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Abstract
In order to perform attenuationcorrection in emission

tomography, an attenuationmap is required. We propose
a new method to compute this map directly from the
emissionsinogram, eliminating the transmissionscan from
the acquisition protocol. The problem is formulated as
an optimization task, where the objective function is a
combination of the likelihood and an a-priori probability.
The latter usesa Gibbs prior distribution to encouragelocal
smoothness,anda multi-modaldistribution for theattenuation
coefficients. Since the attenuationprocessis different in
positron emission tomography (PET) and single photon
emissiontomography(SPECT),a separatealgorithmfor each
caseis derived. The methodhasbeentestedon mathematical
phantomsand on a few clinical studies. For PET, good
agreementwas found between the images obtained with
transmissionmeasurementsand thoseproducedby the new
algorithm in an abdominal study. For SPECT, promising
simulation resultshave beenobtainedfor non-homogeneous
attenuationdueto thepresenceof thelungs.
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I . INTRODUCTION

For quantitative or semi-quantitative analysisin positron
emission tomography (PET) and single photon emission
tomography(SPECT), attenuationcorrection is mandatory.
PET systemsand recentSPECTsystemsare equippedwith
a transmissionsource, enabling direct measurementof the
photonattenuationin a particularconfiguration.However, for
severalreasons,thereis still considerableinterestin attenuation
correctionin theabsenceof transmissionmeasurements.Many
currentlyinstalledSPECTsystemsdo notsupporttransmission
scanning. In PET, the transmissionmeasurementincreases
the study duration significantly. When the transmission
measurementis carried out prior to injection, the patient
needsto stay immobile until the end of the emissionscan.
This may include a long period in which actually no data
are acquired because,for many clinical applications, the
early dynamicbehavior of the tracer is of little interest. On
recent PET systems, this problem can be alleviated with
post-injectiontransmissionimaging,but even in this case,the
transmissionmeasurementmay contribute significantly to the
studyduration.

For the reasonsstatedabove, many techniqueshave been
suggestedto further reducethe transmissionscandurationby
usinga priori knowledgeduringthereconstruction[23, 19, 6],
or implicitly in imagesegmentationalgorithms[16, 3, 28, 30].
Severalauthorsproposetechniqueswhichcompletelyeliminate
theneedfor a transmissionmeasurementin someapplications.
Thesetechniquescanbe divided in two classes.Oneclassof
algorithms applies segmentationalgorithms to the emission
sinogramsor uncorrectedemissionimagesto locate regions
of approximatelyconstantattenuation,to which predefined
attenuationcoefficientscanbe assigned[17, 28, 30, 24]. The
otherclassof algorithmsattemptsto extractinformationon the
attenuationcoefficientsdirectly from the emissiondata. This
canbedoneby iterative inversionof theforwardmathematical
modelassuggestedby Censoretal. in 1979[2], Manglosetal.
[15] andKrol et al. [11] andBronnikov (with anapproximate
linear model) [1], or by exploiting the consistency relations,
which, in turn,arebasedon sucha model.Thelatterapproach
wasproposedby Natterer[20], andfurtherexploredby Welch
et al. [29] andMoore et al. [18]. In this paper, we presenta
new approachof thesecondclass,which attemptsto iteratively
invert the forward model using likelihood optimization.
The methodis inspiredon our observation that the absolute
likelihood of an MLEM (maximum likelihood expectation
maximization[26, 12]) emissionimageis alwayshigherwhen
attenuationis takeninto account,ascomparedto noattenuation
correction.
In contrastto the methodsproposedby Censoret al. [2] and
Mangloset al. [15], the algorithm of Krol et al. [11] and
our own algorithm use likelihood optimization, taking into
accountthePoissonnatureof thedata.Krol et al. [11] derived
an EM algorithmto optimize the likelihood for simultaneous
reconstruction of attenuation and activity from SPECT
emissionsinograms.In this work, we proposeto extendthat
approachto a maximum-a-posteriori(MAP) algorithm by

incorporatingsomea priori knowledgeabout the attenuation
coefficients. In addition,we presentalgorithmsfor both PET
andSPECT. Anotherrelatedwork is that by Clinthorneet al.
[4], who developedan algorithm for joint ML estimationof
attenuationand emissionimagesbasedon an emissionand a
transmissionmeasurement.Theproblemstudiedin this paper
canbe regardedasanextremecase,in which the transmission
measurementprovidesno informationatall.

Our methodwill be referredto as MLAA, which stands
for Maximum Likelihood reconstructionof Attenuationand
Activity.

We wish to emphasizethedistinctionbetweentheapproach
and the actual implementation. In our opinion, the main
contribution of this paper is to show that the emissiondata
containasurprisinglyhighamountof informationaboutphoton
attenuation,and that with only moderateconstraininguseful
attenuationmapscanbeproducedin someclinical SPECTand
PETapplications.We havechosena constrainedML-approach
becauseit takesinto accountthePoissonnatureof thedata,and
becauseit canbeeasilyextendedto includea-prioriknowledge.
In order to investigatethis approach,we have developeda
program which has been shown to be effective in multiple
experiments. However, no attempt was made to optimize
the implementation.It is expectedthat both the speedof the
algorithmand the quality of its reconstructioncan be further
improved. Becausethe implementationaffects the results,
several appendicesare included to describeimplementation
details.

I I . METHODS

Becausetheeffect of photonattenuationis differentin PET
and SPECT, different algorithmshad to be derived. In this
work, only two-dimensionalPET(PETdetectorringsseparated
by inter-slicesepta)andparallelbeamSPECTareconsidered,
althoughextensionto fully three-dimensionalPETanddifferent
SPECTgeometriesis straightforward.

A. Positron emission tomography
The basic algorithm

In PET, attenuationis independentof position along the
projectionline, andthe expectednumberof counts,given the
activity andattenuationdistributioncanbewrittenas:�����
	��
��� with 	����
�����
����� ����� and ������� �"!�� �$#%� (1)

where ��� is the expectednumberof counts, &%' is the linear
attenuationcoefficient at position ( ,

# ' is the activity at the
sameposition,!�� ' modelsthesensitivity of detector) to activity
in ( in absenceof attenuation,and * � ' representthe effective
intersectionlength of the projection beamwith the volume
representedby pixel ( .

In this work, Comptonscatter, randomcoincidencesand
finite resolution effects are ignored. Excluding terms not



dependenton &%' or

# ' , thelog-likelihoodfunctionis [26, 12]:+-,�.#�/ .&�0 �1� � ,32 � �%465 ��798 � � 0 (2)

where
.#

denotesthevector
, # �;:�:<: #>= 0 andsimilarly for .& , and5 � is themeasuredsinogram.

Wheneither
.#

or .& areknown, the function L is concave
in the othervariable[26, 12]. However, this is no longer the
casewhen both are treatedas unknown. Finding the global
maximumundertheseconditionsrequiresverycomputationally
intensive optimizationstrategies suchas simulatedannealing
[7]. Consequently, we will limit ourselves to developing an
algorithm which converges towards a local optimum. By
inclusion of somea-priori knowledge, we attemptto ensure
thatthatlocaloptimumcorrespondsto ausefulsolution.

We proposea successive optimizationapproachin which.#
and .& are updatedalternately. Holding .& at its current

value reducesthe problem to that in emissiontomography.
Consequently, the likelihood can be increasedby applying a
singleiterationof theML-EM routine[26, 12]:#�?<@BA' � # '� � 	 � ! � ' � � !<� ' 5 �� � : (3)

Similarly, updating .& keeping
.#

constantcan be done
with a single iteration of an ML algorithm for transmission
tomography. Indeed, equation (1) holds for transmission
tomographywith an external source, becausein PET, the
effect of attenuationis independentof the position along the
projectionline. BecausetheEM approachdoesnot producea
closedform expressionfor theupdate[12], severalalgorithms
have beenproposed[23, 19, 6]. For this work, we have used
a simple but effective gradientascentmethod[22] but other
algorithmscouldbeused:& ?<@BA' � &%' 4DCFEGIHKJ 2 � � ! � ' 5 �� � ! � ' 	 � � ��L : (4)G

is thediameterof the reconstructedarea,C E is a relaxation
coefficient and � � is the total activity along detector line )
(predictedfrom the current reconstructionimage

.#
), which

playstheroleof theblankscanin equation(4).

The resulting algorithm is a (scaled) gradient ascent
algorithm, not an expectation-maximizationalgorithm. For
the updateof

.#
, we usedthe ML-EM algorithm, which is a

scaledgradientascentalgorithm[10]. Thefactthatit is alsoan
expectation-maximizationalgorithmis advantageous,because
this eliminatestheneedfor computationof thestepsize,but it
is notessentialin ourcombinedprocedure.

Missing attenuation data
However, in contrastwith a typical transmissionscan,some���
mayhaveaverysmallvaluehere.When � � is verysmallorzero,
the sinogramvalue 5 � provides little or no informationabout
theattenuationcoefficientsalongtheprojectionline ) . This is
becausefor small � � , the differencebetween� � and 5 � canbe

attributedto Poissonnoise,so an ML-algorithm hasto assign
a very smallweight to such

, ��� / 5 � 0 pairs. In theextremecase
of ���M� 5 �M�ON , the measurementprovidesno informationat
all aboutattenuationalong ) . The resultinguncertaintyabout
the backgroundattenuationincreasesthe numberof possible
solutionsand,mostlikely, alsothenumberof localmaxima.

The skin is heavily vascularizedandfor moststudytypes,
the tracer concentrationin the blood does not decreaseto
zero during the study period. In addition, skin cells are
metabolically active and will accumulatesome metabolic
tracerssuchas

�QP
F fluorodeoxyglucose(FDG). As a result, it

is reasonableto assumethat activity andattenuationarezero
alonga projectionline with 5 � �RN , sincethat projectionline
is not likely to intersectthe patientbody. This assumptionis
implementedby applying the algorithm (4) to the modified
sinograms

.��S and
.5 S , where� S� �
� � and 5 S� � 5 � if 5 �UT��N� S� ��V and 5 S� �WV if 5 � ��N with VYXZN : (5)

In words: for projectionlineswith 5 � �[N , both themeasured
value 5 � andthepredictednon-attenuatedvalue � � aresetto an
arbitraryvalue V , thusdriving algorithm(4) towardsasolution
with zeroattenuationalong ) . SincePoissonnoiseis assumed,
this driving “force” increaseswith increasingV . V shouldnot
besetto too high a value,sincein studieswith poorstatistics,5 � maybecomezerofor projectionlinesintersectingthebody.

B. Single photon emission tomography
The basic algorithm

Theexpectednumberof countsis givenby���\� � ' !�� ' # ' � ���W]^��� ]3_ `Q�$] (6)* ��a<b ' � * ��a if thetrajectoryfrom position ( to detector)(7)

intersectsposition c* ��a<b ' � N otherwise.

The first step of the alternatedoptimization is similar as
above: updating

.#
keeping .& constantcanbe implementedas

a singleiterationof ML-EM:#�?<@BA' � # '� � 	 � ' ! � ' � � 	�� ' !<� ' 5 �� a 	 ��a ! ��a # a (8)	�� ' � � ����]��9� ]3_ `d�$] :
The second step, however, cannot be carried out by

applying an ML-algorithm for transmissiontomography. To
our knowledge,theproblemof finding .& whenthesinogram .5
andtheactivity distribution

.#
aregivenhasnotbeensolvedfor

SPECT. In appendixA, a new gradientascentML-algorithm
for thisproblemis derived.Theresultingalgorithmis givenby& ?<@BA' � & ' 4 C;eG � ��f � ' � � f � 'hg J 2 5 �� a !<��ai	^�9a # a�j (9)



f � ' � ���"!�� � 	�� � * � ' b �$#%� : (10)

Here,C;e is arelaxationfactor. Theweight f � ' canbeinterpreted
asthetotalamountof photonsthataredetectedin ) andthathad
atrajectoryintersectingposition( : thevalueof f � ' is ameasure
for theinfluenceof &%' onthepredictedvaluefor 5 � .

Missing attenuation data
As wasthecasefor PET, thevalue 5 � containsno information
onattenuationwhenthereis noactivity alongtheprojectionline) . Sinceadapting(5) to SPECTdoesnot yield a procedureof
similar simplicity, a differentapproachis used. A temporary
sinogram.k is constructedandbackprojectedinto animage

.l
as

follows k � � J if 5 � ��N , and k � �
N otherwisel ' � � � !�� ' ki�� � !<� ' : (11)

Thepixel value
l ' containsthefractionof projectionlineswith

zeromeasuredcounts,contributingto ( . Pixelswith a value
l '

larger thana thresholdare likely to belongto the background
(assumingactivity in theskinandin absenceof noise,any non-
zerovalueof

l ' would indicatethat ( is in the background).
For thosepixels,asmallconstantvalueis subtractedfrom &%' in
every iteration. This is equivalentto a prior distribution with
log-likelihood proportionalto

2 &%' . A good thresholdmust
be determinedexperimentally. The resultingeffect is that of
driving theattenuationtowardszeroexceptwithin a wide hull
containingnearlyall of theactivity in theimage.

C. Prior distributions
Sincea uniquesolutionis not guaranteed,prior knowledge

is incorporatedin the algorithm in an attempt to guide it
towardsa meaningfulsolution. This knowledgeonly concerns
the attenuationcoefficients: 1) we expect to find only values
typical for attenuationin tissue,air andpossiblylungs,and2)
weexpecttheattenuationmapto belocally smooth.

The a-priori knowledgeaboutabsoluteattenuationvalues
is implementedas a bi- or trimodal probability distribution.
Incorporationof the prior knowledge can be regardedas a
segmentation,since the algorithm continuouslyattemptsto
assign every reconstructedattenuationvalue to one of the
modesof theprior. Intensitypriorshave beenusedpreviously
in MAP-reconstruction,seee.g.[13, 14].

The local smoothing prior is implemented using a
two-dimensional Gibbs-distribution [8, 19]. Details are
providedin appendixB.

D. Initial images
It is obvious that this gradientapproachonly guarantees

convergencetowards a local optimum. Methodsto find the
global maximum,suchas annealing[7] are too slow for this
application.As aresult,thefinal solutiondependsontheinitial
imageandon thestepscomputedduringtheiterations.

To producean initial attenuationmap, the samealgorithm
used to compensatefor missing information in SPECT is

applied,both for PET and SPECT, with a more conservative
thresholdvalue. We computethe image

.l
with (11), and

thresholdit with 0.08 to producea wide convex hull. The
initial activity distribution is obtained by applying a few
MLEM iterationsusingthe initial attenuationmap. After this,
the ML-algorithms for activity and attenuationare applied
alternately.

E. Projector-backprojector
Ourprojector-backprojectorusesprecomputedinterpolation

coefficients. We use “variable binning” [25] to reducethe
storagerequirementswith a factor of about

Gnm�o
, where

G
is the number of detectors[21]. This techniqueinvolves
interpolationof sinogramlines into a finer grid. This causesa
smallamountof extra blurring,but becausethis blurring is less
thanthatdueto thelimited cameraresolution,it doesnotcause
artifacts(in factit makestheprojectorslightly morerealistic).
Sincethey usethesameprecomputedcoefficients,theprojector
andbackprojectorarecloselymatched.
In our implementation,thecoefficients !�� ' and * � ' areidentical
(implying that the unit of length equalsthe pixel size, and
that the diameter of the reconstructedarea

G
equals the

numberof pixels in a row or columnof the image). However,
following Erdoğan et al [5], we use different symbolssince
thesecoefficientsmodeldifferentphysicalquantities.

F. Acceleration
As with MLEM, the MLAA algorithmcanbe accelerated

using orderedsubsets(OS) [9]. This hasbeenimplemented
by replacingthe summationsover all projectionlines ) in the
equations(3), (4), (8) and (9) by summationsover a subset
of projectionslines. For the next sub-iteration,a different
subsetis selecteduntil all subsetshave beenused.A sequence
of sub-iterationsin which all projectionsare used once is
consideredas a single OS iteration. The processingtime
consumedby anOSiterationis comparableto thatof a regular
MLAA iteration.Selectionof thesubsetis doneby maximizing
the differencein projection angleswith the previous subset.
However, the priors arerecomputedin every subiteration,and
sincetheir computationalwork dependson theimagesize,not
onthesubsetsize,thatpartof thecalculationis notaccelerated.

I I I . EXPERIMENTS

A. Computing pq from pr and the SPECT sinogram
An evaluation of the new algorithm (9) is required, in

order to verify whetherit is indeedcapableof reconstructing
the attenuationmap from the known activity distribution and
the SPECT sinogram. An elliptical object was simulated,
with a constantactivity and a Shepp-Loganphantomtype
of attenuationdistribution. With the new algorithm (9) the
attenuationdistribution was reconstructedfrom the simulated
sinogramandtheknown homogeneoustracerdistribution.

In addition,thereconstructionwasrepeated,now replacing
thetruetracerdistribution with a uniform randomdistribution,
within thesameobjectboundary.



B. Simulations

1) Non-convex homogeneous objects

Since both the SPECT and PET algorithms contain
heuristics which tend to assign zero attenuationto pixels
along projection lines with zero counts, both algorithms
are rapid in producingan approximatelyconvex hull of the
body. Consequently, non-convex body outlinesareneededto
challengethe performanceof the ML-algorithm. Therefore,
two different and highly non-convex objects are simulated.
Both objects were reconstructedwith exactly the sameset
of parametersto obtain someinformation on the robustness
of the algorithms. The sametwo objectswereusedfor PET
and SPECT, but with different imagesizes. For SPECT, we
used50 detectorsand 90 attenuatedviews over 360 degrees
werecomputed,the resultingsinogramwasreconstructedinto
imagesof 50x50 pixels. For PET, 100 detectorswere used,
130 attenuatedviews over 180 degreeswere computedand
reconstructedinto imagesof 100x100pixels.No Poissonnoise
wasadded.

In all four simulations,the prior probability distributions
used during reconstruction were centered at the actual
attenuation value. Because the initial attenuation map
tends to overestimatebody size, transition from tissue to
backgroundattenuationis more likely to be neededthan
vice versa. To easethis transition, the standarddeviation of
the backgroundprior was set 4 times wider than that of the
tissueprior (so intermediatevaluesaremoreattractedtowards
the background). For the Gibbs prior, the Gemanfunction
(AppendixB, eq. (25)) wasused.In all cases,1000iterations
withoutaccelerationwereapplied.

2) Thorax simulation

A simplified thorax object, composedof ellipses, was
simulatedto study the behavior of the algorithm in the case
whentheobjectcontainstwo differentattenuationcoefficients.
Assuming a homogeneousbackgroundactivity of 1, the
myocardialactivity wassetto 5 andtheactivity of a smallhot
spot in the lung was set to 3. For PET, 130 views over 180
degreesweresimulated,with 100detectorsperview. Thetissue
attenuationwassetto 0.095cm� � , assuminga pixel sizeof 4
mm. For SPECT, 90 views over 360 degreesweresimulated,
with 50 detectorsperview. Tissueattenuationwassetto 0.125
cm� � , assuminga pixel size of 5 mm. In both cases,lung
attenuationwassetto onethird of tissueattenuation.

The prior distribution of attenuationcoefficients now has
three modesinsteadof two, which representsa significant
increasein thenumberof degreesof freedom.

For the SPECTsimulation,all threestandarddeviationsof
the prior distribution weresimply set to the samevalue. For
the PET simulation,uselessresultswere obtainedunlessthe
width of the tissueprior was set much smallerthan thoseof
backgroundandlung. Theresultshown laterwasproducedby
settingthewidth of the tissueprior to beone-tenththat of the
othertwo.

C. Patient studies
Thealgorithmwasonly evaluatedon clinical studieswhere

a constantattenuationwasanacceptableapproximation:there
were no lungs in the field of view and a bimodal prior was
used(ignoring the higher uptake in bone relative to tissue).
For clinical PET-studies,we used s& � �tN and s& � �uN : N v�w
cm� � (value derived from transmissionmeasurementsin
patients). For SPECTstudieswith xyxyz Tc, we used s& � �{N
and s& � �|N : J o w cm� � (value used in clinical routine for
calculatedattenuationcorrectionbasedon manualcontours).
For thecorrespondingstandarddeviations,we set } � ��~�� } � .
This was done to ease transition from tissue attenuation
towardsbackgroundattenuation.Indeed,asbefore,the initial
attenuationboundariesare chosentoo large, and therefore,
moretransitionsfrom tissueto backgroundvaluesareneeded
thanviceversa.

The MLAA algorithm was applied to the emission
sinogramof anabdominalPETFDG-study. Thesinogramwas
reconstructedusingan acceleratediterationscheme,basedon
a decreasingnumberof projectionsubsets.The schemewas
1x64, 1x50, 1x40, 3x32, 3x16, 3x8 and 4x1, wherethe first
figuredenotesthenumberof OSiterations,andthesecondone
thenumberof subsets.Theprior protectstheattenuationmap
againsthigh frequency noise, but at high iteration numbers
the unconstrainedemission image is severely distorted by
the well-known noisepropagation.For visual inspection,the
image is smoothedwith a two-dimensionalGaussianmask
with a standarddeviationof 1 pixel.

Thealgorithmwasalsoappliedto a PETFDG studyof the
lower limbs, consistingof 150planes,usingthescheme8x32,
3x16,3x8and4x1.

The algorithmwas usedto reconstructa seriesof SPECTxyxyz Tc-HMPAO labeledwhite blood cell studiesof patients
sufferingfrom inflammatorybowel disease.

ThePETimageswereacquiredon a ECAT931-08-15[27],
typical injecteddoseis 350 MBq. The SPECTimageswere
acquiredona Trionix Triadsystems,thedosewas180MBq.

IV. RESULTS

A. Parameter values
The methodcontainsseveral heuristic parameters,to be

tunedexperimentally.
For the transmissionreconstructionalgorithm (4), we obtain
good resultswith C E � o

. Convergenceis slower for lower
values,oscillationsoccurfor valueswhicharemuchhigher.
For thecorrespondingrelaxationfactor C e in (9), similarvalues
areused.
For the value V in (5) goodresultsareobtainedfor valuesin
theorderof VD� mean

,B.� 0 m J N .
For SPECT, the thresholdin (11) wassetto 0.05which tends
to overestimatethe object size. This is conservative, sinceit
avoids driving object pixels towardsbackgroundvalues,and
leaves the detectionof the final body outline entirely to the
actualMLAA iterations.



B. Computing pq from pr and the SPECT sinogram
The attenuationmap reconstructedfrom the simulated

emissiondistribution andtheSPECTsinogramis comparedto
the original imagein fig. 1. The samefigure alsoshows that
thelikelihoodincreasesasa functionof theiterationnumber.

Figure 1: Left: Reconstructionof the attenuationmap from a
simulatedsinogramand the known tracer distribution; Center: the
original map. Right: The correspondinglog-likelihoodasa function
of theiterationnumber.

When the iterations were carried out using the random
distribution instead of the true distribution, the likelihood
still increasedmonotonically. As expected, the likelihood
was systematically lower and the reconstructiondiffered
considerablyfrom thetrueattenuationmap.

C. Simulations

1) Non-convex homogeneous objects

Figure 2 shows the results obtained for the PET
simulation after 1000 iterations. For comparison, the
MLEM reconstructionwithout attenuationcorrection is also
shown scaledto its own maximum (the meanvalue of the
non-attenuationcorrected images is lower by a factor of
about5). We found that in thesenoise-freesimulations,the
smoothnessprior is not required.For convergenceto a nearly
exact solution, a bimodal prior favoring the two possible
attenuationcoefficients is sufficient. Note that thereis some
cross-coupling between attenuation and activity images:
regions of high activity tend to have decreasedattenuation
coefficients(attenuationof the centralellipse is decreasedby
approximately5%).

Figure 2: Left panel: MLAA reconstructions(1000 iterations)
of the simulated PET sinogram for the first non-convex object.
From left to right and top to bottom: the true attenuationmap, the
MLAA attenuationmap,the trueactivity distribution andtheMLAA
reconstructedactivity image. Referenceand MLAA images are
displayedwith commongrayscale.Right panel: samefor thesecond
object. Center: MLEM emissionreconstructionswithout attenuation
correctionof first object (top) andsecondobject (bottom),scaledto
theirown maxima(requiredfor viewing).

Figure3 shows thecorrespondingimagesfor SPECT.

Figure3: MLAA reconstructions(1000 iterations)of the simulated
SPECTsinogramsfor bothsimulatednon-convex objects.Layoutand
scalingasin figure2.

2) Thorax simulation

Fig. 4 shows the MLAA reconstructionfrom the SPECT
attenuatedemissionsinograms,for the caseof threepossible
attenuationcoefficients. Selection of parameterswas not
critical. The samefigure also shows the correspondingPET
reconstructions. Parametershave been tuned to produce
reconstructionimagesin which thelungswereclearlyvisible.

Figure 4: Top panel: MLAA reconstructionfor the SPECTthorax
simulation. Fromleft to right andtop to bottom: the trueattenuation
map, the MLAA attenuationmap, the true activity distribution, the
MLAA reconstructedactivity imageand the MLEM reconstruction
without attenuationcorrection. Referenceand MLAA imagesare
displayedwith commongray scale. The non-attenuationcorrected
imageis scaledto its own maximumto make it clearlyvisible. Bottom
panel: Samefor thePETthoraxsimulation.

3) Convergence behavior

Fig. 5 shows the typical evolution of the (SPECT)
attenuationmapas the MLAA-iterations proceed. The initial
attenuationmapis, in thecaseof asingleobject,alwaysa wide
convex hull. In theconcave regions,convergenceis slowestat
theboundaries,assignmentof backgroundattenuationproceeds
from thecentertowardstheedges.Evenafter1000iterations,



thereis still a ring with non-zeroattenuationneartheboundary
of the initial image.Similar behavior is observedfor theother
object,andalsofor thePETsimulationsandpatientstudies.

Figure5: MLAA reconstructionsat iterationnumbers1, 60 and1000,
for theSPECT-simulationof thesecondnon-convex object.

D. Patient studies
In fig. 6 the reconstructionfrom a PET peritoneal

metastasesstudy is shown. The acceleratedMLAA emission
imageis comparedwith attenuationcorrectedFBPandMLEM
reconstructions,andtheMLAA attenuationmapwith theFBP
andML reconstructionsof themeasuredtransmissionscan.In
addition,thenon-attenuationcorrectedML-imagesareshown.

Theabsolutedifferencebetweentheemissionimagesfrom
MLAA and MLEM with measuredattenuationcorrection
revealsvery good agreement:the differenceimage contains
mainly noise. The meansquarederror was determinedusing
all pixels with significantattenuationin the MLAA map. It
amountsto 28%of themeanor 6.5%of themaximumfrom the
MLEM image. Thereis also a good agreementbetweenthe
MLAA attenuationmapandtheML-reconstructedtransmission
scan.Thedifferenceimageshows smalldeviationsat thebody
contour, and that the MLAA reconstructiondoesnot contain
thepatientbed.

Figure7: MLAA reconstructionof a PET studyof the lower limbs
(transaxial,sagittalandcoronalsectionsthroughreconstructedactivity
andattenuationdistributions).

Fig. 7 showstransaxial,sagittalandcoronalslicesof aFDG
PET studyof the lower limbs, reconstructedwith accelerated
MLAA. At ourdepartment,PETwholebodystudiesarecarried
out without transmissionscanin orderto reducethescantime
to anacceptableduration. Consequently, thereis no reference
imageto comparewith andthe imagescanonly be evaluated
visually.

Figure8: MLAA reconstructionof a SPECT����� Tc-HMPAO labeled
white bloodcellsstudyof a patientwith inflammatorybowel disease.
Transaxial,sagittalandcoronalsectionsthroughreconstructedactivity
andattenuationdistribution. Top: FBPwithoutattenuationcorrection,
center:MLAA emissionimages,bottom:MLAA attenuationimages.

Fig. 8 shows transaxial, sagittal and coronal slices
of a SPECT x3xyz Tc-HMPAO labeled white blood cells
study of the abdomen. For comparison,the typical clinical
reconstruction,producedwith filtered backprojection(FBP)
without attenuationcorrection, is also shown. Again, the
imageshave to be judged by visual inspectionbecauseno
transmissionscanwasavailable.However, with this tracer, the
liver is expectedto show homogeneousuptake, which is the
casein theacceleratedMLAA reconstruction.

V. DISCUSSION

The aim of this work was to investigate whether
ML-reconstruction of emission sinograms is capable of
compensatingfor attenuationin the absenceof a transmission
scan. In order to do so, an ML-algorithm was developedby
combiningsomeexisting algorithms,along with a new one,
into a singleprocedure.This procedureis clearlyheuristicand
containsmultiple parameterswhich influencethe final result.
This seemsunavoidable, becausethe problem is probably
highly under-determined,and the likelihood function does
not containa singlemaximum. Explicit heuristicparameters
includethe initial images,theweightsof thepriors,thechoice
of the costfunction in the Gibbsprior andthe relative sizeof
thealternatedoptimizationstepsin solutionspace.
At this stage, we have not systematicallyinvestigatedthe
influenceof all theseparameters.Our currentfeeling is that
the parametervaluesare not critical for the caseof constant
attenuationin an arbitrarily shapedbody. E.g. we found that
the introduction of ordered subsets(which clearly affects



Figure6: Reconstructionsof an abdominalPETstudy. From left to right; top: MLEM without attenuationcorrection,FBPandMLEM with
measuredattenuationcorrection,MLAA emissionimage,absolutedifferencebetweenMLAA andMLEM images.Bottom: FBPandMLEM
reconstructionof PETtransmissionstudy, MLAA attenuationmap,absolutedifferencebetweenMLAA andML attenuationmaps.All emission
imagesaredisplayedwith thesamegrayscale,exceptthenon-attenuationcorrectedMLEM image.All transmissionimagesaredisplayedwith
thesamegrayscale.(Thering artifactis causedby truncationof thenormalizationneartheedges,aproblemsolvedin newerPETsystems.)

the trajectory through solution space)did not compromise
convergencein patientstudies. In the noise-freesimulations
with a single non-zeroattenuation,surprisinglygood results
have been obtained. In thesesimulations, the smoothness
prior wasnot needed,andgoodresultswereobtainedaslong
as the weight of the bimodal prior for absoluteattenuation
coefficients was low. (When that weight is set too high,
the initial image becomesa local minimum from which no
departureis possible.) Constrainingthe attenuationmapwith
a bimodal distribution and a smoothingprior reducesthe set
of possiblesolutions. Moreover, MLAA rapidly produces
a convex hull, effectively forcing many pixels from the
attenuationmap to zero, which further reducesthe solutions
set.Apparently, this reductionis sufficient to obtainacceptable
images. This approachlimits the applicability of the method
to casesin which the traceruptake neartheskin is sufficiently
high,suchasin thereportedpatientstudies.

In the case where the lungs are in the field of view,
three different attenuatorsare present: air, lung and tissue.
Consequently, the prior for absolutecoefficients now shows
threepeaks,implying that the reductionof thesetof solutions
is not as strongas in the bimodal case,and that the risk of
convergencetowards an undesiredsolution is increased. In
the caseof SPECT, a reasonableMLAA reconstructionwas
obtainedwithout tuningof theparameters.For PET, very poor
resultswere obtainedinitially. Only after careful tuning the
width of thepriors theresultof fig. 4 wasproduced.Herethe
lungsarevisible in theattenuationmap,but thereconstruction
of heart and the hot spot in the lung is still unsatisfactory.
In both cases,there is considerable“cross-talk” betweenthe
activity and attenuationimages: to some extent, increased
regional activity can be traded in for decreasedregional

attenuation. This cross-talkdoes not come as a surprise:
since the likelihood function is not concave, the optimum
activity value for a pixel is expectedto dependon the values
of surroundingpixels,andthetrimodalconstraintis not strong
enoughto excludeaberrantsolutions. This ambiguityis more
pronouncedin PET than in SPECT. Manglos et al. [15]
reported the same effect using a multiplicative ART-based
iterativealgorithmin SPECT.

We have not comparedthe performanceof our methodto
thatof theconsistency methodproposedby Welch et al. [29].
Theconsistency andthe likelihoodcriteriaareprobablynot as
differentas they may seem. A sinogramis consistentif it is
identical to the reprojectionof its reconstruction.This means
that optimizing the consistency is equivalent to minimizing
the differencebetweenthe measuredprojectionsand those
calculatedfrom the reconstruction. Similarly, the likelihood
becomesmaximumwhenmeasuredandcalculatedprojections
are identical. The main differencein the methodsis in the
measureusedto quantify thedeviation betweenmeasuredand
calculateddata.
In its current implementation,the consistency method [29]
is used to optimize the shapeof a parametriccurve that
representsthe border of a homogeneousattenuator. Since
only a few parametersareusedto describethe curve, a very
strongconstrainingis implicitly applied. In contrast,in our
ML-approach a large number of parametersis used (the
pixelsof an image),andanexplicit constraintis required.An
explicit constraintgivesbettercontrol, but it requiresa larger
amountof computationsper iteration. As illustrated in fig.
5, assignmentof backgroundattenuationin concave regions
alwaysstartsfrom the innermostpart of the region, gradually
moving towardsthebordersat higheriterations.This indicates



thatthegradientsnearthebordersarerelatively small,which is
a potentialweaknessof contourbasedmethods.

Thresholding of the image computed with (11) is a
segmentationmethodproducinga first estimateof the body
outline. This approachhas somesimilarity to the sinogram
segmentationmethod [17] and producessimilar results on
convex objects. Both methodsfail in the caseof non-convex
object shapes. However, in contrast with the sinogram
segmentationmethod,algorithm (11) is capableto delineate
multiple convex objectsin a single image,provided that they
arewell separatedby the background.This is useful in some
applications,suchasstudiesof the lower limbs. We find that
in applicationswherethebodyoutlineis convex, thealgorithm
(11) producesgoodattenuationmaps,hardly modifiedby the
subsequentMLAA iterations.Consequently, thisalgorithmcan
bedirectlycombinedwith MLEM for emissioninto a relatively
fast and clinically useful reconstructionprocedurefor such
applications.

Tai et al. [28] proposedto producean attenuationmap
by segmenting a (temporary) reconstructedactivity image,
obtainedwithout attenuationcorrection. As shown in fig 2,
3 and6, suchan approachis expectedto be moresuccessful
in SPECTas comparedto PET. In PET, regions with zero
attenuationthatareenclosedin theconvex hull, tendto begiven
a largevaluewhenattenuationis ignored.Simplesegmentation
algorithmswill includetheseregions in the attenuatingbody,
and Tai et al. report that even their sophisticatedtechniques
sometimesfail to separatethe arms from the body of the
patient [28]. Another possible weaknessof their method
is that the result of the segmentationis not verified against
the original data, so that errors can propagate. In contrast,
the MLAA-method repeatedlychecks the current estimates
againstthe data. Possibly, the methodscould be combined:
segmentationof the current activity estimatecould result in
a useful prior image for the attenuationstep, which would
accelerateconvergenceof theattenuationmap(andhencealso
of theactivity image).Segmentationerrorswouldbepenalized
if they resultedin a decreaseof thelikelihood.

Thegoodresultsobtainedin patientstudiesof theabdomen
and the lower limbs suggestsa possibleapplicationin whole
body imaging. Only a transmissionimagein the lung region
would be required. For the rest of the body, an attenuation
mapcanbeproducedwith MLAA, andthe entirewholebody
studycanbereconstructedwith attenuationcompensation(thus
allowing (semi-) quantitative analysis, such as computation
of standarduptake values). This would result in a significant
decreaseof imagingtime in e.g.PEToncologystudies.

VI. CONCLUSION

In this paper, a new maximum likelihood method was
derived for simultaneous reconstruction of the activity
distribution andattenuationmapin PETandSPECT. For PET,
the MLAA algorithm is composedof existing algorithmsfor
ML reconstructionin emissionand transmissiontomography.
For SPECT, the method combines the existing MLEM
algorithm for emission, and a new ML-algorithm which

reconstructstheattenuationmap,whentheattenuatedsinogram
andtheactivity distributionaregiven.
The performance of the algorithm is evaluated using
simulationsandclinical studies. Goodresultsareobtainedin
the caseof constantattenuationin a (possibly non-convex)
attenuatingbody. For PET, we obtainedvery goodagreement
betweenthe MLAA-reconstruction and the image obtained
with attenuationcorrectionfrom atransmissionscan,indicating
thatthisapproachmaybeusefulfor someclinical applications.
Simulationssuggestthat extensionto non-uniformattenuation
in the lungsmaybepossiblein SPECT, but will bedifficult in
PET.
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VIII . APPENDIX A
Ignoringtermsnotdependenton

.#
and .& , thelog-likelihood

function of a SPECT-sinogram, given the activity and
attenuationmapsis+�,�.#�/ .&�0 � � � ,d2 � �>465���7�8 � � 0 (12)� � � � ' ! � ' 	 � ' # ' � � ' ! � ' # ' � � � ]�� � ]3_ ` � ] (13)

wherethe definition of the symbolsis as in the text (equation
(6) - (8)). We now derive a gradientascentalgorithm that
attempts to maximize

+-, .#�/ .&�0 as a function of .& . The
derivation is similar to that of the reconstructionalgorithm
for transmissiontomographyin [22]. The first and second
derivativeswith respectto theattenuationcoefficientsequal� +� & a � � � HKJ 2 5 �� ��L f ��a (14)� � � HKJ 2 5 �� ��L g ����!�� � 	�� � * �9a�b �$#
� j (15)� � +� & a &�� � � ���� H 5 ���� 2 J L � ' ! � ' 	 � ' * ��a<b ' * � � b ' # '2 5 � f ��a f � �� �� � : (16)

wheref �9a is definedasin (10). In orderto optimize(12),one
cancomputetheupdate� .& usingaquadraticapproximation:NM� � +& a��������$�F� �� � � +& a�������� 4 � � � � +� & a � &�� ������� ��& a (17)& newa � & a�4 ��& a : (18)

This impliesthat � .& shouldsatisfy� a��� � +� & a 4 � � � � +� & a � & � ��& a�����WN : (19)



The dimensionality of the problem precludes direct
computationof � .& from (17). Instead,weestimate� .& as��& a � 2 � +� & a%� � � � � +� & a � &�� : (20)

This expressionsatisfies(19). In addition, for a diagonal
Hessian, it reduces to Newton’s method. Becausethe
expressionis heuristic, there is no advantagein calculating
(20) with high precision, so two more approximationsare
introducedto simplify thecomputations.First, we assumethat5 ���
��� in (16),whichis reasonablecloseto thesolution.It also
guaranteesthat the denominatorin (20) becomesnegative, as
required.Second,we replace� � * � � b ' with its upperlimit

G
.

Consequently, � � f � � is replacedby
G � ' !�� ' 	�� ' # ' � G 5 � .

Finally, introducinga relaxationfactor C e weobtain��& a � C;eG � ��f ��a � +� & a � C�eG � ��f �9a � � H J 2 5 ���� L f ��a :
(21)

One could directly set ��& a to C�e��i � �$] . However, useful
valuesof C e would be very dependenton imagecontentsand
dimensions.With (21) we attemptto obtaingoodconvergence
with C;e close to unity, which is confirmed in our limited
experiencewith the algorithm: usefulvaluesare in the range
of 1 to 10, relaxation factors about 10 or higher produce
oscillations.

IX. APPENDIX B
The first prior is a probability distribution of absolute

attenuationcoefficients, the secondis a Gibbs distribution
favoring locally smoothsolutions. To incorporatethesepriors
into thealgorithm,thegradientof thelogarithmmustbeadded
to that of the likelihoodfunction. Sincethe priors areonly a
functionof .& , theupdateof

.#
is notaffected.

We define the intensity prior to behave as a Gaussian
function with mean s& � andstandarddeviation } � . In orderto
combinethe Gaussiansinto a single distribution, the & -axis
is divided in intervals. The values s& � representthe a-priori
expectedattenuationcoefficients. Additional points ¡ � are
definedastheintersectionpointsof neighboringGaussians:J¢ o�£ } �K¤<¥�¦ , ¡ � 2 s& � 0 �o } �� � J¢ o$£ } � � � ¤�¥§¦ , ¡ � 2 s& � � � 0 �o } �� � �

and s& �;¨ ¡ �©¨ s& � � � : (22)

The Gaussiansare combinedby defining the gradientof the
logarithm ª¬« asapiecewiselinearfunction:�®­�¯®° �§±³²� � b �9´ �¶µ·µ ¸¶¹� � � � �>º �¼»^½¾®¿� À9Á ¡ � � � ¨ &ÃÂ º �¼»^½ ��²� ��� 2 � � ²� �¾®¿� À9Á º �Ä»^½ �Å²� �� ¨ &ÆÂ ²� � � º ��� � �%º �¾®¿� À9Á ²� � � º �� ¨ &ÃÂÇ¡ �

(23)
whereit is assumedthat ¡�È � 2-É

and ¡ ¸ � É
. Thus, by

defining the gradientof the logarithm, (23) definesthe prior

ªÊ« up to a constantscalingfactor, which is irrelevant for the
optimization.Consequently, theprior is a continuousfunction,
behaving asa Gaussianneartheexpectedvalues s& � . Sinceonly
thegradientis required,thecomputationsaresimpleandfast.

To encouragelocal smoothness,a prior is definedusinga
Gibbsdistribution [8, 19]. Thelogarithmof theprior ª¬Ë is:ª Ë , .&�0 � 2 � ' �ÍÌ ' ��ÎUÏ , & � 2 &%'i0 (24)

where Ì ' � = 0 if pixels ( and Ð are not nearestneighbors,
and Ì ' � equalsthe Euclideandistancebetweenpixels ( andÐ otherwise.We have usedan 8-pixel neighborhood.For the
function

Î
we usea function equivalent to that proposedby

GemanandMcClure[8], implementedasÎUÏ ,ÒÑ 0 � Ñ �o�Ó � 4 Ñ � (25)

or (following Mumcuŏglu etal.[19]) theHuberfunction:ÎUÏ ,¼Ñ 0 � Ñ �o�Ó � À9Á
Ô Ñ Ô ¨ Ó� Ô Ñ Ô 2ÕÓ m�oÓ À9Á
Ô Ñ Ô�Ö Ó : (26)

Bothfunctionsconvergeto thesamequadraticform for small
Ñ
,

but theGemanandMcClurefunction is moretolerantthanthe
Huberfunctionfor largevaluesof & � 2 & ' andtendsto produce
sharperedges.

Thealgorithms(4) and(9) cannow beextendedwith these
priors. Thegradientof theposterioris thesumof thegradients
of theprior andthelikelihood. In thedenominator, we addthe
secondderivativeof theprior tocontrolthestepsize(expression
convergesto Newton’smethodwhentheprior dominates).

For PET, this leadsto& ?<@BA' � &%' 4 CKE � � ! � ' 	 � � � 2 � � ! � ' 5 �>4 � ª , .&�0 m � & 'G � � ! � ' 	 � � � 2 C E � � ª , .&�0 m � & �' (27)

andfor SPECT:& ?<@BA' � & ' 4 C eG � � f � ' 2 C;e � � ª , .&F0 m � & �'× � � f � 'hg J 2 5 �� a !��9a�	��9a # a�j 4 � ª , .&�0� &%'ÙØ :(28)

In bothequations,ª , .&�0 is definedasª , .&�0 �WÚ «$ª¬« , .&Û0 4 Ú Ë ª Ë , .&�0 : (29)

As seen from (23),
� � ªÊ« , .&�0 m � & �' is a discontinuous

function with value } � �� or
2 } � �� everywhere,except in the

discontinuities,whereit is undefined.We arbitrarily definethe
valueat a discontinuityto bethatof the interval at its right. A
discontinuityin thesecondderivatemayproduceaninadequate
step size, resulting in oscillations of the gradient ascent



algorithm.However, sincethegradientof ª¬« is directedaway
from the discontinuity, it tendsto drive the solution towards
themaximaof ª¬« , wheretheprior is well-behaved. We have
neverobservedinstabilitywith thisapproach.
In practice,wereplace

� � ª Ë , .&�0 m � & �' by its upperlimit
2 J m�Ó � .
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