconstruction. Seventh, comparing table 5.5 with table 5.6, it
can be seen that the refined calibration significantly improves the resolution in the
reconstruction. However, it hardly affects the scaling effect in the image dimension,
especially if no distances were fixed.

Note that all the results presented in this section are calculated based on trun-
cated projections.

5.5.2 Jaszczak phantom reconstruction

Fig. 5.7 and Fig. 5.8 shows trans-axial slices of 24 reconstruction images (4 calibra-
tion methods x 2 calibration procedures (conventional / refined) x 3 point settings)
reconstructed using the data of detector head 1 and head 2, respectively.

Before comparing the reconstructions with the analytical predictions, recall that
the influence of data noise is negligible compared to that of systematic deviations
based on the theoretical analysis. Therefore we expect that table 5.5 (case 2) and
table 5.6 (case 3) approximately predict the degradation of the image quality in the
reconstructions which correspond to the conventional / refined calibration.

Take Fig. 5.8 for example, we can see that if no distance is fixed during the
calibration, the reconstruction image is obviously scaled, with scaling factor 2PS-
sub12 > 3PS > 2PS-sub13. However, once we fix either inter-point or inter-pinhole
distances, the deformation becomes negligible. In all cases, the refined calibration
improves the image resolution, but hardly affects the image deformation. The reso-
lution with 2PS-sub12 is comparable with, and sometimes even better than that of
3PS. For instance, the rods with diameter of 2.1 mm are more clear and circular-
shaped with 2PS-sub12 rather than with 3PS. The resolution with 2PS-sub13 is
however much worse even with refined calibration. These findings are all in accor-
dance with table 5.5 and table 5.6.

Fig. 5.9 and Fig. 5.10 show maximum intensity projections of the reconstructions
with the three calibration settings, reconstructed using the data of each head with
refined calibration. It can be seen that the image deformation in the axial direction
is very similar to that in the trans-axial direction (Fig. 5.7 and Fig. 5.8). The axial
resolution is however difficult to compare since the phantom has little variation
along the axis of rotation.
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Figure 5.7: Trans-axial slices of Jaszczak phantom reconstructions, using the data
from detector head 1. Top / middle / bottom group: with 3PS / 2PS-subl2 /
2PS-subl3 calibration setting. Upper / lower row in each group: reconstruction
image with conventional / refined calibration. Left to right in each group: with
four different calibration methods (No distance fixed, inter-point distance(s) fixed,
inter-pinhole distances fixed and all distances fixed).
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Figure 5.8: Trans-axial slices of Jaszczak phantom reconstructions, using the data
from detector head 2. Top / middle / bottom group: with 3PS / 2PS-sub12 /
2PS-subl3 calibration setting. Upper / lower row in each group: reconstruction
image with conventional / refined calibration. Left to right in each group: with
four different calibration methods (No distance fixed, inter-point distance(s) fixed,
inter-pinhole distances fixed and all distances fixed).
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Figure 5.9: Maximum intensity projections of Jaszczak phantom reconstructions.
Top / middle / bottom: with 3ps / 2PS-sub12 / 2PS-sub13 calibration setting, using
the data from detector head 1. Parameters were estimated by refined calibration.

Figure 5.10: Maximum intensity projections of Jaszczak phantom reconstructions.
Top / middle / bottom: with 3ps / 2PS-sub12 / 2PS-sub13 calibration setting, using
the data from detector head 2. Parameters were estimated by refined calibration.
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5.6 Conclusion I

In this part, the bias and variance on each geometrical parameter (calibration accu-
racy), as well as the resolution loss and image deformation in the reconstructed im-
age (reconstruction accuracy) were estimated using the proposed analytical method.
Results show that small systematic deviations may introduce non-negligible bias on
the estimated parameters, and that the reconstruction errors are dominated by
this bias rather than by noise on the estimated coordinates of the point source
projections. It is also shown that if no prior knowledge about any distance is ap-
plied, the dimension of the reconstruction image may be considerably scaled due
to biased parameters. The two presented distance-fixing methods, i.e., fixing the
inter-point source or inter-pinhole aperture distances, yield similar, improved recon-
struction accuracy, however the latter is preferable since it facilitates simultaneous
animal-calibration data acquisition. In addition, the reconstruction errors can be
significantly reduced by carefully positioning the calibrating point sources.

5.7 Study II

In the second study, we selected the point source configuration, which facilitates
simultaneous animal-calibration scan without compromising the reconstruction im-
age quality, for our 7-pinhole collimator system. Based on the conclusion from the
first study, the influence of the data noise can be ignored compared to that of the
systematic deviations. Since we always use the two-step calibration procedure for
real measurements, we only considered case 3 for the theoretical analysis of the point
sources selection. First, we picked out good point configurations with the proposed
two types of systematic deviations, then applied the chosen 2-point configuration
to a real phantom measurement. The data were acquired using both detector heads
and at 64 projection angles equally spread over 360°. To stabilize the calibration
result, the distances between the pinhole apertures were used as prior information
during the calibration.

5.7.1 Point source selection
System Parameters

We used typical values for the geometrical parameters of the multi-pinhole SPECT
system. The focal length of the pinhole collimator (f;, with ¢ = 1,...,7) was
176 mm. The mechanical offsets of the pinhole apertures (m;, n;) were the same
as the designed values [133]. The electrical shifts (e, €,), tilt angle (®) and twist
angle (V) were set to zero. For convenience, we used the distance between the
central pinhole and the center of the image (pd), instead of the detector distance
dd, to indicate how close the object is to the pinhole collimators. The choice of pd
depends on the specific purpose of the scan: to image a small region of interest,
the detector head should be as close as possible to the object. In this case, the
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value of pd should be small but still larger than the radius of the animal carrier
(which is about 20 mm in our case). On the other hand, imaging a large part of
the object needs a large pd to increase the field of view. In order to find good point
configurations in general, three typical pd values (25, 30 and 35 mm) were used for
investigation.

To model the system deviations, we used the datasets from previous calibra-
tion scans, estimating in total 23 individual sets of systematic deviations. These
deviation data were used either directly as realistic deviations (AP$) or to obtain
W (ks) to generate WPRE deviation patterns.

Point Source Candidates

To facilitate the simultaneous animal/calibration scan, we only allowed point sources
to be attached to the animal carrier, which in most cases is a cylindrical tube. In
our case, the cylindrical tube has a radius of 20 mm, a length of 30 mm and its
central axis coincides with the AOR. Sampling the surface of the cylinder, we have
28 locations for the point source candidates (Fig. 5.11(a)). These point candidates
were equally distributed over 7 circles, which are perpendicular to the AOR and -15,
-10, -5, 0, 5, 10 and 15 mm off-center with respect to the central pinhole aperture.
Here we use PS¢ to explicitly describe the location of a point source, where s is the
off-center shift and « indicates the angular position of the point on the circle. By
definition, we have s = —15, —10, —5,0,5, 10 and 15 mm and a = 0, 7/2, 7 and 37 /2.
Fig. 5.11(b) shows the locations of these points with respect to the initial position
of the two detector heads at the beginning of the acquisition. The figure assumes
we stand in front of the gamma camera and face the gantry. The initial angular
position of detector head 1 and 2 corresponds to &« = 0 and a = =, respectively.
The value of o was increased clockwise, same as the rotation angle 6.

We selected both 2-point and 3-point configurations, which are expressed in the
format of PSZ—PSg? and PSS —PS2—PSE3, respectively. The reconstruction errors
corresponding to any 2-point and 3-point configurations were calculated using the
proposed analytical method. The results were compared across all point combi-
nations and good configurations were determined based on the principle explained
below.

Principle of Selection

Since the pinhole designs of the two detector heads are not identical and the behav-
iors of the two heads are quite different from each other (see Fig. 5.4 for example),
we calculated the reconstruction errors individually for each head. For each point
combination, the measure used to quantify the reconstruction error (RE) was cal-
culated averaging over all three pd values and both detector heads:

RE = (5.58)

1. RE% +RE¥, + REY, .o  REZ, +REY, + RE¥, o
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Figure 5.11: (a) Point source candidates on the cylindrical surface. (b) Point source
locations with respect to the initial position of the detector heads. (c¢) Trans-axial
slice of the Jaszczak phantom with 30 mm diameter used in study II. The diameters
of the hollow rods are given in the unit of millimeter.

With realistic deviation patterns, RE stands for RLeg; or IDegs;. With WPRE
deviations, RE represents either WPRL or WPID. The mean and the standard
deviation of RE were calculated over all 23 files, indicated by RE and o(RE),
respectively. o(RE) was used as a reference to see how sensitive the results are to the
possibly non-consistent systematic deviations. In addition, we also calculated the
reconstruction errors when the projection data are only subject to random noise'°.
The corresponding RE was denoted by RLygige Or IDyoise, respectively.

For high resolution small animal imaging, we are concerned more about the
spatial resolution than the image deformation in the reconstruction. Therefore the
resolution loss was considered as the main figure of merit for the selection of the
point configurations. With realistic deviations, we first pick out point configurations
which yield IDesy < 2%, and then select the one which results in the minimal
RL.st. With WPRE deviation patterns, we first choose point combinations with
WPID < 10%, and then select the one which yields the minimal WPRL.

In this study, truncation effects due to the limited field of view of the pinhole
apertures and the limited area of the detector were taken into consideration. The
former was modeled by generating masks based on the measured sensitivities of the
pinhole apertures.

Robustness Test

For practical reasons, we prefer to use the inter-pinhole aperture distances rather
than the inter-point source distance(s), as the prior knowledge during the calibra-
tion. To avoid extra efforts on placing the point sources at exact positions, we
expected that the selected point configuration is robust to small shift(s) of the

10To model the noise, the errors on the determination of the centroids of the point projections
were considered to be Gaussian distributed with a standard deviation of 0.6 mm, same as in Study
I
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point source locations, i.e., the reconstruction errors are insensitive to the deviation
between the expected point source location and the actual point source location.
To test this, we calculated the reconstruction errors related to point sources slightly
shifted with respect to the expected position for certain point configurations. Every
time we shift either a single point or all the points along one of the three axes (x-,
y- and z-) by -2 mm or 2 mm. For each shifted configuration we calculated RLest
and IDs to see how these results are influenced due to the shift(s) of the points
locations. Three point configurations were tested, i.e., the winners of the 2-point
and 3-point combinations selected with realistic deviation patterns, as well as the
Bequé calibration phantom which was optimized for a single pinhole system [21]
and was typically used in our animal experiments.

5.7.2 Phantom experiment

To visually inspect the performance of the selected point source configuration, we
reconstructed a Jaszczak-type phantom using parameters estimated with different
calibration point configurations. The Jaszczak-type phantom consists of a plastic
cylinder with an outer diameter of 30 mm and 6 wedge-shaped sections with multiple
hollow rods having a diameter ranging from 1.2 mm to 1.7 mm in steps of 0.1 mm.
It allows us to closely examine the resolution and the image deformation of the
reconstruction image.

We filled the hollow rods of the Jaszczak phantom with 37 MBq 2°™Tc and put
the phantom on the animal carrier. The phantom was positioned in the center of
the field of view, and was scanned with 30 seconds/view in step-and-shoot mode on
a clinical dual head gamma camera (E.cam, Fixed 180°, Siemens Medical Solutions)
equipped with the self-designed 7-pinhole collimators.

Two different point configurations were applied for calibration purpose. The
first one was the selected 2-point configuration attached directly to the animal tube
and was scanned simultaneously with the phantom. In order to distinguish the
projections of the point sources and the phantom, each point source was filled with
1.85 MBq '2%I rather than %" Tc. The second one is the 3-point Bequé phantom
which needs to be positioned in the center of the field of view. Each of the three
point sources on the Bequé phantom was filled with 1.85 MBq " Tc. As a separate
scan, the calibration data were acquired immediately after the phantom scan using
the same geometry but with 10 seconds/view acquisition.

In each case, the data were reconstructed twice. The first time was with the
geometric parameters estimated from conventional calibration. The second time
was with the parameters that were adapted by the refined calibration. The activity
distribution of the phantom was reconstructed using dual head data. The image
space was 72 x 72 x 88 with (0.6 mm)? voxels. The OSEM algorithm (see 2.4.2)
was used for reconstruction with the following iteration scheme: 5 x 16, 5x 8, 5 x 4,
5x 2, 5x1 (global iterations x number of subsets). No corrections for decay, scatter
and attenuation were applied.
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5.8 Results I1

5.8.1 Point source selection

Fig. 5.12 plots the relations between the proposed figures of merit for all 2-point
configurations. In Fig. 5.12(a) - 5.12(d), it can be seen that if a point configuration
results in small resolution loss (ﬁcst or WPRL), in general it also yields small im-
age deformation (ﬁest or WPID) and small standard deviation on resolution loss
(0(RLegt) or o(WPRL)), indicating that it is insensitive to the variation in system-
atic deviations. Fig. 5.12(e) plots the resolution loss calculated using two types of
systematic deviations (RLes; versus WPRL). Fig. 5.12(f) gives the relation between
RLest and RLjgise. It can be seen that the influence of data noise is negligible com-
pared with that of systematic deviations, and that the point configurations which
generate the same RLyisc may vield very different RLcg, indicating that the rule for
positioning the point sources is more strict when we take systematic deviations into
consideration. The relation between WPRL and RLejse is shown in Fig. 5.12(g). It
seems that these two measures have an approximated linear relation in most of the
cases, and that the point configuration which generates the minimal WPRL also
yields the lowest RLoise-

The point configurations selected by the principles explained in 5.7.1 are listed in
table 5.7 and table 5.8 for the two types of systematic deviations, respectively. The
point configurations which yield the minimal RLyise are shown in table 5.9. The
figures in bold are the ones used for selection. Note that the point configurations
which yield the same results with WPRE are not equivalent with realistic deviations
for different «, and that the point configurations which yield the lowest WPRL are
actually a subset of those yielding the lowest RLyoise-

Table 5.7: Point configuration selected with realistic deviations
RLest IDest WPRL WPID 1%Lnoise IDnoise

pPS™/2—psin/? 0.35 | 1.16% | 1.89 | 9.73% | 0.015 | 0.073%
PS™2-PS™/2_pST/? | 0.29 | 1.05% | 1.71 | 9.62% | 0.015 | 0.085%

Table 5.8: Point configuration selected with WPRE deviations

a RLest | IDest | WPRL | WPID | RLpoise | IDuoise
0 0.61 | 1.48%
PSY;—PS{™ | w/2 | 043 | 1.22% | 1.83 | 8.89% | 0.015 | 0.072%
m 0.62 | 2.11%
3r/2 | 0.38 | 1.30%
0 0.45 | 1.64%
PS®,,—PSS™? | 7/2 | 041 | 1.18% | 1.52 | 8.06% | 0.012 | 0.066%
—PpgoT/? 7r 0.38 | 1.55%
3r/2 | 044 | 1.11%
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Figure 5.12: Reconstruction errors of all 2-point configurations. Plots of (a) RLcst
VS [Degt- (b) RLest vs a(;RLest). (¢) WPRL vs WPID. (d) WPRL vs o(WPRL).
(¢) RLest v8 WPRL. (f) RLest v8 RLnoiso. (g) WPRL vs RLuojse.
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Table 5.9: Point configuration selected with noisy projections

ﬁest mest WPRL WPID 1{Lnoise IDnoise

PS?,;—PS7¢ | min 0.38 | 1.18% 1.83 7.91% | 0.015 | 0.072%

max | 0.71 | 3.10% 1.96 8.89%

PS™,:—PSg? | min 0.33 | 0.89% 1.52 6.96% | 0.012 | 0.066%

—PST8 max | 0.70 | 3.03% 1.82 9.08%
aq, az and ag can be any angle € [0, /2, m, 37w/2]
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Figure 5.13: Robustness test for the selected point configurations. The dia-
mond/asterisk symbol represents the 2-point/3-point configurations selected with
realistic deviation patterns. The triangle symbol represents the typical Bequé cali-
bration phantom.

The result for the robustness test is shown in Fig. 5.13. The three symbols
represent the two chosen point configurations and the Bequé calibration phantom.
For each point configuration, most of the data points concentrate within a range of
0.1 mm for the resolution loss. Therefore these configurations are considered robust
enough to be used for the measurement in practice.

5.8.2 Phantom experiment

Fig. 5.14 shows the trans-axial slices of the reconstruction images of the Jaszczak-
type phantom. It can be seen that the resolution in the image reconstructed using
the parameters estimated with the projection of the selected 2-point configuration
is very similar to that of the typical Bequé calibration phantom. The resolution in
the reconstruction image is slightly better when we applied refined calibration to
correct for systematic deviations.
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Figure 5.14: Trans-axial slices of reconstruction images of Jaszczak phantom.
Top/bottom: reconstruction with parameters estimated from projection of differ-
ent point configurations. Left/right: reconstruction with parameters estimated by
conventional/refined calibration procedure.

5.9 Conclusion II

In this part, we selected the calibration point configuration which yields accurate
and stable calibration results using the proposed analytical linear model. Two
different types of systematic deviations, the realistic deviations and the WPRE
deviations, were used for the selection. The winner of the 2-point configuration was
applied in a simultaneous phantom/calibration scan. The results showed that the
chosen point combination leads to satisfying resolution in the reconstruction image,
and that it is feasible to replace the typical Bequé calibration phantom to perform
a simultaneous animal/phantom data acquisition.

5.10 Discussion

In the first study, we considered two sources of error in multi-pinhole SPECT cal-
ibration: random measurement noise and systematic orbit deviations. For fast
estimation, we analyzed the error sources individually using an analytical linear
model. Two measures, i.e., resolution loss and image deformation, are proposed
as figures of merit to quantify the degradation of the image quality in the recon-
struction image due to each of the disturbing factors. The theoretical results show
that the presence of systematic deviations plays a key role in the degradation of the
reconstruction quality, whereas the data noise has a hardly observable effect on the
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accuracies of the reconstructed images.

In Fig. 5.5 and Fig. 5.6, not all the camera-specific parameters are given due to
the limited space in the figure. For the pinhole locations, we only plot the results
corresponding to the 2nd, 4th and 6th pinhole aperture. Actually, the results of
the 3rd, 5th and 7th pinhole are somehow similar to those of the 6th, 2nd and
4th pinhole since their configurations are approximately symmetrical. In addition,
one should note that the offset of the first pinhole n; was not fitted during the
calibration but calculated from n; = my tan ¥ [20]. This was done to determine the
location of the origin of the coordinate system along the axis of rotation [87].

In table 5.4 and table 5.5, the reconstruction errors predicted by the analytical
method are always in good agreement with those calculated from simulations. In
table 5.6, the predictions almost everywhere underestimate the image degradation
when compared to the numerical simulations. This may indicate that the refined
calibration did not completely eliminate the angular dependence of the parameters,
as assumed in (5.36) and (5.37).

The refined calibration was initialized with the result of the conventional calibra-
tion and produced similar deformation and better resolution in all distance-fixing
cases. As suggested in the introduction, we think that the refined calibration does
not find an exact solution, but rather a nearby local minimum, and therefore suf-
fers from very similar bias on the mean values of the (angle dependent) geometrical
parameters. Although the refinement improves the reconstruction quality, it does
not eliminate the problems due to this bias.

For the analytical study, we used a standard deviation of 0.6 mm to model
the Gaussian noise. This value is derived based on the calibration results of real
measurements. If we ignore the bias on the parameters, it is valid to assume that the
difference between the measured projection and the refined-calibrated projection is
only due to the noise in the measurement. The standard deviation on the difference
between the measured and the estimated refined projection coordinates was around
0.6 mm in both u— and v— directions. Taking the bias into consideration will yield
more accurate estimated projections, leading to an even smaller standard deviation.
Therefore 0.6 mm is probably a pessimistic estimate for the noise. Nevertheless, as
shown in the results, the influence of data noise is already negligible compared to
that of systematic deviations.

The bias on the estimated parameters is determined by the given systematic
deviations. Both the shape and the amplitude of the deviations greatly influence the
result. In reality, the real pattern of the deviations is always unknown and can only
be approximately estimated from previous refined calibrations. For the analytical
study we only present the results with one set of typical systematic deviations. In
fact, with all the calibration scans we ever performed, we have in total 23 different
sets of systematic deviations. We applied these deviations to 3PS and repeated the
analysis for detector head 2. For each calibration method, the standard deviation of
23 resolution loss values is about 0.2 mm for both case 2 and case 3. It means that
the motion of the gamma camera cannot be precisely reproduced every time, and
that the variation in the camera motion between the animal scan and the calibration
scan may introduce extra resolution loss in the reconstruction. Therefore, if possible,
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it is preferable to acquire the animal data and the calibration data within one single
acquisition.

Our method is general and applicable to any multi-pinhole system based on a
circularly rotating detector. Since orbit deviations are very camera-specific and
greatly influence the image quality, representative deviations need to be used when
applying the method to another system.

Based on both the analytical results and the phantom experiment, we found
that if no distance information is applied, the reconstruction may be remarkably
scaled, both trans-axially and axially, with respect to the original size due to the
lack of information about the pinhole magnification. Therefore we strongly rec-
ommend to use either the inter-point or inter-pinhole distances as prior knowledge
during calibration. For the point sources, there are two typical approaches to fix
their distances. The first one is to drill small holes on a rigid plate and fill them
with radioactivity. The disadvantage is that it usually restricts the shape of the
phantom, which compromises its use during the animal scan. This was the case
with our Bequé phantom, therefore a separate calibration scan is demanded. The
second approach is to attach the point sources to, e.g., the animal bed as sepa-
rate markers, where special procedures are required to guarantee accurately known
fixed distances between them [40]. Individual markers make it possible to perform
a simultaneous animal-calibration scan, but it requires extra effort to guarantee
the accurate inter-point distances. By contrast, fixing the inter-pinhole distances is
more straightforward. Typically multiple apertures are drilled or eroded with high
precision in a single rigid plate [112,128,133] or cylinder [18,39]. Once the distances
are accurately determined, they will be known for every scan with the same pinhole
collimator. Combining this calibration approach with the individual point source
markers (distance information is then not required) facilitates us to do simultaneous
animal-calibration data acquisitions.

To determine the inter-pinhole distances accurately, one could either trust the
specifications provided by the manufacturer, or acquire a large number of calibration
scans, e.g., using a calibration phantom with point sources at accurately known
distances, and then derive the distances between the apertures by averaging over
all calibrations. We tried both approaches. Based on the difference between the
fitted projection and the measured projection, we conclude that the averaged values
derived from repeated calibrations are more reliable than the values provided by
the manufacturer.

To facilitate discrimination between point source and animal projections, the
use of two isotopes with sufficiently different energies is recommended. DiFilippo
et al. suggested the use of Gadolinium-153 (1°*Gd), which emits among others
gammas of 97 keV and 103 keV (no higher-energy emissions) [40]. These energies
can easily be discriminated from the photopeak energies of the most commonly used
SPECT isotopes (*"™Te: 140 keV, '231: 159 keV). Additional advantages of using
two distinct isotopes are the lower dose required to discern the point sources and
the fact that a long-living isotope can be chosen, e.g., 1**Gd with a half-life of 242
days, such that the point sources do not need to be refilled for every calibration
scan.
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Usually one would expect that using more point sources for the calibration
should always produce better results. This is true if the projection data is only
disturbed by random noise. Indeed, in table 5.4, 3PS always results in better
reconstruction accuracy than 2PS-subl12 and 2PS-sub13. However, it is not the
same with the systematic deviation. In table 5.5 and 5.6, 3PS outperforms 2PS-
sub13, but has slightly worse resolution than 2PS-sub12. We assume that if one uses
projection data suffering from systematic deviations to do conventional calibration
assuming perfect camera motion, the projection data actually carries ”inaccurate”
information. If the additional point source carries less accurate information than
the other two, it might make the results slightly worse.

The same principle also applies when we compare the results with and without
truncation modeling (the analytical results related to the non-truncated case are
not shown in this thesis). With noise in the data, the reconstruction errors with
truncated projections are always inferior to those with non-truncated projections
due to the increase of uncertainty. However, when the projection data are subject
to systematic deviations, most of the time we have slightly better results with
truncated projections.

In agreement with the analytical prediction, the reconstruction images show that
2PS-subl3 yields larger reconstruction errors than 2PS-sub12, indicating that the
position of the point sources strongly influences the calibration result. Hence it is of
great interest to optimize the location of the point sources in order to minimize both
the variance and the bias on the calibration parameters. In a previous study where
only data noise was considered [136], it was found that the distance between the
point sources, measured along the axis of rotation, should be as large as possible.
The current study adds that the point sources should not be put on a line parallel
to the rotation axis. Details about the optimization of the point source locations
are presented in study II.

A phantom only provides anecdotal evidence, and since this particular phantom
has very little variation in axial direction, it only verified the predictions in two
of the three dimensions. Nevertheless, the good agreement between the analytical
predictions and the observed reconstruction quality of the Jaszczak phantom is
encouraging.

In the second study, we applied two types of systematic deviations for the se-
lection of the point source configuration. The realistic deviation patterns were
estimated from previous calibration data, therefore they were most relevant to the
behavior of our clinical gamma camera. With realistic deviations, a 2-point and
a 3-point configuration were selected particularly for the calibration of our multi-
pinhole system. However, another gamma camera may be subject to totally different
systematic deviations. Therefore we also tried to find point configurations which
are expected to provide acceptable reconstruction error with any possible deviation
pattern. It was studied by introducing a concept of worst possible reconstruc-
tion error and selecting the point source configuration with the smallest WPRE.
Based on Fig. 5.12(f), it can be seen that a small WPRL generally corresponds to
a small RLeg; as well. Therefore, although the minimal achievable WPRE is still
unacceptable (about 1.5-1.8 mm for resolution loss and 9% for image deformation),



136 CHAPTER 5. MULTI-PINHOLE SPECT CALIBRATION

one should keep in mind that it is actually over-pessimistic and the reconstruction
in reality will be much better. Therefore, very probably the corresponding point
configuration is adequate to be used in practice.

a+m

For the selection of the 2-point configuration, although PS%,,—PS7" (o« =
0,7/2,7 and 37/2) all behave equally well with WPRE deviations, PS®,,—PST,
and PS™ —PSY, are inferior to PSZ%—PS?S/ % and PS‘?;/;—PSTO/ ? for spatial resolu-
tion calculated with realistic deviations. It can be interpreted as follows. With our
camera, the second detector head is subject to more severe systematic deviations
than the first head, thus it dominates the result. The maximum deviations of this
detector head always occur when it is at the top (o = 0) and the bottom (o = )
position due to the effect of gravity. Hence, the latter two point configuration are
less sensitive to systematic deviations caused by gravity, i.e., their projections are
less distorted in the presence of our realistic deviations, and they yield better res-
olution with realistic camera motion. We expect that it is a common phenomenon
for most gamma cameras, therefore we suggest that the point sources should be
placed on a horizontal plane crossing the axis of rotation rather than on a plane
perpendicular to the floor.

Intuitively, it seems that in order to obtain a good estimate of systematic de-
viations by refined calibration, one should use the point sources sensitive to the
deviations rather than those insensitive to the deviations. This is contradictory to
what we proposed in the last paragraph. However, one should note that with the
refined calibration, it is impossible to correct all parameters for the bias yielded by
the conventional parameters, because some of those parameters are fixed during re-
fined calibration. For example, small deviations produce bias on the focus height of
the pinhole (f;) in the conventional calibration (see Fig. 5.5 and Fig. 5.6). Since the
focus height remains fixed in the refined calibration, the bias remains even if the re-
fined calibration would correctly estimate the small deviations that cause this bias.
Using point sources insensitive to systematic deviations is actually recommended to
improve the accuracy of the conventional calibration rather than that of the refined
calibration. For further improvement, a possible solution is to modify the calibra-
tion procedure, such that it can estimate all parameters in a single fitting procedure,
rather than with the current two-step procedure. Another potential solution is to
iterate between the current two calibration steps, which allows interactions between
all estimated parameters. With these approaches, a point configuration sensitive to
systematic deviations will be more appropriate than the one that is insensitive to
those deviations.

Based on the presented results, we propose some common rules for positioning
the calibration point sources, First, at least two point sources should be put apart
with respect to each other not only in the axial direction (which is what we found
with noise propagation theory [136]), but also in the trans-axial direction. Second,
to calibrate a multi-pinhole system with unknown systematic deviations, either use
two point sources placed in the horizontal plane, or use three point sources located
at different angular positions («). The latter one is recommended because it can
provide more information if one wants to estimate systematic deviations of the
gamma camera using the principle of refined calibration.
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We use the word “selection” rather than “optimization” for two reasons. First,
the choice of the point source combination is influenced by the principle of selection.
In our case, we focus more on the resolution loss and less on the image deformation.
There is no real optimal solution for both figures of merit. Second, the point source
space is only limited to the surface of a coaxial cylinder due to our special purpose.
Nevertheless, we expect that the selected point configurations are adequate for most
rotating multi-pinhole SPECT systems.
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Chapter 6

(General conclusion

6.1 Main contribution

This PhD work consists of two parts, i.e., a study about system optimization and
comparison and a study about multi-pinhole calibration. The main contributions
in each study are summarized here.

6.1.1 System optimization and comparison

We compared two types of collimator systems, namely the parallel hole (PH) and
the rotating slat (RS) collimation systems. First, the geometric configurations of
these two systems were optimized to yield the minimal variance in the reconstruc-
tion. Then, the two systems were compared with each other, using these optimized
geometries. The optimization and the comparison of the two systems was mainly
performed by two analytical methods.

New idea about system comparison

Previously, the comparative studies between the PH and the RS collimator system
were mostly based on the same collimator resolution, and the spatial resolutions
in the reconstruction image were not the same for both systems [59,60,76,77,141,
157]. In our study, we imposed equal spatial resolution in the reconstruction for
both systems. It was found that the variance in the reconstruction image is a
function of collimator resolution, and a unique minimal variance can be found for
each type of collimator at a predefined target resolution. The collimator resolution
corresponding to this minimal variance is referred to as optimal collimator aperture,
which was determined by the type of collimator (PH or RS) and the acquisition
mode (planar or volume imaging). We proposed to compare different systems, each
with its own optimal collimator aperture, in order to yield the fairest results. With
the proposed analytical methods, it was found that the ratio between the optimal
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collimator aperture of a line integral system (PH) and that of a plane integral system
(RS) is always v/2. The idea about comparing different imaging systems using their
optimized geometries is applicable to any system comparison task, as long as an
optimal configuration exists for each system for the given figure of merit.

Mathematical derivations

Based on the theory of filtered back-projection (FBP) reconstruction, we have de-
rived the concise expressions for the optimal collimator aperture at a given target
resolution, the minimal variance in the center of a uniform object, as well as the gain
(RS versus PH) in the minimal variance. The derivations were based on a simplified
acquisition model for both planar imaging and volume imaging. With mathematical
derivations, we got insight in the tradeoff between the collimator resolution and the
geometric efficiency of each collimator system. With the expressions of the gain in
the variance, it is straightforward to see that the relative performance of the two
systems is determined by the object-to-detector distance and the size of the object
with respect to that of the detector array. Although these results were derived with
a series of approximations, they are generalized by the other well-validated ana-
lytical method, namely the Fisher information-based method (FIM). FIM proves
that the basic results obtained from the FBP-based method are also approximately
valid with non-uniform, non-symmetrical objects using more sophisticated system
models.

Extension of Fisher information-based method

The Fisher information-based method is an efficient and reliable analytical method
which can be used to evaluate the resolution and the noise properties in the re-
constructions. In previous studies of our group [129], FIM was used to estimate
the linearized local impulse response (LLIR) and the covariance image correlated
to a pixel in the post-smoothed maximum likelihood expectation maximization
(MLEM) reconstruction. In this PhD study, FIM has been extended to estimate the
contrast-to-noise ratio (CNR) in regions of interest (ROIs) and the signal-to-noise
ratio (SNR) for a channelized Hotelling observer (CHO). The latter is particularly
interesting to evaluate the performance of a system in lesion detection tasks. The
estimation of these figures of merit by FIM were verified by repeated numerical sim-
ulations. With the extended Fisher information-based method, we compared the
PH and the RS systems using all these figures of merits. It was found that different
figures of merit tend to give very similar rankings in the system comparison.

6.1.2 Multi-pinhole SPECT calibration

For multi-pinhole SPECT calibration, we investigated how the errors in the mea-
sured calibration data propagate during the fitting procedure and affect the esti-
mated parameters, and how these inaccuracies are further propagated during the
reconstruction and degrade the final image quality. The analysis was performed
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using an analytical linear model, which can be applied as an efficient and powerful
tool for the optimization of the calibration configuration for multi-pinhole SPECT
systems.

Use of new prior information

For geometrical calibration of a multi-pinhole SPECT system, the data used in
the fitting procedure is normally acquired by measuring several radioactive point
sources in the field of view. To stabilize the fitting solution, prior information
is always applied during the calibration. Previously, we always used the distances
between the point sources as prior knowledge, meaning that the inter-point distances
are fixed to their true values during the fitting procedure. In this PhD work, we
explored the use of another prior information, i.e., the distances between the pinhole
apertures. Since pinholes are often drilled in a rigid plate or a rigid tube, their
distances with respect to each other are constant. These distances can easily be
implemented as prior information if they are accurately known. It was proven that
the use of this new prior information yields a very similar estimation accuracy and
reconstruction accuracy comparing to those obtained with the previously used prior
information. In addition, applying the inter-pinhole distances as prior knowledge
avoids the effort to position the point sources with exact distances with respect to
each other, making it much easier to combine the animal scan and the calibration
scan as one acquisition.

Influence of systematic deviations

In the literature [131,142], it was proven mathematically that two point sources
without distances between them are sufficient to yield a unique solution for the
geometrical calibration of rotating multi-pinhole SPECT systems. However, this
approach did not provide stable calibration results with our system. With fur-
ther investigation, it was found that this instability is due to the small deviations
between the expected camera orbit and the actual camera orbit, which we call sys-
tematic deviations. These systematic deviations yield non-negligible bias on the
estimated parameters, which degrades the spatial resolution in the reconstruction,
and may greatly scale the dimension of the reconstructions. The influence of sys-
tematic deviations on the reconstruction accuracies depends on the choice of the
point configuration (the number and the locations of the point sources) and the use
of prior information. A well-chosen point source configuration can reduce the loss
of the spatial resolution, and applying prior information about the distances, which
helps to constrain the magnification of the projection, can minimize the scaling
effect in the reconstruction.

Extension of analytical evaluation method

In a previous work of our group [19], an analytical method was developed to investi-
gate the noise propagation in single pinhole SPECT calibration. In this PhD work,
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this analytical method has been extended and fully validated to study the calibra-
tion procedure of rotating multi-pinhole SPECT systems. The extended method
incorporates the choice of different prior information about the distances, and it
can be used to estimate the variance and the bias on the estimated parameters
(calibration accuracy), as well as the resolution loss and the image deformation
(reconstruction accuracy) in the presence of random data noise and systematic de-
viations. These calibration/reconstruction accuracies can be fast estimated for a
given point configuration, thus it can be considered as a helpful tool to optimize
the point configuration for rotating multi-pinhole SPECT systems.

Simultaneous phantom/calibration acquisition

Routinely, a small animal experiment with our multi-pinhole SPECT consists of
an animal scan and a subsequent calibration scan. It is because the calibration
is always done using a 3-point calibration phantom (called Bequé phantom) which
needs to be positioned in the center of field of view, making it difficult to be com-
bined with the animal scan [21]. Due to the presence of potentially time dependent
systematic deviations, it is preferable to acquire both animal data and calibration
data within one acquisition, such that the estimated parameters are most repre-
sentative to establish the system matrix for the reconstruction of animal data. In
order to do simultaneous phantom/calibration, we selected a 2-point and a 3-point
configuration from combinations of point source candidates which are only allowed
to be attached to the animal carrier. The selection was done using the proposed
analytical method. Two types of systematic deviations were used for point config-
uration selection. One is the deviations which are most relevant to the behavior
of our camera, and the other is the deviations which yields the worst possible re-
construction errors (WPRE). The latter was considered to yield a generally good
point configuration which gives adequate result regardless of the behavior of cam-
era motion. The resultant 2-point configuration was applied to a real simultaneous
phantom/calibration scan. The results confirmed that the selected point configura-
tion yields very similar accuracy in the reconstructions compared to the typically
used Bequé phantom, meaning that it is very promising to perform simultaneous
animal/calibration acquisition in the near future.

6.2 Suggestions for future work

6.2.1 Improvement of Fisher information-based method

The Fisher information-based method is a very interesting tool for fast analysis
of the resolution and the noise properties in the reconstruction. However, it has
some limitations due to the approximations made during the derivations. One of
the major limitations is that it was derived by linearizing the solution around the
expectation value, meaning that it does not take into account the non-negativity
constraint in the EM reconstructions. Therefore, the estimates made by FIM are
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less accurate in low-count regions. Improvement has been made in [108] to compen-
sate this constraint, with assumptions that still affect the approximation accuracy.
Another limitation is that FIM assumes that the estimate is acquired at the point
of convergence. In practice, we only perform a finite number of iterations with the
reconstruction algorithm, which cannot guarantee fully converged solutions. How
to overcome these limitations is still an open question.

In emission tomography, the system response and the impulse response are shift-
variant. Besides the commonly used pixel- or Fourier-basis function, one can apply
the concept of wavelets for imaging analysis. The advantage of a wavelet basis is that
it incorporates both spatial and frequency information, making it a perfect choice
for the study of shift-variant systems. Previously, the wavelets have been applied
to do image reconstruction with multi-resolution levels [22,23, 31, 37,47, 159], or
to build the crosstalk matrix for the evaluation of the system performance [105].
One may explore the use of wavelets for calculating the approximate inverse of the
Fisher information matrix, which could lead to a more accurate solution.

In addition, it might also be interesting to compare our Fisher information-based
method with the “small ROI method” proposed in [32], which avoids the computa-
tion of the entire Fisher information matrix by evaluating the Fisher elements only
for pixels within a neighborhood of a point of interest. This formulates invertible
sub-matrices of the Fisher information matrix, which are used to estimate the best
achievable variance with the Cramér-Rao bound.

Furthermore, one can explore the feasibility of using FIM to predict artifacts in
the reconstruction. Artifacts are normally caused by the inaccuracy in the system
modeling, or due to truncated or overlapped projections (for example the multi-
plexing effect with the multi-pinhole SPECT [134]). The presence of artifacts is
expected to be reflected in the covariance images. However, there is no straight-
forward way to estimate or quantify the artifacts directly based on the covariance
images. If one could find a way to make quantitative predictions of the artifacts
with a fast analytical method, the severity of the artifact will become another fig-
ure of merit for the optimization and comparison of various tomographic imaging
systems.

6.2.2 Further improvement of multi-pinhole calibration
Simultaneous animal/calibration scan

In chapter 5, we have shown the feasibility of simultaneous animal/calibration scan
using the selected point configuration, provided that the inter-pinhole distances
are used as prior information. The advantages of performing both scans at the
same time are as follows. 1) The total acquisition time will be reduced, especially
when the experiment is performed with multiple animals and the camera geometry
needs to be adapted individually for each animal (for example a large FOV for a
whole-body scan and a small FOV for a focused ROI scan). 2) The geometry and
the camera motion are exactly the same for the calibration data and the animal
data, thus the estimated parameters, especially the systematic deviations, are more
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representative to build the system matrix used for reconstruction. Therefore, it is
our intention to apply this idea to real animal experiments. In order to distinguish
the projections of the point sources and the projection of the animal, we would
use gadolinium-153 (153Gd) for the point sources. 1**Gd has different photonpeaks
(97keV and 103keV) from the commonly used radionuclides 9" Tc (140 kev) and
1231 (159 kev) with a half life of 242 days. These characteristics make 153Gd a very
good choice for our purpose. The calibration point sources attached to the animal
carrier can also be considered as rigid markers used for the registration between the
SPECT image and the image obtained from another imaging modality (for example
the CT image). For registration purposes, 3 point sources are essentially needed.
In that case, the selected 3-point configuration should be applied.

Adaptation of calibration procedure

The current calibration procedure consists of two steps, i.e., the conventional cali-
bration and the refined calibration [99]. The former assumes that all the geometrical
parameters are constant for each acquisition angle (i.e., no systematic deviations),
and the latter uses the outputs of the first step as initial values and estimates the
6 degrees of freedom of the camera deviation individually for each projection an-
gle. It was found that with systematic deviations, the parameters estimated by
conventional calibration are biased, and this bias cannot be corrected for by refined
calibration, leading to quality degradation in the reconstruction. It might be in-
teresting to adapt the second step, such that all parameters are fitted individually
for each acquisition angle with refined calibration. To that end, first, one needs
to investigate theoretically the minimal number of point sources that can give a
unique solution for the parameter estimation at each projection angle (similar as
the work in [83] for cone-beam CT and [61] for C-arm systems), taking into account
the truncation effects due to the limited field of view of the pinhole apertures and
the limited size of the detector. Then, the accuracy and the stability of the cali-
bration results need to studied. Since the projections of increasing number of point
sources will be difficult to be distinguished from each other, it may introduce extra
errors in the identification of the mass centers of the point projections. In addition,
estimating parameters for each individual angle will be much more time consuming
than the current calibration procedure. The advantages and the limitations of such
a calibration procedure with respect to the current one need to be fully investigated
before it is applied to real experiments.



Appendix A

Effective Detector Width

In this appendix, we calculate the effective detector width for the RS collimator (see
(4.38) and (4.39)). As shown in Fig. A.1(a), we denote (c,y) the coordinates of a
point on a plane centered between two adjacent slat septa, with o measured along
the axis lying in the detector plane along the slat septa, and v measured along the
axis orthogonal to the detector. The coordinate center is taken at the center of the
detector strip, so that v is the distance between the point and the detector surface.
For this point, the effective detector width Qy (c, ) is defined as

+W/2

Qw (a,y) = /_W/2 cos® B(a — 1,y)dl (A1)

where W is the width of the detector along the slat septa, and S(a — I,7) is the
angle between the normal to the detector and the trajectory of the photon (emitted
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Figure A.1: Notations used to calculate the effective detector width a) in general
case, b) with the FBP-based method.
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from point («,y) and detected at location [ along the slat septa):

cos B(a—1,v) = W (A.2)

With the FBP-based method, we focus on the central point of the image space,
for which (a,7) = (0, D) (see Fig. A.1(b)). For convenience, we use Qy (without
the arguments « and ) to denote the effective detector width for that central point.
(A.1) yields then

+Wy2 D
Qw = / cos® (1, D)dl 7W (A.3)
w/2 vD?+W?2/4

If D >> W, (A.3) becomes



Appendix B

Geometric Efficiency

In this appendix, we calculate the geometric efficiencies £, and E; used in the data
acquisition models of (4.5), (4.6), (4.9) and (4.11) for the PH and the RS collimator
systems, respectively.

For the PH collimator (see Fig. B.1(a)), the geometric efficiency E, is shift-
invariant. For square holes, E,, is estimated as [73, 90, 145]
2 2 2
5 d, :FWHMPZQIHQO'I,
P 4rh? 47 D? wD?

(B.1)

where d,, and h,, are the length and the height of the holes, respectively, and o, (or
FWHM,,) represents the PH collimator aperture that corresponds to the center of
the image space (see (4.4)).
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Figure B.1: Notations used to calculate the geometric efficiency a) with PH colli-
mator and b) with RS collimator.
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For the RS collimator (see Fig. B.1(b)), the geometric efficiency E, is shift-
variant. The geometric efficiency of a small detector element dl at location [ along
the slat for a point source located at («,7y) in the plane defined by two adjacent
slat septa is [126]

d, dl
dnyh,

E.(a—1y)dl = cos®Ba —1,7) (B.2)
where d, is the distance between two adjacent slat septa, h, is the height of the
septa, and «, 8 and 7 are defined in appendix-A. (B.2) is used to defined the
system matrix A for the FIM method, where the detector is modeled as an array of
individual square detector elements of length dl = d,..

For the FBP-based calculation, the position-dependence of E, is ignored and
a single value is used for the entire image space. This value is calculated as the
geometric efficiency of the central point of the image space, integrated over the
whole detector strip. We denote this value as F,., without arguments. Substituting
(a,7) = (0,D) in (B.2) and integrating over the length of the detector strip, we
obtain

+W/2 d
E, = E.(I,D)dl = ——Q B.
o= [, BODI = S (B.3)

with Qyw given by (A.3). Using (4.2) and (4.4), this can also be written as

~ FWHM, V2In 20,

E, =—1ro. — Q B.4
ixD? W oDz W (B.4)

where o, (or FWHM,.) is the RS collimator aperture corresponding to the center
of the image space (see (4.4)).



Appendix C

FBP Calculation for Planar
Imaging

In this appendix, we derive the optimal collimator aperture ((4.33) and (4.34)) and
the optimized CNR gain ((4.38)) for the two collimator systems by simplifying the
acquisition models ((4.5) and (4.6)) for planar imaging (Fig. C.1).

~—diameter — ~—diameter —

(a) (b)

Figure C.1: Planar imaging a) with the PH collimator, b) with the RS collimator.

C.1 Parallel hole collimator

For a 2-D tracer distribution \(Z) in a plane parallel to the detector surface, we
model the PH data (y,) as a convolution between A(Z) and a 2-D Gaussian PSF
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with standard deviation o,, which is used to model the aperture of the collimator
holes. The data are scaled by the geometric efficiency £, and the acquisition time

T, ie.,

Yp(%) = TpxE, X()‘(_‘)®G2(f 0p))

=T,E, / f(@— gzm e~ 171°/203 g7 (C.1)

where ® represents the convolution operation, and G; denotes the ith-dimensional
isotropic Gaussian function

1
Gi($1,$27 e ,zi,o-) — WQ (11+£I?2+ B )/20' (02)

Denoting the total acquisition time as T', we have
T,=T (C.3)

since PH is stationary.

We assume the noise on the data is Poisson noise. Hence, the covariance in the
data is

Cov(y, (%), yp(¥) = yp(Z)0(Z = 7)) (C.4)

We aim to do the reconstructions with a fixed target resolution oy, with the
constraints of o; > op:

o I | _—»2 o2 1
Aip(Z) = MNZ—Y)—= |91°/2 tdy (C.5)

R2 27rat

In the Fourier space, (C.1) and (C.5) become:

o () = T,E, \(#)e 2™ 7l (C.6)
5 N 1 ~
M () = M) = () e (eky
The inverse 2-D Fourier transform of (C.7) is
do(@) = —— [ (@ — )l g
P T,E, Jg2 " 27 (o? —012,)
1 . . 2 5
- 75, (AGEHCAVER) (C.8)

(C.8) can be interpreted as follows. To reconstruct the image for PH, we should

apply a Gaussian filter with standard deviation of ,/o? — 02 to yield the target
resolution o, in the reconstructed image.
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The variance of the PH estimate \;,(Z) is

S 1 . IS
Vaur(/\tp(ac)):m/]R djj A dZ Ga(j,/oF — 02)
D D 2 2
X Go(Z, /02 — 02)Cov(yp(Z — ), yp(Z — 2))

:(T,,lep)z(G?(f’ of —0%>)2® yp(7) (C.9)

2
The convolution kernels (G2 (T, /o2 — 012,)) in (C.9) is sharply peaked around the

origin, therefore we use the data acquired by the central detector to approximate
the data acquired by all the other detectors [35]. Assuming the activity in A(Z) is
A/sec, we have

Yp(Z)=AXT, X E, (C.10)

We have the variance of the central point

AXT,xE 1 2 =12 2_ 2
Var (A, (7 ~ SZRTP g(i) =219 /2(07 ~07)
(Ap()) 20 (TpEp)?  Jge 2m(o? — o2)
A 1

= X

T,E,  4n(of — 02)
_ 4D\ o 1
 8In202T " 4w (0} — 02)

D2

-~ AT (C.11)

8In2T02(0f — o7)

To find the minimum of this variance, we derive the denominator og(af — og) with
respect to O'g and solve

d

ﬁaﬁ(af — o)) =07 —20,=0 (C.12)
P
The solution is 02 = (1/2)07, which means the optimal collimator aperture should

be equal to the target resolution divided by v/2, i.e.,
agpt =0 /V2 (C.13)

With the optimal aperture, the minimal variance of the central point in the recon-
struction yields

; D2\
man — C.14
Var, " = STl (C.14)
From (C.11), we can also write (C.14) as the function of Ej:
Var)"" = (C.15)

P 2nTE,0?
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C.2 Rotating slat collimator

For planar imaging, the data of RS is modeled as the plane integral of a 2-D tracer
distribution. We use y..(s, ¢) to denote the RS data with the usual sinogram vari-
ables, where s is the distance between the slat interval and the spin axis on the
gamma camera, and ¢ € [0, 7) denotes the angular position of the RS collimator as
it spins on the fixed camera. Similarly, The data (y,.) is modeled as a convolution
between the ideal 2-D Radon transform of A(Z) (i.e., the line integral in s) and a
1-D Gaussian PSF with standard deviation o,..

yr(s, ¢) = T, xEpx (yro(S, ¢)®G1(57 Ur))

1 12 7o 2
=T.E, ro(s — s, e 5 /295 qg/ C.16
[ ot =) (.16)

with y,o the ideal unblurred 2-D Radon transform of y,.:

ol ) = [ AEN@S(E 7 (0) 9 (©a7)

with @,.(¢) = (— sin ¢, cos ¢) the unit vector orthogonal to the slats in the detector
plane.

For fair comparison between PH and RS, the acquisition time for both collimator
systems should be the same. For RS, 7). is the acquisition time per unit spinning
angle. Integrating T;. over m results in the total acquisition time T

T = / Tod = T, (C.18)
0
Therefore
T.=T/r (C.19)

With the assumption of Poisson noise in the data, the covariance matrix of the
data is

COV(yT (S’ ¢)a yr(8/7 (b,)) = yr(57¢)6(8_8/)6(¢_¢,) (020)

In the Fourier space, (C.16) becomes

2 2 2

ZJT(Vv ¢) =T.E, ZJTO(Va ¢)€_2ﬂ- Y (C.21)

where v is the frequency conjugate to the sinogram variable s. The standard FBP
algorithm reconstructs the image A(Z) from the ideal data y,¢ by applying the ramp
filter to y,o and then backprojecting. To reconstruct the blurred image \;-(Z) with
a target resolution o, (oy > 0,.), on one hand, we should apodize the ramp filter by
the window 6_2”2"?”2, on the other hand, based on (C.21), we need to deconvolve
the slat blurring by applying a filter e+2m7v” t6 the data y, for the recovery of y,q
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before the apodization. All this leads to the conclusion that A, is reconstructed by
applying to the data y, the FBP algorithm with a convolution kernel h,.(s) that is
equal to the inverse 1-D Fourier transform of |u|e‘2”2(‘7t2_”3)”2'

The reconstruction images Ay-(Z) in the spatial domain is

M) = / "o [ dsun (@ () = 5.0 (9

T.E,
1 s
= —zd .22
7 | 40l Deh(5)eza o (C.22)
with
hr(s):/dl/|u|ef2” (62 —02)? +27rws:/d1/ilr(l/)62ﬂ—ws (C23)
R R

The variance of the RS estimate Ay (Z) is

Var(Atr(f»:m /0 "o /R ds /O "y /R ds'hy (5) (')

x Cov(y,(Z - U (¢) = 5,0),y, (T - Ur(¢') — &', ¢"))

(T;’ / d¢/d$|h )2y (- iy (B) — s, 0)
:ﬁ/o do [yr(s, )@ ()] s=7.3,(s) (C.24)

For a 2-D uniform disc distribution, we can ignore ¢ since the object is symmetrical
about the spinning axis. With the same approximation as in (C.10), the data
yr(s, @) can be written as

Yr (8, @)=AXT,. X E, xdiameter (C.25)

with diameter the diameter of object.

Based on the well-known Parseval’s theorem, we have

/ds\h :/Rdu\i}r(u)ﬁ (C.26)

With (C.26), the variance of the central point is calculated as

A x T, x B, x diameter
~ d ds|h.(
T, E,)? [ [

_ )\xdzameter/ d¢/du|h

Var(Ay-(Z))

=0

A X diameter o n5/2
= T
T.E, 16(07 — 02)3/2
VrD?\xdiameter

= C.27
8v2In2Qy To,. (042 — 02)3/2 ( )
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To find the minimum of this variance, we derive the denominator o,.(¢7 — 02)3/2

with respect to o, and solve

d
L g (07— 02 = (07— 02 30207 — 01)V2 = (07— o)V (07 ~107) = 0

(C.28)

The solution is 02 = (1/4)0?, which means that the slat aperture should be equal
to the target resolution divided by 2, i.e.,

o =04 /2 (C.29)

And the corresponding minimal variance is:

Varmin — 2/mD?\xdiameter (C.30)
3v61n2Qy To}
From (C.27), We can also write (C.30) as the function of E,:
; A X diamet
Varmin = 2 dameter (C.31)

" 63T E,o}

C.3 Comparison between PH and RS

Since we image the same tracer distribution A(#) with the same target resolution
o and the same acquisition time for both PH and RS collimator, with the minimal
variance (C.14) and (C.30), we can calculated the Gain (RS over PH) in variance:

min

opt Var,
min

Var,

Gain" =
_ DA 3Y6ln 20w To}
~\ 2m2Tof © 2y/mD2\xdiameter

33/2Qy
~\/ (871n2)1/2 x diameter

33/4 Qw
~ (871n2)1/4 *\ Giameter
Qw
= 1.1164/ — C.32
diameter ( )

With the minimal variance (C.15) and (C.31), if we define the gain of geometric
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efficiency as F' = E,./E,, we can also get the gain as the function of F:

Varmin
Gain?t = zL —
Var,

- \/ A 6\/3rTE, 0}

X
2rTE,0? = X x diameter

ET 33/2O't
= — X —_—
E, = w'/2 x diameter

33 Foy
a4\ diameter
FO'f
= 17124/ — .
diameter (C.33)
with
V810 2Qyy /47 D? Q - Q0
_ o n2Qyw /4rD*  Qw or _ w (C.34)

= X — = —/——
0281n2/4m D> V8In2 02 \/8n2o



156 APPENDIX C. FBP CALCULATION FOR PLANAR IMAGING



Appendix D

FBP Calculation for Volume
Imaging

In this appendix, we derive the optimal collimator aperture ((4.35) and (4.36)) and
the optimized CNR gain ((4.39)) by simplifying the acquisition models ((4.9) and
(4.11)) for volume imaging (Fig. D.1).

~—diameter — «~—diameter —
- -
\\ 9 \\‘ 9
4—] 4—:—
,”‘ s
A

u4,(6) % (0,0
?;‘_/ A' ,(¢3_)

z £

(a) (b)

Figure D.1: Volume imaging a) with the PH collimator, b) with the RS collimator.

D.1 Parallel hole collimator

For volume imaging, the collimator and the gamma camera rotate around the axis
of rotation [, to obtain complete tomographic data. For PH, the data is denoted

157
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as Yp(v,0, z) where v and € are the usual sinogram coordinates in a slice, and z
is the axial coordinate of that slice. In the first approximation, we neglect the
distance-dependence of the collimator blurring, and model the 2-D blurring of the
detected projection image as a 2-D convolution of the line-integral image with a
2-D Gaussian PSF with standard deviation o,. The measurement is again scaled
by the geometric efficiency E, and the acquisition time 7},:

Yp(v,0,2) =T, x By X (ypo (v, 8, 2)0G2 (v, 2, 0p))

1 / ’
=TE, / Ypo(v v’,H,z—z’)me*““?)/%idv'dz/ (D.1)
p

where y,0(v,0, z) denotes the unblurred 2-D Radon transform of A\(Z) = A(z,y, 2)
in slice z

U0 (0,6, ) = /R dENE)S(E - [, — 2)5( - T, (0) — v) (D.2)
where @, () is a unit vector orthogonal to the integration line in the slice:

Up(0) = (—siné, cos 6, 0) (D.3)
With 6 € [0, 27), the acquisition time per unit rotation angle is

T, =T/2m (D.4)
We assume Poisson noise on y,(v, 8, z), the covariance in y,(v, 0, z) is

Cov(yp(v,0,2),y,(v',0',2")) = yp(v, 0, 2)6(v —v")5(0 — 6')6(2 — 2') (D.5)
We aim to have an estimate A\, (Z) of A(Z) with a target resolution corresponding

to a 3-D Gaussian PSF of standard deviation oy, for some fixed o > 0:

1 —12 2
Ap(@) = [ M&—7 e~ 1917/298 g7 (D.6)

RS ) (2moy)3/2
Note that in the Fourier space, (D.1) becomes
Gp(1,0,0.) = T, Ep G0 (v, 0, v, )e =27 70400 (D.7)

where v is the frequency conjugate to the radial sinogram variable v, and v, is the
axial frequency conjugate to z. The filtered-backprojection algorithm reconstructs
the image A from the ideal data y,¢ by ramp filtering y,o and back-projecting. To
reconstruct the target image A¢,, the ramp filter must be multiplied by the low-pass
window e~27 ot ("*+v2)  Thig simple result is due to the separability of the multi-
dimensional Gaussian and to the fact that the 1-D apodizing filter multiplying the
ramp filter is converted into the target 2-D radial filter by the backprojection (the
central section theorem). Meanwhile, in view of (D.7), we first need to deconvolve

the collimator blurring by applying a filter eT2m° (2 6 the data yp to recover
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ypo before adopting the low-pass window. All these lead to the conclusion that A4,
is reconstructed by applying the FBP algorithm to the data y,,.

27
2TE/ d@/dv/dzypxup fvﬁxl—z)h (v, 2)

QTpEp/ df [yp(v,0, 2)@hy, (v, 2)], _~ 5(0). = L (D.8)

Ap(Z

where each projection measured at a camera position 6 is convolved with a 2-D
2 2 2 2 2
kernel h,(v, z) equal to the inverse 2-D Fourier transform of |v|e2™ (7: =) (" +v2).

hp(v,z) :/RdV/Rdyz|V|€—2ﬂ2(gf—oi)(y2+yf)e+2ni(vv+uzz) (D.Q)

The variance of this estimate A, () is:

Var(Ay, (Z))

1 2 27
- m/ dO/Rdv/Rdz/o dH'/Rdv’/dz’hp(uz)hp(v’,z’)

Cov(yp(x Up(0) — 0,0, L, —2)y (T, (0') — ', 8, . — 7))

1T / /dq/ dz|hy (v, 2) |2y, (T, (0) — v, 0, T-1, — 2) (D.10)

X

For a 3-D homogeneous circular phantom, we can ignore 6 since the phantom is
symmetrical about the rotation axis. m,(0, s, z) is then approximated as

yp(v,0, 2) = AxT,x E,xdiameter (D.11)

Using Parseval’s theorem (see (C.26)), the variance in the central point becomes:

Var(Ay, (%))
=0
~ A X TP X EP X d2iameter x 271_/ dV/ dz/Z\V|26_4”2(03_0?’)(”2+”5)
4T,Ep) R
A X diameter 9 % 1
= T S ————
AT, E, 3213 (0f — 02)?
_ 4xD?X x diameter " 1
B 81n202T 32m(0f — 02)?

D2\ x diameter
= D.12
64 1n 2TO'% (02 — 012,)2 ( )

To find the minimum of this variance, we derive the denominator 0127 (02 -0 ) with
respect to o7 and solve:
d

ﬁap(af —02)? = (07 —03)(0f —302) =0 (D.13)
JZ
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The solution is 02 = (1/3)07, which means that the collimator aperture should be
equal to the target resolution divided by v/3, i.e.,

Pt — 0,/V/3 (D.14)
The corresponding minimal variance is:

; 27D2\ x diameter
V man — D.15
ap 2561n 2700 (D-15)

From (D.12), we can also write (D.15) as the function of E,:

. 9\ X diameter
Var"" = — D.16
A 1287 T E,o} (D-16)

D.2 Rotating slat collimator

For volume imaging with the RS collimator, we model the data as the plane integral
of the 3-D tracer distribution on the plane orthogonal to the detector, defined by
the aperture between two adjacent slats. The acquired data is parametrized as
yr(s,¢,0), where s is the distance between the slat interval and the collimator
spinning axis, ¢ is the rotational position of the collimator as it spins on the fixed
camera, and 6 is the rotational position of the camera around the z axis.

Similar as before, the RS collimator resolution is modeled as a 1-D convolution
in s with a Gaussian PSF with standard deviation o,. The measurement is scaled
by the geometric efficiency F, and the acquisition time T.:

Yr (s, 6,0) =T, X E. X (yro(s, ¢, 0)@G1 (s, O'r))

= T,E, /yro — .0, )\/ﬂa e /200 g/ (D.17)

where y,o(s,¢,0) denotes the ideal 3-D Radon transform of \(Z) over the plane
II(u, (¢, 0), s) that is located at a distance s from the origin of the 3-D coordinate
system and orthogonal to a unit vector i, (¢, 0)

nals.6.0) = [ dEN@SET,(0.6) - 5 (D.13)
R3
with
Uy (¢, 0) = (—sin ¢ cos §, — sin ¢ sin 6, cos ¢) (D.19)

Since the gamma camera spins over m and rotates over 27w during the data acquisi-
tion, the time T. at each unit angular position should be

T, =T/(2n x 7) = T/2n> (D.20)
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The covariance matrix on y,.(s, ¢,6) due to Poisson noise is
Cov(y,(s,0,0),yr(s",¢',0")) = yr(s,0,0)d(s — s")3(¢ — ¢")0(0 —0)  (D.21)

In the Fourier space, (D.17) becomes:

2 2 2

g?”(”v o, 0) =T.E, gro(l/;ﬂsae)eizﬂ iad (D.22)

The standard filtered-backprojection formula for the inverse 3-D Radon transform
is:

AN@) = — /S dﬁr<w (D.23)

= 82 0s2 )s:f-a,,.(d;,e)

Recall that the second derivative corresponds to the filter —47212. Also note that
from (D.19) the spinning angle ¢ and the camera rotation angle 6 are respectively
the polar and the azimuthal angle of the plane normal (¢, 8)(with respect to the
camera rotation axis z). Therefore, the surface integration elements on the unit
sphere S? in (D.23) is di,.(¢,0) = dcos ¢df and:

2 1
@) = %/0 de/_ldcos¢4dsh(s)yro(f-ar(¢, 0) — 5, 6,0) (D.24)

where h(s) is the inverse 2-D Fourier transform of v2. Following the same lines as in
the previous sections, to reconstruct A\ we need to apodize the filter by e—2mialv?
(this is again due to the central section theorem for the 3-D Radon transform). The

filter used to reconstruct the ideal data y,o with the target resolution is thus
hir(s) = / dvpPe 2 o ot2mivs (D.25)
R

To reconstruct from y,, which is subject to the collimator blurring (see (D.17)), a
factor e*27 777" is needed to deconvolve the PSF of the slat aperture. The recon-

struction with target resolution o; then becomes:

2 1
/\tr(f) = % /O do . dcos ¢/]R dShtr(S)yTO(f : U7‘(¢a 9) -, ¢7 9)

2m 1
= 2T7]‘-E'r‘/0 dﬁlldcos¢/ﬂ§dshr(s)yT(f.ﬁT(gb,&) —5,0,0) (D.26)

with

he(s) = /Rdyy26727r2(gt2703)y2e+2‘n—ius _ /Rdl/?lr(l/)e+2mys (D.27)
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The variance of this estimate f,(Z) is:

Var(A(Z))

= 4(T1»1Er)2/02ﬂ dé /077 qu/Rds /0% de’ /07r d(;ﬁ’/Rds'singzﬁsindfhr(s)hr(s')

x Cov(y (T - a4 (¢,0) — 8,0,0),y.-(T - @-(0,0) — s',¢',0"))
1 2
= W/ do d¢ sin ¢)? d8|h )2y (& - iy (6,0) — 5,6,0)  (D.28)

Due to the symmetry of the 3-D tracer distribution, y,.(s, ¢, 0) is approximated as
yr(s,0,0) =~ X\ x T, x E, x w(diameter/2)? (D.29)
With Parseval’s theorem (see (C.26)), (D.28) becomes:

AXT.x E, X ﬂ(dzameter/Z
Var(A¢- (7)) ~ / /qu sin ¢) /ds|h (s)]?
) P AT E,)
_AXTX diameter? 9 = 9
= 67,5, X T X/Rdz/|hr(1/)|
B 3\ x diameter? /d ey 2(62—02)12
16T, E,
4n D273\ x diameter? 3

160w VB0 20, T, 12879%(07 — 02)7/2

3/2 )2 ; 2
_ 3 A X diameter (D.30)
256V 8In 2Qy To,. (07 — 02)5/2

To find the minimum of this variance, we derive the denominator o,.(¢? — ¢2)%/2

with respect to o, and solve:

d
(0} —07)*? = (07 —07)*? =507 (07 — 07)*? = (0} —07) (0} —607) = 0

do,

(D.31)

The solution is 02 = (1/6)0?, which means that the slat aperture should be equal
to the target resolution divided by v/6.

o =05,/V6 (D.32)
And the minimal variance is:
Var™in = 8173/2 D2\ x diameter? (D.33)
1600v/10In 2Qy To§

From (D.30), we can also write (D.33) as the function of E,.

2737\ x diameter?

Var™" =
" 3200v/10TE,.09

(D.34)
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D.3 Comparison between PH and RS

Similar as planar imaging, for the same tracer distribution, the same acquisition
time and the same target resolution, the gain in the variance is:

Gain®®! = (| 2
Var"'"
_|2TD?X x diameter . 1600V 10In 2Qw T'of
B 256 In2T'0) 8173/2D2\ x diameter?

55/2Q0y
~\ 6v21In273/2 x diameter

_ 55/4 y Qu
V673/4(21n 2)1/4 diameter
Qw
=1.1924/ —— D.35
diameter ( )

With the minimal variance (D.16) and (D.34), if we define the gain of geometric
efficiency as F' = E,/E,, we can also write the gain as the function of F":

Var’min
Ga‘inopt = V. fnin
ar,

_[9X x diameter L 3200V 10T E,0}
B 1287TEp0f 2737w\ x diameter?

E, 21/255/20t
=/ = x
E, = (3m)3/2 x diameter
21/455/4 FUt

(3m)3/4 V diameter

FO’t
1.653y/ —— D.36
diameter ( )

with

In 2Qyy /47 D? Q Q
_ o By /Dt Gy o iy (0.27)

012)81n 2/47 D? v/81n?2 O’% o 2v/81n 20
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Appendix E

Point-to-line distance

In this appendix, we calculate the distance (S;q(kg)) between the reconstructed
point Xf” = [xf;”, yf, zf]T and the back-projection ray which is the intersection of
two planes described by (5.23) and (5.24):

uiq(ko)Tq + buiq(ke)yg + Cuig(ko)zq + duig(ke) = 0
aviq(k(i)xq + bviq(kﬁ)yq + Cm'q(ke)zq + qu(ka) =0

with 7 and ky the index of pinhole aperture and the index of the projection angle,
respectively.

Step 1: calculate the vector of the line. The norm vectors of the two planes
are Vi = [Quiq, buigs Cuiq) and Vo = [ayiq, buig, Cuig)- The vector along the projection
ray is the cross product of these two vectors:

V;:Vl X‘/YQ (El)

Step 2: find an arbitrary point X, on the line. In order to calculate the
point-to-line distance, first we need to find an arbitrary point X, = [z, 9, z,]T on
the line (= projection ray). To do that, we need to solve

Ay Ty + buyr + cuzr + du =0 (E2)
AyZy + bvyr + 2 + dv =0 (ES)

Note that here we drop the indices of the pinhole aperture (i), the point source (g)
and the projection angle (kg) for convenience.

To stabilize the solution, we first check V,, = [vg,v¥,v7] to see along which
dimension it has the largest component. That dimension is set to zero in (E.2) and

(E.3). For example, if the largest component is vy, we set z,, = 0 in (E.2) and (E.3)
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and solve for y, and z, to obtain

Gy — Cydy
Yr = Cuby — Cuby
_ bydy, — bydy
T by — coby

(E.4)

(E.5)

Zp

Step 3: calculate the point-to-line distance. We denote the projection of

Figure E.1: Notations used to calculate the point-to-line distance.

X,f” on the line as X.. As shown in Fig. E.1, we define

Ser = Xp— X[ (E.6)
S, = X,.—X, (E.7)

Sqr can be directly calculated since we know Xf and X,. S.- is actually the
projection of Sy, along V, i.e.,

V, V,
Scr = (S r P > . L (E8)
R A A

With (E.6) and (E.8), we can calculate the point-to-line distance S, = [s7, 5%, s2]7:

Sy = Sgr — Ser (E.9)



Appendix F

Independent noise
components

Assume the K x 1 matrix AP is a sample from a distribution with zero mean
and known covariance matrix Cov(P). We wish to compute the variance on the
value HT AP, where H is a linear operator (K x 1 matrix). Here we show how
Var(HTAP) = HTcov(P)H can be computed as the sum of K independent contri-
butions.

With the matrix decomposition described in [21], the covariance matrix of the
parameters Cov(P) can be expressed as
cov(P) =TIT" (F.1)

The noise components in the k—th column can be extracted by AP, = T'ex, with
e, the k—th unit vector. The variation AP, can be linked to the measure of the
reconstruction error by the linear operator H. This measure is thus HZ APy, with
squared value

HTAP,)? = HT'AP,AP'H
k
= H™TerelTTH F.2
k

Adding all the distributions quadratically, it yields:

K K
S (H'AP)? = Y (H'Tere{I"H)
k=1 k=1
K
= > H'T(exef TTH
k=1
= H'rim’o
= HTcov(P)H (F.3)

where I is the identity matrix.
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