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Abstract— Previously, we developed a method to determine
the acquisition geometry of a pinhole camera. This informabn
is needed for the correct reconstruction of pinhole SPECT
images. The method uses a calibration phantom consisting of
three point sources and their positions in the field of view
influence the accuracy of the geometry estimate. This study
proposes two particular configurations of point sources wih
specific positions and orientations in the field of view for ofimal
image reconstruction accuracy. For the proposed calibratin
setups, inaccuracies of the geometry estimate due to noise i
the calibration data, only cause sub-resolution inaccuraes in
reconstructed images. The calibration method also uses a el
of the point source configuration, which is only known with
limited accuracy. The study demonstrates however, that, wh the
proposed calibration setups, the error in reconstructed inages is
comparable to the error in the phantom model. D

7

Index Terms—Pinhole, calibration, single photon emission = "
computed tomography. 3 e

|I. INTRODUCTION

The reconstruction of pinhole SPECT data requires a corrégf. 1. Pinhole Camera Acquisition Geometry. The rotatibrihe detector
description of the acquisition geometry of the pinhole camne during the acquisition is represented by
For a conventional pinhole system with a circular orbit of a

planar detector, this geometry can be uniquely described by TABLE |

the seven parameters listed in Table | and shown in figure 1 PINHOLE PARAMETERS.
[1]. The focal lengthf is the distance from the detector to Symbol Name

the focal point of the pinhole system. The distamcand the 5 Eci)sizlnlct?:fth
mechanical offsetn describe the distance from the focal point m Mechanical offset
to the rotation axis4 axis) in the directions orthogonal)and eu Electrical shifts
parallel gn) to the detector plane. The tilt and twist anglés, 8(11; Tit angle

and ¥, further describe the orientation of the detector plane - Twist angle

and the detector pixel grid:{ coordinate system) with respect
to the axis of rotation. The tilt angl@ is the angle between
the detector and the rotation axis. The twiktis the angle
between the axis and the orthogonal projection of the axis ofan be considered as an extension of previous methods,
rotation on the detector. The electrical shidtsande, finally estimating a subset of the above parameters, using oné&[2]-[
relate the location of the origin of the detector pixel grad tor two [6] point sources. To estimate all 7 parameters, three
its position in the projection image. This relation is sfied point sources are necessary and sufficient, and a model of the
as a collective translation of the pixel grid along its columpoint source configuration has to be available [1]. For most
(ew) and row ¢,) directions. For a more extended discussiopoint source configurations, the knowledge of at least two of
of these parameters, we refer to [1]. the distances between the point sources provides a sufficien
Previously, we developed a method to determine the abav@del [1]. In the practical implementation, all three distas
acquisition geometry from the SPECT acquisition of a calibrd,,, d, 5, d»3 between the point sources are taken into account
tion phantom consisting of three point sources [1]. The wethin the phantom model [1], with;; being the distance between
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TABLE Il
CALIBRATION ENTITIES.

Name # Parameters Parameters Description
Acquisition geometry 7 fyd,m,ey, ey, @, Geometry of the pinhole system.
Phantom configuration 3 di2,d13,dos Actual distances between the 3 calibration point sources.
Phantom model 3 dyy,dg, dbg Values of the distances between the 3 point sources usedcimat&ons.
Phantom position 6 te,ty,tz, p1,02, P03 Actual position & orientation of the phantom in the field ofwi.
Calibration setup 9 d12,d13,d23,tz,ty,t2, p1,p2,p3  Phantom configuration + Phantom position.

orzi,yi,21,%2,Y2,22,T3,Y3, 23

to the measured mass centers. Besides the 7 parameters oAthBhantom Projection
acquisition geometry, the positions of the point sources ar The projection coordinate = (u;(6), vi()) i=1,2,3 of

estimated as well, but not the distances between them. THS 106 calibration point sources can be calculated tinaly
is accomplished by specifying the point source coording¥es ..oy a5 4 function of the projection anglésthe acquisition

the 3 distances:», dis, da, 3 rotationsps, p», p3 and 3waANS- yo ey £ 4. m, e, e,, ®, ¥ and the point source locations
lations t,,t,,t.. The distanced s, di3, d»3 define the shape in Cartesian coordinates, s, ; i = 1,2, 3 [1].

or configuration of the calibration phantom and remain fixed

during the calibration. This rigid phantom is then corngctl m cos ¥ — 7"

positioned in the field of view by the 3 rotatiops, ps, p3 and uil®) = f d+y" +m cos ¥+ ey @
the 3 translations,, t,, ., and these rotations and translations ) "
have to be estimated by the calibration procedure. vi(6) = m sin ¥ _ “i 4 sin @ + €y )
With noisy calibration data, the acquisition geometry can d+y;
only be estimated with limited accuracy. Both the configuran which
tion of the calibration phantomd s, d13, d>3 and its position in xy! z;
the field of viewt,,t,,t, p1, p2, p3 influence this accuracy. y" | =RsRa Ry | yi 3)
In the remainder of this text, this combination of phantom 2" 2z
configuration and phantom position will be referred to a$-'ca .
ibration setup’. Additionally, the use of an incorrect ptan with
modeld!,, d},, ds (instead ofdi», di3, d23) in the calibration [ cos® sind 0
calculations can degrade this accuracy even further. Qurin R, = —sinf cosf® O (4)
reconstruction, the resulting errors on the acquisiticongetry | O 0 1
propagate into the reconstructed images, causing losatébkp M1 0 0
resolution and/or image deformation. The aim of this stugly i Ry, = 0 cos® —sind (5)
to determine an optimal calibration setup for accurate inag 0 sin® cos®
reconstruction in practice, despite noise on the calibnatiata - ,
: . cos¥ 0 —sin¥
and phantom model errors. For clarity, table Il provides an R — 0 1 0 ©6)
overview of the different entities involved in the caliboat 3 sin® 0 cos®

process. L
As mentioned in the introduction, these Cartesian coor-
dinates are transformed into a different set of coordi-
natesdi, dis, ds3, ts, ty, s, p1, p2, p3 to Separate the phan-
tom configurationd;», di3,d>3 from the phantom position
te, by, ts, p1, p2, p3. The transformation used in this text is
This section studies two sources of errors: noise on the

Il. METHOD

calibration data and the use of an incorrect phantom model i ta Cri

in the calibration calculations. Both sources of error leisu i | = | by |+ Re s Ra | cyi Y
errors on the calibration results, which, in turn, degrdue t % e Cai

accuracy of image reconstruction by loss of spatial resEmut with

and/or image deformation. First, analytical expressianghe - , q

projection of the calibration phantom are given. Next, ¢hes cosp —sinpy 0

expressions are used to calculate linear systems, whiotv all Ry = sinpy cospy 0 (8)
us to evaluate the estimation accuracy as a function of the L 0 0 1 -

noise on the calibration data and/or the errors on the phanto cospy 0 —sinp;

model. Finally, the reconstruction accuracy is derivedrfro Rs = 0 1 0 9)
this estimation accuracy by simulating and evaluating the | sinpy 0 cosps

reconstruction of a grid of point sources. For that purpose, cosps —sinps 0

however, the estimation accuracy results first have to be R¢ = sinps  cosps 0 (10)

transformed into a more suitable representation. 0 0 1



and with in which N is the matrix of the first order derivatives of the
projection coordinate§, given in (1) and (2), to the Cartesian

0 d . AR . .
Zwl 1o z” _ 62 coordinatesX of the calibration point sources. This system
C%l 0 ) c?ﬂ 0 ’ allows us to calculate the covariance matrix @@y due to
21 , Z22 ) random variations cdX) of the calibration setup
d12+d13_d23

Ca3 2d12 - cov(U) = Ncov(X) N7, (16)
Cys | = a2, — (d?ﬁd%—dga) . (11) . . ;

o 13 212 By substituting (16) now into (14), with\/ evaluated for

0 the original phantom configuratiod,, d3, ds23, the effects

In words, this transformation first places the phantom in ﬂfﬁfeﬂ(]aitirr?]r;?ig? ;:acrila:gzcsc gl;)tg?ep:én;&rgnyggzigg on
fl((é)lsditi(\)/feviv)\:ig/v gzdpog;;tlzgl?nt?ﬁ éyzhglrflgnlﬁénp;og;t ZOSoitrilvthe Finally, the combined effects of noise on the calibration
P N P J b P Y data and errors on the phantom model can easily be obtained

coordinates. The phantom is then rotated 3 timeg, ps 10 by simply summing the covariance matrices By of the
its correct orientation and eventually translated,, ¢, to the 7 =
individual effects together.

correct position in the field of view.

C. Toward Reconstruction Accuracy

The covariance matrix c@¥) provides an excellent mea-
The relations (1) to (11) define the projections of the calibrsure of the errors on the estimated parameters. In the next se
tion point sourced/ = (u;(#),v;(#)) i=1,2,3 as a function tion however, the reconstruction accuracy will be evaldated
of the unknown calibration parametef$ which consist of that evaluation starts from specific difference® instead of a
both the pinhole acquisition geometfyd, m, e, e,, ®, ¥ and covariance matrix ca\P). If the errors on the different param-
the phantom position,, t,, ., p1, p2, p3. For small variations eters of P were all independent (zero covariances), the effects
AP in these calibration parameters, we assume that tbPeach parameter errakP; = [0, ...,0,20;,0, ..., o]T j =
resulting projection coordinates can also be approximatedi, ..., 13 could be evaluated individually. In this expressien,
from the original projectiong/y by a linear system represents the standard deviation of paramgterd a value of
2 standard deviations is chosen as a conservative, bustieali
parameter error. A similar approach will here be followed. A

Here, M is a matrix containing the first order derivatives of théhown in appendix |, the covariance matrix cby(can be
projection coordinate#’, specified in (1) and (2), to each ofdécomposed as

thg _13 parameters d?P. The derivatives are evaIL_J:_jlted f_(_)r the cov(P) =T cov(Q) T =T 1 TT =117 (17)
original acquisition geometry and phantom position, yiregd _ . _ . . .
the projectionslUy. Similar to the real calibration method,in which I is the 13x13 identity matrix. (Note that this

calibration of this linear system can be performed by sgjvirlecomposition resembles an eigenvalue decomposition, but
(12) for the least square solution AfP. With AU = U —U,, the columns ofl’ do not have to form a set of normalized

this yields and orthogonal (eigen)vectors.) Consequently, theretsexs
AP = (MTM) T MTAU. (13) set of errorsAQ, which are independent of one another
and which can be translated into the parameter ertors
Expressed in this way, (13) allows us to calculate diffeesncby a linear transformatiodMP = T'AQ. Each individual
in the parameter estimateaP, due to specific changeserror AQ; = [0,...,0,2,0,...,O]T j =1,..,13 is now first
of the projection coordinateaU. Noise on the projection transformedAP; = T'AQ); to the parameter errorAP and
coordinates, being the first source of error studied in this then further processed as explained in the next section.
section, causes such differencAg/. The noise is however Appendix | provides a recursive method to calculBte
better characterized by its covariance matrix (€dy than by Finally note that the phantom position parameters
a single noise realizatioAU. This covariance matrix cq¥/) ¢,,t,,t.,p1, p2, ps are estimated during the calibration, but
is propagated through the linear estimator of (13), yigjdime that they are not used in the reconstruction process. Con-
covariance matrix ca\’) of the estimated parametels sequently, they can be ignored in the evaluation of the
T 1T T reconstruction accuracy and the above decomposition can
cov(P) = (M M) M cov(U) M(M"M)™". (14) pe restricted to the block of coP) of the parameters

The effect of phantom model errors on the estimatiofy & €u: €v; ®. ¥, yielding only 7 sets of independent pa-

accuracy, the second source of error, is studied in a twW@Mmeter ermors\ P, AP, ..., APy

step procedure. First the effect of small differenceX in

the calibration setupr;,y;,z; ¢ = 1,2,3 (which change D. Reconstruction Accuracy

the phantom modell;s, di3,d»s into di,,d'5,dy3) on the  The reconstruction accuracy is evaluated for both loss of

resulting point source projectioris is simulated by the linear spatial resolution and deformation of the reconstructeabjes

system by simulating the reconstruction of a grid of point sources.
U=Uy+ NAX (15) Relatively simple grids can be used, since the circulartorbi

B. Estimation Accuracy

U=U,+ MAP. (12)



of the pinhole camera causes circular symmetry of the reuch a case, the distancgS;p;(6)|| and||Lp;||, obtained
construction properties, with respect to the axis of rotati with those 7 sets, are first quadratically added togethéorée
(In practice, the grid of 11 coplanar point sources, shown @valuating (21) and (22).

figure 3, will be used.)

Consider the reconstruction of a point soufeg, yx, zx) I1Sk(8)]] = Z 1Skp; (0)]]2 (23)
from its pinhole projectiongu(6), v (6)) at the projection ;
anglesé. If it is reconstructed using the correct acquisition
geometryf, d, m, ey, ey, ®, ¥, all projection rays 1Ll = I Ters? (24)
fz"" + (ug(f) —mcos ¥ —e,)y" + !
d(up(8) —mcos¥ —e,) — fmcos¥ =0 This approach is based on the assumption that the 7 sets

of errors each have an independent effect on the image

2"+ (v (0) = msin¥ — e,y + i
f ( k( ) v)y reconstruction accuracy.

d(vg(0) —msin¥ —¢e,) — fmsin¥ =0 (18)

intersect at the correct poiltity., yi, z) in the field of view. 1

Mathematically, the above projection rays yield a set oédin
equations A. Optimal Calibration Setup

. EXPERIMENTS

auk (0)2 + bur (0)y + cur(8)2 + dur () =0 VO The firsthexper_imerjt evalgates the effe_ct of the calibhzstir:)r)
setup on the estimation and reconstruction accuracy, loth i
auk ()2 + ok (0)y + con(0)2 + duk(6) = 0 V6 the Ease of noisy calibration data and the case ofyphantom
or model errors. The aim is to find a calibration setup for optima
A X + B, =0 (19) reconstruction accuracy, and possibly also optimal esiima
accuracy, in practice. For this purpose, the estimation and
reconstruction accuracy are calculated, as describecttiose
II, for a large set of calibration setups. The setups are geae
systematically varying the positions of the 3 calibratio
point sources over a spherical grid of possible point source
locations in the pinhole field of view. A cross section of
Xp=- (AkTAk)_lA;{Bk (20) the grid is shown in figure 2, and the complete grid is
obtained by rotating this cross section over 0, 45, 90 and
. , — 135 degree about the axis of rotation. We assume that the
The distancesS;(6) from the 'reconstructed" point SOUTCe ot of calibration setups obtained in this way, is suffidient

R _ R ,R _R\T i H i H i
Xi* = [o,ui’, %] 1o its different projection rays, pr_ov'derepresentatlve for the actual (infinite) set of possiblécation
a measure of the loss in spatial resolution due to the incbrre : .
L . e Setups. Appendix Il further demonstrates that the spherica
calibration results. These distances can be specified &grsec . . .
T . ) volume of the point source grid covers almost the entire field
Sk = [Sak,Syk,S2x) in the zyz coordinate system with a

. . . . f . of view for pinhole cameras with small to moderate accemanc
specific length and direction. The loss in spatial resotut® P et

specified in turn as the length of the largest vector for ailh Oangles. The pinhole field of view is here defined as that
P o 9 9 R p part of space which is seen by the camera at all projection
sources and projection angles, regardless of its direction

angles. The results are inspected for the smallest possible

with the unique solutionX; = [z, yx, zx]*. For an incorrect
acquisition geometryf’, d’',m’, el , e}, ®', ¥', a similar set of
equations exists, but the system will generally be overdet
mined. We assume that in this case, the point source will

reconstructed at the least squares solution

of this linear system.

res. loss = max(max(||Sk(9)|])) (21) image deformations and resolution losses, and also for the
. ) ok lowest standard deviations of the parameter estimates.
in which [|.|| denotes the 4 norm of a vector. The experiment is performed for a pinhole camera with 24

The image deformation due to the incorrect acquisitiofly focal lengthf. The focal point is rotating at 4 cm distance
geometry is further evaluated by considering the displ@&®m ; 5round the rotation axis and the pinhole collimator has a 60
vectors Ly = [lak, lyk, L:k]" = [log — @il [yi¥ — wel. |2 —  degree acceptance angle The parameters:, ey, e,, ® and
2|]” of the reconstructed point sources with respect to they are g equal to zero, simulating an ’ideal’ pinhole system.
original locations. These vectors are first corrected foilod@d s acquisition geometry yields a field of view of 4 cm in
translation and a global rotation of all 11 point source$@lo giameter and 64 equidistant projections over 360 degree are
and around the axis of rotation. The remaining displacemetuiated. The noise on the calibration d&tés modeled by a
reflect the deformation of the reconstructed image (with I'Biagonal covariance matrix cdvj in (14) with (independent)
spect to the original phantom). This image deformation willyiances o).09 mm? (0.3 mm standard deviation) for each
be specified as the largest displacement of all the pointssur ¢oordinate oft/. This noise is visually worse than the noise
regardless of its direction of real calibration measurements with the above acquisitio

img. deform. = max(||Lg]]). (22) geometry. The phantom model errors are also represented by
k a diagonal covariance matrix ca¥{ (16), with (independent)

The decomposition of a covariance matrix ¢By = I'T”, variances 00).01 mm? (0.1 mm standard deviation) for each
explained in the previous section, yields seven sets of iGartesian coordinate of . Finally, the point source grid, used
dependent parameter estimate errdv®;, AP, ..., AP;. In to evaluate the reconstruction accuracy is shown in Figure 3



corresponding results of the linear system approaches.

- 1 -
ied ! *-. The experiment is conducted for the same pinhole and
(}@\\ | ,}2’\ acquisition characteristics as in the first experiment.
~ ! ’ *
’iﬁ N aTEe, @%\ .
®' @:@?\ ! A ;%) C. Image Deformation
) AN S ' In the previous experiment, random modificatiahs( of
! i Sl | Axis of Rotation . . . -
— === — - — B — O — e — the optimal calibration setups were generated by modifying
té—; éf’@ SN 4 ! the Cartesian coordinates of the calibration point sources
\ J&f’ ! ‘:®® ,‘é i1 = 1,2,3. For each calibration point souraeindividually,
‘® S B e ee ® N g’ this modification causes a displacement of the point source,
WLl ' N represented by the vectdrX;. In the evaluation of the recon-
&, | P struction accuracy, the displacemeigs of the point sources
“@. ! @

T R k of the point source grid of figure 3 are studied. Keeping in

mind the circular symmetry of the reconstruction propsitie
each of the calibration point sourcésan be thought to be

, _ _ _ _ _ _ located at a specific location in the grid of point sourkesas
Fig. 2. Cross section of the spherical grid of possible psmirce locations

in the field of view of the pinhole camera. The complete gridlitained by ?ndicated in the f_igures 3_and 4 (see further) by the corredpon
rotating the displayed grid over 0, 45, 90 and 135 degree talheuaxis of ing numbers. With the displacemenisX; already calculated

rotation. in the previous experiment, this additional experimentligs!
their relation with the resulting displacements—; of the

@ Point Source Location

__,-@.2___ corresponding point sources after reconstruction. It dses
& : el for both optimal calibration setups and is performed for the
1y 5 | ‘:@}3 situation in which only phantom model errors are presené Th
s \\\ i N results AP of each of the 250 calibrations of the previous
J,’ \@/' : ‘\/@:’ \\ expenmgnt are used. to evaluate the recon_struc.tlon agcurac
! ’,’ ST v as described in sectlon_ I1.D and_ t_he re_sultlng displacement
Axis of Rotationf oL ' ‘e ||ILx=;|| are compared with the original displacemejpfsX;||
— _@. — —@ — — ®— " — ®_ — _® —

of the corresponding point sources. Note that, for calibrat
setup ‘opt2’, an additional point sourcd,5’ was added to
the grid of figure 3 to enable this experiment.

The experiment is again conducted for the same pinhole and

Fig. 3. Grid of point sources to evaluate the deformationemnstructed acquisition characteristics as in the first experiment_
images. The numbers 1,2,3 and 4,5,6 indicate a relationsitipthe calibra-
tion point sources in Figure 4. The additional point source i only used
in experiment III.C for the optimal calibration setup 'opt2

@ Point Source Location
@ Additional Point Source Location

IV. RESULTS
A. Optimal Calibration Setup

With the standard deviations of the 7 acquisition paramseter
f,d,m, ey, e,,®, ¥ expressing the estimation accuracy, and

In this experiment, the validity of the linear systems (12)ith the resolution loss (21) and image deformation (22)
and (15) are evaluated for the optimal calibration setups efpressing the reconstruction accuracy, a total of 9 pamme
the first experiment. This is done by applying the calibratiop; ¢ = 1,9 express the accuracy of the entire calibration-
method to a series of simulated calibration measurementsconstruction process. For the same calibration setup, th
First, the noiseless projection locatiod§ of the calibration accuraciesp; generally differ in the different situations of
point sources are calculated with (1) and (2) for the correabisy data, phantom model errors and the combination of.both
calibration setupX. Next, 250 random noise realizations oin each situation, different calibration setups furthenimize
either the projection datd, (Gaussian noise, 0.3 mm standardifferent parameters;, yielding p7‘". No solution was found
deviation) or the calibration setu§ (Gaussian noise, 0.1 mmminimizing all 9 parameterg; simultaneously in either a
standard deviation) are generated. To evaluate the camesyf nsingle or all 3 cases.
calibration data, the calibration method is directly apglio For the case of noisy calibration data, a large number of
each of the 250 noise realizations Of. For the phantom setups can be found, yielding maximum image deformation
errors case, the noise realizationsXfare used to calculate and maximum loss of spatial resolution of less than 0.05 mm,
incorrect phantom models ,, di 5, d5, which are then used in while the attainable image resolution is expected to be 0.5
calibration calculations with the noiseless calibrati@tad/;. mm or worse. As these errors are much smaller than the
In the combined case, 250 different noise realizations df baattainable resolution, each of these setups can be coeditter
Uy and X are finally generated to simulate 250 calibrationise equally favorable. In the phantom model errors case,also
with noise on the data and phantom model errors. In ealeige number of setups can be found yielding losses in $patia
of the cases, mean values, variances and covariances ofrésolution of less than 0.05 mm, but image deformation i6 0.2
parameter estimates are calculated and compared with the or higher for all possible calibration setups. Neveghs)

B. Linear System Verification



a relatively large number of setups can be found with image(a) (b)

deformations of less than 0.25 mm. Finally, roughly the sam&@Pt1 e opt2 a
amount of setups satisfy these criteria in both cases 1@ ! ‘~®3 B\
res. loss < 0.05 mm (25) Axis olf ‘f{'?“; ) Axis o/f
S Rotation

for noisy data (26) Rotation

[y
v
1
1
. = = _——-
'
1
4

img. deform. < 0.05 mm i — CS '
res. loss < 0.05 mm ‘ del (27) “\ i "\
or model errors. : AR \
img. deform. < 0.25 mm (28) N | Y \,\EX)
This indicates that the optimality of the calibration settip @2 57

terms of the reconstruction accuracy is not very clearlyndefi ~ ® Point Source Location

and many calibration setups can in this respect be found to be
optimal Fig. 4. Optimal Calibration Setups: (a) 'optl’ and (b) 'optZhe numbers

. . . . . 1,2,3 and 4,5,6 indicate a relationship of the calibrati@npsources with
This relative abundance of calibration setups with exoéllegpecific point sources of the point source grid of Figure (3).

reconstruction accuracy in any situation, is exploited il fi

solutions which also yield good estimation accuracy. The

calibration setups "optl’ and 'opt2’ nearly minimize all 89 gisplacement2||AX;|| causing them. (Twice the value of
rameterg; simultaneously in the noisy data and the phantomi x;,|| is selected, since the errafsP were calculated from

model errors case respectively. More precisely, they mi®m tyo standard deviations of the geometric parameter estsrjat

the objective The image deformation due to an incorrect phantom model
9 ) will thereby generally be of the same magnitude or less than
> (pi - prin)2 (29)  the deformation of the phantom model itself.

i=1
in those respective cases (with the parameteexpressed in
millimeters or degrees), while also satisfying the recartst B. Linear System Verification

t?on accuracy conditio_ns (25) t0 (28). The setups are_ shown i The results of the calibration simulations are indicated
figure 4 and table III lists the parametgrstogether with the by 'siml’ and 'sim2’ for the calibration setups ’optl’ and

- min -
minimum valuegp;"™ for each case. Note that the mlnlmumopt2’ respectively. The standard deviations of the parame

valuesp™™ are generally obtained with different calibratior}ers estimates, presented table IlI, show excellent agraem
setups. Both optimal setups consist of a triangular phanto[{gtween the I}near system and s'imulation approaches. The
configuration with the axis of rotation in the plane of th% rrelations between the estimates of the different pateame
t_riangle qnd al 3 poi,nt sources on the edge of the (Sp.hericggtimates, shown in table IV, further show good agreement
f|_eld of view. In "optl t_he tnanglg IS |sos,cele§, with Fher_tlh as well between the different approaches. (Note that thescro
S|dg|paralllel tg the axis of rotatlon: Ir; opt2 d the t;:anghg cqrrelations for parameters with zero variance are omitted
(rec?tglti?)tr?ra and one point source Is located on the axis Bble IV). Finally, the linear system approaches assume zer
) bias on the parameter estimate results. Table V lists thexmea

Salues of the different parameter estimates. Considetieg t

gﬁgorr?;?gﬁ] ';;ngl];?;rtshia?;g?ggvz(gtzi\?glfo;rfgesgss'%/mdat"%andard deviations for these parameter estimates, thea mea
P P y 9 Values are always very close to the correct values, confgrmin

restrictions (25) to (28) (in both cases). In comparisorhwi - SR . ,
the calibration setups (a), the setups (b) to (f) yield onlytﬂ;it\é?:g'ty of the zero bias implicit assumption of the fne

marginal increase in the value of the objective (29), intiiga
that this cost is relatively flat and that multiple effectiygtima
are actually available. C
Regardless of the situation in which they were tested, the
optimal calibration setups 'optl’ and 'opt2’ only show sinal In figure 7, the displacementsL;|| of the reconstructed
deviations from the optimal accuracy. In terms of recorstrupoint sourced, 2,3 and4, 5,6 of figure 3 are plotted against
tion accuracy, the differences are so small that they wile initial displacementsAX; of the corresponding point
not be noticeable in practice. In the phantom model errogsurces of the calibration setups 'optl’ and 'opt2’ respeb.
and combined cases, the calibration setup 'optl’ showsTae reconstruction image deformatiofjé;|| are generally
marked increase in the standard deviation of the focal kengtmaller than the modeling errofig\ X, || for both calibration
f and small increases in the standard deviations,cind®. setups and for each of its point sources. The sum of the dis-
The calibration setup 'opt2’ on the other hand, shows smallacementg|L;|| of the point source reconstructiohs2, 3 or
increases in the standard deviationsfofi, e, and ® in the 4,5,6 is further always less than the sum of the corresponding
case of noisy calibration data and in the combined case. modeling errord|AX;||. These data again support the earlier
The image deformations (0.215 mm and 0.202 mm) abservation that the reconstruction image deformationtdue
the optimal setups in the phantom error case are cleady incorrect phantom model is of the same magnitude or less
smaller than the 0.346 mm root mean square value of ttiean the deformation of the phantom model itself.

Image Deformation



TABLE Il

Reconstruction Accuracy

Estimation Accuracy (Standard deiation)

img. deform. res. loss f d m ey ey P 0\
[mm] [mm] [mm]  [mm] [mm] [mm] [mm] ([deg] [deq]
Data Noise min 0.013 0.024 0.20 0.03 0.03 0.22 0.19 0.04 0.01
optl 0.014 0.025 0.21 0.03 0.03 0.23 0.19 0.04 0.01
sim1 0.22 0.03 0.03 0.23 0.20 0.04 0.01
opt2 0.018 0.034 0.35 0.05 0.03 0.23 0.29 0.05 0.01
sim2 0.35 0.05 0.03 0.23 0.31 0.05 0.01
Model Errors  min 0.201 0.002 0.00 0.12 0.00 0.00 2.77 0.66 0.00
opt1 0.215 0.027 0.54 0.13 0.00 0.00 2.95 0.71 0.00
sim1 0.53 0.13 0.00 0.02 2.93 0.70 0.00
opt2 0.202 0.002 0.00 0.12 0.00 0.00 2.77 0.66 0.00
sim2 0.05 0.11 0.00 0.01 2.63 0.63 0.00
Combination min 0.202 0.025 0.20 0.12 0.03 0.22 2.78 0.66 0.01
optl 0.215 0.037 0.58 0.13 0.03 0.23 2.95 0.71 0.01
sim1 0.58 0.13 0.03 0.23 2.95 0.71 0.01
opt2 0.203 0.034 0.35 0.13 0.03 0.23 2.79 0.66 0.01
sim2 0.33 0.13 0.03 0.24 2.76 0.66 0.01
TABLE IV
PARAMETER ESTIMATE CROSSCORRELATIONS
Data f d m ey ey [ U f d m ey ey [ U
Noise I 1.00 0.97 0.00 0.00 0.00 0.00 0.00 f 1.00 0.99 0.00 0.00 0.70 0.52 0.00
d 1.00 0.00 0.00 0.00 0.00 0.00 d 1.00 0.00 0.00 0.71 0.51 0.00
m 1.00 -1.00 0.00 0.00 0.00 m 1.00 -1.00 0.00 0.00 0.03
ey 1.00 0.00 0.00 0.00 ey 1.00 0.00 0.00 0.03
ey optl 1.00 0.92 0.00 e, opt2 1.00 0.92 0.00
i) 1.00 000 ¢ 1.00 0.00
\J 1.00 © 1.00
f d m ey ey [ U f d m ey €y [ U
f 1.00 0.97 -0.06 0.06 -0.08 -0.12 -0.06 f 1.00 0.99 -0.07 0.07 0.69 0.52 -0.18
d 1.00 -0.04 005 -0.08 -0.13 -0.07 d 1.00 -0.07 0.07 0.70 0.51 -0.17
m 1.00 -1.00 0.02 -0.01 -0.09 m 1.00 -1.00 -0.03 -0.05 -0.07
ey 1.00 -0.03 0.00 -0.09 e, 1.00 0.03 0.05 0.08
ey siml 1.00 091 0.00 ey sim2 1.00 0.93 -0.02
i) 1.00 006 & 1.00 0.00
\J 1.00 © 1.00
Model f d m ey ey P N7 f d m ey ey [} U
Errors f 1.00 0.43 0.00 0.00 f 1.00
d 1.00 0.00 0.00 d 1.00 0.00 0.00
m 1.00 m 1.00
ey 1.00 ey 1.00
ey optl 1.00 1.00 ey opt2 1.00 1.00
o) 1.00 P 1.00
L 1.00 ©¥ 1.00
f d m ey ey [ U f d m ey €y [ U
f 1.00 0.43 -0.08 -0.08 f 1.00
d 1.00 -0.09 -0.09 d 1.00 0.14 0.14
m 1.00 m 1.00
ey 1.00 ey 1.00
ey siml 1.00 1.00 ey sim2 1.00 1.00
o) 1.00 P 1.00
\J 1.00 © 1.00
Combi- f d m ey ey P N7 f d m ey ey [} N7
nation f 1.00 0.47 0.00 0.00 0.00 0.00 0.00 f 1.00 041 0.00 0.00 0.07 0.04 0.00
d 1.00 0.00 0.00 0.00 0.00 0.00 d 1.00 0.00 0.00 0.03 0.02 0.00
m 1.00 -1.00 0.00 0.00 0.00 m 1.00 -1.00 0.00 0.00 0.03
ey 1.00 0.00 0.00 0.00 ey 1.00 0.00 0.00 -0.03
ey optl 1.00 1.00 0.00 ey opt2 1.00 1.00 0.00
i) 1.00 000 ¢ 1.00 0.00
\J 1.00 © 1.00
f d m €y ey [ v f d m ey €y [ U
f 1.00 0.49 -0.06 0.05 0.00 0.00 005 f 100 042 0.05 -0.05 0.07 0.04 0.09
d 1.00 -0.08 0.09 0.03 0.03 0.03 d 1.00 0.06 -0.06 0.07 0.06 -0.01
m 1.00 -1.00 0.05 0.05 0.00 m 1.00 -1.00 -0.01 -0.01 -0.04
ey 1.00 -0.05 -0.06 0.01 e, 1.00 0.02 0.02 0.04
ey siml 1.00 1.00 -0.12 e, sim2 1.00 1.00 -0.01
i) 1.00 -0.13 & 1.00 -0.01
L) 1.00 © 1.00

Cross correlations for parameters with zero standard tiewiare omitted.
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Fig. 5. The 6 calibration setups with the best performancterims of the objective (29) for noisy calibration data. Tiadue of objective (29) is indicated

in the figure. The circle represents the intersection of tezbntal plane containing the axis of rotation (the dasttetl line) with the pinhole field of

view. Asterisks indicate the position of the point sourcésoptl’. The solid triangles show the calibration setups3in, while the dotted triangles are the
orthogonal projections of these calibration setups on tirizbintal plane.

TABLE V
Estimation Accuracy (Mean value)
f d m €y €y [ )\
[mm]  [mm] [mm] [mm] [mm] [deg] [deg]
Exact opt 240.00 40.00 0.00 0.00 0.00 0.00 0.00
Data Noise siml 239.99 40.00 0.00 0.01 0.00 0.00 0.00
sim2 240.01 40.00 0.00 0.03 0.03 0.01 0.00
Model Errors siml 239.96 40.01 0.00 0.00 -0.13 -0.03 0.00
sim2 240.01 40.01 0.00 0.00 0.32 0.07 0.00
Combination siml 239.96 40.00 0.00 -0.02 0.32 0.08  0.00
sim2 240.03 40.01 0.00 -0.01 0.14 0.03 0.00

V. DISCUSSION image. The calibration minimizes the inconsistency betwee

the fixed, but incorrect phantom model and the measured

The method we developed to determine the acquisitié¥iojections by modifying the projector. During reconstioie,
geometry of a pinhole camera [1], is based on the assumptiBg same projector is then used to generate an image, which
that the calibration phantom is the representation of aména s consistent with its projections.
which can be thought of as an infinite collection of point The optimal calibration setups seem to agree with earlier
sources. Stated in this way, the best calibration phantem findings of Wanget al. [4] and Nooet al. [6] about optimal
the one best representing the entire image. From this pbintsetups for their calibration methods. Waagal. [4] used a
view, the best way to improve the phantom probably consisigle calibration point source and reported that the egton
in adding additional point sources to it. It also suggest thaccuracy improved with larger distances between the point
the point sources should be distributed to cover the engéte fi source and the axis of rotation. On the other hand, Koo
of view, although not necessarily in a uniform way. Our resulal. [6] used two point sources and reported that these point
indicate that the theoretically minimal number of pointsms sources should be placed well apart from each other and from
[1], placed at well chosen locations in the field of view, ishe focal plane, with the focal plane being the plane in which
already sufficient for practical purposes. The above cancdpe focal point is rotating during image acquisition. In ot
also explains how the use of an incorrect phantom modeptimal calibration setups, the point sources are all kxtain
results in an equivalent deformation of the reconstructélde edge of the field of view, yielding the best compromise in
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Fig. 6. The 6 calibration setups with the best performanceerims of the objective (29) for phantom model errors. Theealf objective (29) is indicated

in the figure. The circle represents the intersection of tbezbntal plane containing the axis of rotation (the dasttatl line) with the pinhole field of

view. Asterisks indicate the position of the point sourcésopt2’. The solid triangles show the calibration setups3in, while the dotted triangles are the
orthogonal projections of these calibration setups on tivizbintal plane.
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Fig. 7. Displacement$|L;|| of the reconstructed point sources versus the displacenfighfX;|| of the calibration model with respect to the phantom
configuration. (a) results for 'optl’ and (b) results for tdp
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distance to the axis of rotation and distance to the focalglaaccuracyA P for that particular noise realizatioAU, while

for a spherical field of view. In calibration setup 'optl’,ipb the calibration covariance matrix ca?) can still be calculated
source 2 is located exactly in the focal plane, but at theelstrg from a sufficiently large number of simulations, like in the
possible distance from the rotation axis. The point souficessecond and third experiment. Unfortunately, this procedhas

and 3 on the other hand, are located at a considerable distatache repeated for each calibration setup and is far too stow f
from the focal plane, but without sacrificing too much of theisuch purposes. A second possibility is the use of some linear
distance to the rotation axis. In the calibration setup 2gpt system to evaluate the reconstruction accuracy directlyn fr
point source 6 is placed as far as possible from the focakplaihe covariance matrix co¥), avoiding its decomposition.
and therefore on the axis of rotation. Point sources 4 andH®wever, the reconstruction accuracy must be evaluated for
are placed at a considerable distance from the axis of ootatiboth image deformation and spatial resolution. Further, a
but now closer to the focal plane. Some types of calibratigiobal rotation and translation of the reconstructed image
setups are also specifically prohibited by theory [1]. The should not be considered as image deformations. No linear
point sources each must have a different position, they msaystem has been found that satisfies these requirements.

not all 3 have the same coordinate and at least one point
source must be located off the axis of rotation. As expected,
the optimal calibration setups are clearly different frdmede

forbidden setups. o Two specific configurations of three point sources with a
In practice, noise on the calibration data and errors @fecific position and orientation in the field of view haverbee
the phantom model will always be present in calibratiogroposed as optimal pinhole SPECT calibration setups ie-pra
experiments. In theory, the optimal setup for each padiculjce The setups yield optimal reconstruction accuracyijlevh
calibration may depend on the_relafcive magnitude of theenoig,e accuracy of the estimated pinhole acquisition geonistry
and the model errors. The calibration setups we propose, ABRrly optimal as well. With the proposed calibration sstup

however nearly optimal for both noise and model errors, WhiGrors in the phantom model will cause image deformations
suggests that their performance is rather independenti®f thf the same magnitude or less.

relative magnitude. Further, for the realistic noise legél

the experiments, the small phantom model errors (0.1 mm

standard deviation) clearly dominate the reconstructimmua APPENDIX |

racy. Note however, that for a fixed phantom configuration, COVARIANCE MATRIX DECOMPOSITION

the phantom model (distances between the point sources) OnIThis section demonstrates a recursive method to calculate

needs to be measured once. Consequently, this should be %gematrixr of (15) for a small 3x3 covariance matrix
with care to keep the errors below the maximum tolerable

VI. CONCLUSION

deformations of reconstructed images. The inaccuracies du Opw Ony Ou-
to noise, on the other hand, only have a very limited impact cov(P) = | 0wy 0y 0y |- (30)
on the reconstruction accuracy with the proposed calitmati Opz Oys Osn

setups and further noise reduction does not seem necessary.

Apart from being quite simple and ignoring the differenc&he first column ofl", which equals%, is calculated as
between millimeters and degrees, one can argue that the

objective (29) used to find the optimal calibration setugst16 AP, Oua
and ’opt2’ is rather arbitrary. The main conclusion of sewti 5 = | W0 (31)
IV.A is however that the geometrically attractive setupstio B\ Oz

and ’'opt2’ yield nearly the best possible accuracies of aII_th
parameters;, especially with respect to the reconstructiolt’

accuracy, and they do so in all situations studied. Although o = % (32)
the objective (29) may be simple, it will penalize caliboati Tae
setups with a markedly different behavior. Further, other B =g (33)

setups closely resembling 'optl’ and 'opt2’ yield very dami

accuracies in terms of the above objective (see figure 5 a%r(]jd co\P) is modified into coy’1)

6), suggesting that the overall accuracy related to thequeg 0 0 0
setups is stable as well. _ _ . cov(P) = | 0 oy —0%0., 0y —aBos, | . (34)
The approach of the first experiment to start with a lin- 0 0y:— aBosy Oux — B200a

ear system to calculate the calibration covariance matrix

cov(P) and then decompose it into a set of independelm this new covariance matrix co¥;), the variance ofz
errors APy, ..., AP; to evaluate the reconstruction accuracyjas been eliminated and the variances yofand z have
may seem cumbersome. Two possible solutions have bdmen reduced by the appropriate amount, according to their
considered. A first solution might be to perform a series @bvariances with the parameterThe covariance, . has also
calibration simulations with noisy data setS[{) to calculate been adapted to the new values of the varianceg ahd z.

the estimation accuracy. The resultP of each simulation The above procedure is now systematically repeated for the
individually can then be used to evaluate the reconstructiother diagonal elements, yielding the other column§ .ofFor
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Pinhole

Pinhole Camera Camera

Focal Point

’ A Field of
View

Point Source

z
) ) Fig. 9. Pinhole SPECT Field of View.
Pinhole View Cone
rotation, the angley, maximizes to
Fig. 8. Point source rotating in front of a stationary pirdhchmera. Op.mas = arctan (dj:r) if 2 + 22 > rd (38)
a,, = arctan (,/%) if 2 + 2% < rd.(39)
the above 3x3 matrix this procedure yields pmas =iz
At this maximum angle position of the point soureg ..,
Oz 0 . 0 the radius of rotation,,,, that yieldsay, .. = a can be
/Ozz /Oy — %02 0 calculated
= o+ .
B\Ooz Y\ Oyy — ¥*0sz Uéz 9 v 2y Tmae = d — o= if z > dsinacosa (40)
(a v =B )Umc ana
(35) Fmae = Vd2sin? a — 22 if z < dsinacosa. (41)
and with

Figure 9 illustrates the shape of this field of view. The field
(36) of view consists of a central spherical zone<( dsin a cos o)

with two conical extensions along the rotation axis
From (35), it is easy to proof that ca@f = I'T? (17) dsinacosa). From this observation, it is easy to calculate
and extension of the method to larger covariance matriceste volumeVy,, of this field of view.

Oyz — aB0ga

Y= B .
Oyy — Q%044

straightforward. 4 2 1
Viow = —nd? sin®a cosat? (42)
3 2 cosa
APPENDIX I Further, it is obvious from (40,41) that the largest sphae t
PINHOLE SPECT KELD OF VIEW can be inscribed in this field of view, is a sphere with radius

This appendix calculates the shape of the field of view of%lsma I(_Jcated _at the center of the field of view. The volume
phere 1S readily calculated as

pinhole camera with a circular detector orbit and the oyerla ®
with the largest sphere inscribed in this field of view. The
results are valid for zero mechanical offset and zero tilt
angle®. The overlap between this sphere and the actual field of view

Consider a point source rotating around an axis at a distargily depends on the aperture angte of the pinhole system.
d in front of a stationary pinhole camera, as shown in Figure 8. V. 9

. . - . . L sphere cosc

During rotation, the point source describes a circle wittiua =— . (44)
r in a plane at a distancefrom the central ray of the pinhole View — cosfa+1
camera. At each positiofi, the point source projection rayFigure 10 shows the overlap of the sphere and the actual field
intersects the central ray at an anglg of view. For small to moderate aperture angles, the sphere

covers almost the entire field of view.
Vr2cos2 0 + 22>

a, = arctan -
L ( d—rsinf
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