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Abstract

A well known problem with maximum likelihood
reconstructiorin emissiontomographyis the excessve noise
propagation. To prevent this, the objective function is often
extendedwith a Gibbs prior favoring smoothsolutions. We
hypothesizethat the following three requirementsshould
producea useful and conserative Gibbs prior for emission
tomography:1) the prior functionshouldbe concae to ensure
that the posteriorhasa uniquemaximum;2) the prior should
penalizerelative differencesratherthan absolutedifferences;
3) the prior shouldbe tolerantfor “large” differencedetween
neighboring pixels. The secondrequirementshould avoid
tuning problemscausedy the large dynamicrangeof actiity
valuesin the reconstructedmage. A simple function has
beenderived that meetsthesethreerequirements.Our initial
evaluationsndicatethatthe prior behaesasintended.

Keywords— PET, maximum lik elihood, maximum a posteriori
reconstruction

. INTRODUCTION

An effective andelegantway to suppressioisepropagation
in emission and transmissiontomographyis to implement
the reconstructionusing a maximum-a-posterioriapproach.
However, thereis no theoreticallycorrectway to implement
the prior, since the available a-priori knowledge s intuitive
and fuzzy. As a result, mary different priors have been
proposedUsually, a Gibbsdistributionis usedwhich penalizes
differencedetweeractualpixel valuesand“ideal” values.The
simplestideal modelis a uniform distribution, which requires
penalizing differencesbetweenneighboring pixels. A less
restrictve but more comple prior is obtainedby encouraging
smoothnessf the first spatialderivative of the pixel values.If
piecavise smoothnesss preferredover globalsmoothnesshe
prior shouldbe relatively tolerantfor large differenceswhich
areassumedo be dueto the signalratherthanto the noise.

In the caseof transmissiontomography the amount of
a-priori knowledge is considerablebecausethe attenuation
coeficientsin the humanbody have a limited dynamicrange,
predictable values and are known to be locally smooth.
Consequently it is acceptableto use relatively restrictve
priors. In contrastthe characteristicef theemissiorimageare
moredifficult to predict,andthe dynamicrangeis muchlarger
thanin transmissiortomography Thus, the designof a prior
for emissiontomographyis a more delicatematter Here,we
only considerpriors favoring piecavise smoothnessjsingthe
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uniformimageastheidealmodel.

The priors most often used penalizeabsolutedifferences
betweemeighboringpixels. Hence the logarithmof the prior

canbewritten as:
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where)\; is theactvity in pixel j, N; is the setof neighborsof
pixel 7 and 3 controlsthe weight of the prior. Typical choices
of thefunction®(z) are[1, 2]:
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It is well known that a quadraticprior strongly smoothsover
edgeswhichis causedy thefactthatthe gradientof the prior
is proportionalto the differencebetweenthe pixel values. To
avoid this, the HuberandGemanpriorscomparehe difference
betweenneighboringpixels with the value of a parametew.
Valuessmallerthano areconsideregmallandfor thosevalues,
theprioris nearlyquadratic Valuedargerthanoc areconsidered
largeandthe strengthof theprior is decreasecelative to thatof
the quadraticprior. The Gemanprior is extremelytolerantfor
large edges(its gradientcorvergesto zero), but asa resultit
is non-concae. The Huberprior is lesstolerantbut preseres
concaity.

In transmissiontomography selectionof o is relatively
straightforvard, becausethe typical attenuationvalues are
known in adwvance.In contrastselectings is far from obvious
in emissiontomography To avoid this problem,we propose
a new prior which penalizesrelative rather than absolute
differences.

In the next section,we proposethreerequirementsvhich
are expectedto yield a conserative and useful prior for
emissiontomography In the third section,a prior meeting
theserequirementss described. The resultsof the evaluation
on simulationsandon a clinical imageare presentedn section
four, andthework is discussedh sectionfive.

Il. REQUIREMENTS

We hypothesizethat the following three requirements
shouldresultin a usefulGibbsprior for maximum-a-posteriori
reconstruction in single photon and positron emission
tomography:

1. theGibbsprior is concae,



2. the Gibbs prior penalizesrelative differencesbetween
neighboringpixel values,

3. thegradientof the Gibbsprior shouldlevel off for large
differencedetweemeighboringpixel values.

Thefirst requiremenensureshatthe posteriorhasa unique
maximum. This avoids dependencef the resulton the initial
imageandon possibleaccelerationiechniques.

Thesecondequirementliminateghe problemof selecting
parametew to discriminatebetweensmall andlarge absolute
differences.

The third requirementis intendedto obtain maximum
toleranceor edgeswithout sacrificingconcaity, similarto the
Huberprior.

[I1. THE GIBBS PRIOR
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Figurel: A plot of —Mj; (5) asafunctionof A;, for A, = 1 andfor
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Thelogarithmof the new prior (figurel) is definedas
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where N; is setof neighborsof pixel j, paramete controls
the weightof the prior and~y controlsthe shape.The gradient
(figure2) equals
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A. Concavity
The matrix of seconddervatives containsthe following
elements:
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for all nonzero z;,z;, and non-ngatve X\; and Aj.
Consequently the matrix of secondderiatives is negative
semi-definiteimplying thattheprior is concae.

In  maximum-a-posteriori reconstruction for emission
tomography the logarithm of the posterioris obtained by
adding the logarithmsof the prior and the likelihood. The
likelihood describesthe Poissonnatureof the emissiondata
andits logarithmis concae underreasonableonditions|[3].
Consequentlyif alsothe prior is concae, the posteriordoes
not have multiple local maxima.

B. Relative differences

The maximum-a-posteriori expectation maximization
(MAPEM) reconstructioris givenby [4]

)\Old vi
oy ST 2 ©

/\j —
OV >k Cik A,?'d

where \; and A0ld arethe new and currentactvity valuesin

pixel j, y; is themeasureaountin 4, ¢;; is proportionalto the

detectionprobability and the partial derivative of the prior M

mustbe evaluatedin the new (unknawn) reconstructiom.. At

thepointof corvergence\; = /\?ld andwe have:
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wherelL is thelogarithmof thelikelihood.
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Figure3: Simplifiedreconstructiorproblem.
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Figure 3 representsa simplified reconstructionproblem
involving a singlemeasuremenj which depend®n two pixel
values\; and ;. Both pixels have a neighborfixed at the
valuesa andb respectiely.

Assuming (scaled) detection probabilities of 1, the
maximumlik elihood(MLEM) algorithmreducego
A =a0d__Y j=1,2 (11)

implying thatthe likelihoodis maximizedby ary pair of non-
negative numberswith sumequalto y. Introducingthe Gibbs
prior M andapplyingequation(10) produces:
oM oM ) Y
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Sincethe gradientof the prior (6) is a function of the ratio of
thepixel valuesgquation(12) is satisfiedwvhen
ﬁ & )\1 —a - )\2 —b
a b )\1-‘1-047)\24-1).

Thus, with prior (5) the posteriorhasa solution with equal
relative differencesasrequired.
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C. Avoiding excessive smoothing over edges.

For a quadraticprior, the gradientincreasesvith increasing
(absolutedifferencebetweemeighboringpixels,which results
in strong smoothingover edges. Sometolerancefor steep
edgesds obtainedby fixing the gradientto a constanfor large
differencesThisapproachs usedin theHuberprior [1], which
is quadratidor smalldifferencesandlinearfor large ones.

A similareffectfor relative differencebetweemeighboring
pixelsis obtainedwith the parametery in the new prior. The
gradientof the prior (6) corvergesto a constantvalue when
7|A; — Ax| islargerthan(; + ;). Consequentlytheparameter
~ controlswhich relative differencesareconsideredas*large”:
arelatve differenceof 2/~ is “intermediate”.

D. Implementation of the MAPEM algorithm

PJ. Green[4] has proposedto implementthe MAPEM
algorithm by evaluating the partial dervative OM/0\; of

equation(9) in the known currentreconstructiom©'d instead
of in the yet unknavn reconstruction\. In our experience,
this approximationworks well for low to moderatestrengths
( of the prior. However, with large 3, the denominatoiin (9)

may becomevery small or even negative, causingnumerical
problems. To avoid this, we use a differentapproach. The

MLEM algorithmcanbe written asa preconditionedyradient
ascentlgorithm:
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where L is the likelihood. The prior is included by adding
its gradient to that of the likelihood, and adapting the
preconditioner to control corvergence when the prior

dominates:
oM Zi Cij 82M
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where all partial derivatives are evaluated in the current
reconstructiom®d. This expressiorreduceso MLEM if the
likelihood dominates,and to an approximationof Newton'’s
methodif the prior dominates.Notethatthe secondderivative
of the prior is always negative for non-neative images
(equation(7)), so the denominatoiis the sum of two positive
termsif A01d > (.

In absenceof the prior, (15) is guaranteedto be
non-ngyative. Becausehe prior is designedo reducerelative
differences,it is not expectedto introduce negative values.
However, the preconditionerof the prior doesnot guarantee
non-ngatiity. To make sure,our programchecksfor negative
valuesandreplaceghemwith zero.
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V. EVALUATION

Threesimulationexperimentave beencarriedout, andthe
prior wasalsoappliedto a clinical PET whole body study

A. Smulation 1

A simulationexperimentwascarriedoutto verify if thenew
prior preseresrelative differencesasintended. The simulated
object consistsof three disks with a small hot spot nearthe
center(fig. 4). Theratio of the hot spotactvity to the actiity
in thediskwasequalto 3 for all disks. Thus,the hot spotshave
the samerelative differenceto the surroundingbackground,
but a differentabsolutedifference. Whenreconstructedvith
MAP, the recovery coeficient of the small hot spotswill be
lessthanunity, becausehe hot spotviolatesthe assumptiorof
uniformity.

Figure4: Softwarephantom.Theregionsarenumberedrom left to
right. In thefirst experiment,the backgroundn the enclosingcircle
wassetto zero.

In the first simulation,the backgroundactiity was setto
zero, and unattenuatechoise-freeprojectionswere computed.
MLEM andthree MAP reconstructionsvere computedfrom
the resultingsinograms;for MAP we appliedthe new prior,
the Huber prior and the quadraticprior. For all priors, the
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Figure 5: The objectto backgroundratio of the 3 hot spotsafter
MAP reconstructionasa function of the prior weight 3. Background
actvity andattenuatiorwerezero. Top left: quadraticprior, top right:

relative differenceprior. Bottom left: Huberprior, bottomright: the
simulatedsinogram.The horizontallinesin the graphsarethe values
obtainedwith MLEM. In all cases180iterationswereapplied.

parametersverevaried. Theresultsshavn in figure 5 arefor

a singlevalueof ~ (new prior) ando (Huberprior). However,

similar results were obtainedfor different values of those
parameters. The new prior always yielded similar recovery
coeficientsfor the threehot spots.In contrastthe otherpriors
produceddifferentrecovery coeficients. The quadraticprior

smoothanoreaggressiely in regionswith higheractiity. The
Huber prior is in its linear modefor region 3, which explains
its differentbehavior for thatregion. This resultconfirmsthat
thenew prior penalizeselative differencesatherthanabsolute
ones.

B. Smulation 2

In a secondexperimentbackgroundactvity wasaddedand
non-zeraattenuation(constantattenuatioralongthe projection
line, asin PET)wasincorporatedA uniformattenuatingbject
wasassumedgoincidingwith the backgroundactuity in figure

4. Both effects make the strengthof the likelihood position
dependeni{a measureof this strengthcan be obtainedfrom
the Fisherinformationmatrix, seee.g.[5, 6]). The presencef
backgroundactiity reduceghe strengthof thelikelihoodmost
nearlow countregions. Attenuationreduceghe strengthof the
likelihoodmorefor regionscloserto the centerof theenclosing
attenuatingpbject. Becausehe strengthof the prior is uniform,
the recovery coeficient should decreasewith decreasing
strengthof the likelihood. Figure 6 shows the results. The
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Figure 6: Sameinformation as shavn in figure 5, but now for the
simulationwith attenuatiorandbackgroundctity

relative differenceprior produceghe bestrecovery coeficient
for region 3. This is asexpected:becausehis region hasthe
highestactivity andis leastattenuatedluringthe measurement,
the sinogramprovidesmoreinformationaboutthis region than
aboutthe othertwo. Applying the quadraticprior causesnore
smoothingn region 3 thanin region 1.

C. Smulation3

A simple object was simulatedto analyzethe recovery
coeficient asa function of the contrastfor eachof the priors.
Theobjectconsistof a singledisk with a hot spotin the center
(figure 7). Theratio of the hot spotactiity to the disk actiity



wasvariedfrom 1.1to 10. Unattenuatedioise-fregprojections
were calculatedand a MAP reconstructionwas computed
with the three priors, fixing the parameterdo an arbitrary
value. Figure8 shavstheratio in thereconstructedmageasa

Figure7: The simulatedobjectof simulation3. The contrastof the
hot spotwasvaried.

function of the trueratio. Thefigure confirmsthatthe relative
differencegrior hasedgepreservingcharacteristicsomevhat
similar to that of the Huberprior. The main differenceis that
the Huber prior switchesfrom quadraticto linear modeat a
fixed point, whereashe new prior graduallymovesfrom one
modeto the other
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Figure8: The hot spotto backgroundatio asa function of the true
ratio. The symbolsare as follows: MLEM: +, new prior: squares,
Huber:triangles,guadratic:diamonds.

D. Clinical study

As anillustration, figure 9 comparegshe MLEM and MAP
reconstructedmagefor a 2D PET fluorodeoxyglucos¢FDG)
whole body studywith attenuatiorcorrection. The sixty three
planesof onebedpositionwerereconstructegimultaneously
the prior was applied using the six nearestneighborsin
threedimensionausingy = 10. The study consistsof 7 bed
positions. This patienthad a gastro-esophageahncey which
is clearly visible in the ML and MAP images. The prior
stronglysuppressethenoisein theliver (the spotsarebelieved
to be noise,sincetherewasno clinical evidencefor increased
FDG uptale in the liver), and preseres the paravertebral
lesionin the neck. At this time, the parameterdiave not yet
beenoptimizedfor clinical application,andthe effect on the
diagnostigprocessemaingo beevaluated.

ad

Figure 9: Reconstructiorof a PET whole body study with MLEM
andwith MAP usingthe new prior. The left panelshavs transaxial
imagesobtainedwith MAP (top)andMLEM (bottom),theright panel
comparegoronalslicesof MAP (left) andMLEM (right).

V. DIsCUsSION

The requirementdor the new prior are, at leastto some
extent, basedon intuition rather than on strong scientific
arguments.We believe that physiciandocuson relative rather
than on absolutedifferencesvheninspectingPET or SPECT
images. As a result, it becomesrery difficult to tunea prior
that penalizesabsolute differences, becausethe parameter
o specifiesa thresholdseparatingsmall from large absolute
differencesOur new prior alsoneedguning, but its parameter
~ separateselative differences. The transitionto the edge
preservingnodeoccurswhen~y|\; — Ax| ~ (\; + A), sothe
critical relative differenceequals2/~.

TheHuberprior hasasharpransitionbetweerguadratiand
linearmode.In contrastour new prior hasa gradualtransition.
It is not clearif this shouldbe regardedas an adwantageor a
disadwantage. The value of this prior for clinical applications
will have to be evaluatedwith obserer studies.

Fesslerand Rogers[5] have proposeda weightingstratey
for quadraticpriors that resultsin a uniform local impulse
response. The weights are proportional to the diagonal
elementsof the Fisher information matrix. = As arued
by Qi et al [6], the varianceof an MLEM pixel value is
approximatelyproportionalto the inverseof the corresponding
Fisherinformation value. Wilson et al [7] have shavn that
in absenceof attenuation,the varianceof an MLEM pixel
valueis proportionalto the reconstructedalue. Consequently
one would expectthatin absenceof attenuationmultiplying
the quadraticdifferencewith the Fisherinformation value is
approximatelyequialent to dividing it by the reconstructed
pixel value. Our new prior doesexactly that. In absenceof
attenuationit resultsin uniformrecovery, suggestin@ uniform
localimpulseresponse.

In presenceof noise and backgroundactiity, the inverse
of the reconstructeccountis no longer a good estimatefor
the Fisherinformation. Consequentlythe effect of our prior
becomesion-uniform. Onecanarguethatthis is what should
be expectedfrom a prior: it smoothsmorein regions where
lessinformationcanbe obtainedrom thedata.



V1. CONCLUSION

We have hypothesizedhat a concare Gibbs prior, which
penalizesrelative differenceshetweenneighboringpixels and
which avoids excessve smoothingover large edgesshouldbe
useful for MAP-reconstructionin emissiontomography A
prior meetingtheserequirementfiasbeenderived. Our initial
evaluationindicateghatthe prior behaesasexpected.
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