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Abstract

In order to perform attenuationcorrection in emission
tomography an attenuationmap is required. We propose
a nevw method to compute this map directly from the
emission sinogram, eliminating the transmissionscan from
the acquisition protocol. The problem is formulated as
an optimization task, where the objectve function is a
combination of the likelihood and an a-priori probability.
The latter usesa Gibbs prior distribution to encouragdocal
smoothnessanda multi-modaldistribution for the attenuation
coeficients. Since the attenuationprocessis different in
positron emission tomography (PET) and single photon
emissiontomography(SPECT),a separatelgorithmfor each
caseis derived. The methodhasbeentestedon mathematical
phantomsand on a few clinical studies. For PET, good
agreementwas found between the images obtained with
transmissionmeasurementand those producedby the new
algorithm in an abdominalstudy For SPECT promising
simulation resultshave beenobtainedfor non-homogeneous
attenuatiordueto the presencef thelungs.
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. INTRODUCTION

For quantitatve or semi-quantitatie analysisin positron
emission tomography (PET) and single photon emission
tomography (SPECT), attenuationcorrection is mandatory
PET systemsand recent SPECT systemsare equippedwith
a transmissionsource, enabling direct measuremenbf the
photonattenuationin a particularconfiguration. However, for
severalreasonsthereis still considerablénterestin attenuation
correctionin theabsencef transmissioimeasurementdviany
currentlyinstalledSPECTsystemalo not supporttransmission
scanning. In PET, the transmissionmeasuremenincreases
the study duration significantly =~ When the transmission
measuremenis carried out prior to injection, the patient
needsto stay immobile until the end of the emissionscan.
This may include a long period in which actually no data
are acquired because,for mary clinical applications, the
early dynamicbehaior of the traceris of little interest. On
recent PET systems,this problem can be alleviated with
post-injectiontransmissiorimaging, but evenin this case the
transmissiormeasurementnay contritute significantly to the
studyduration.

For the reasonsstatedabove, mary techniqueshave been
suggestedo further reducethe transmissiorscandurationby
usinga priori knowledgeduringthe reconstructiori23, 19, 6],
or implicitly in imagesegmentatioralgorithms[16, 3, 28, 3Q].
Severalauthorgproposdechniquesvhich completelyeliminate
the needfor atransmissiormeasuremerih someapplications.
Thesetechniquesanbe divided in two classes.One classof
algorithms applies sgmentationalgorithmsto the emission
sinogramsor uncorrectedemissionimagesto locate regions
of approximatelyconstantattenuation,to which predefined
attenuatiorcoeficientscanbe assigned17, 28, 30, 24]. The
otherclassof algorithmsattemptgo extractinformationon the
attenuationcoeficientsdirectly from the emissiondata. This
canbe doneby iterative inversionof the forward mathematical
modelassuggestethy Censoretal. in 1979[2], Manglosetal.
[15] andKrol etal. [11] andBronnikov (with anapproximate
linear model) [1], or by exploiting the consisteng relations,
which, in turn, arebasedon sucha model. The latterapproach
was proposecdy Natterer[20], andfurther exploredby Welch
etal. [29] andMooreetal. [18]. In this paper we presenta
new approactof the secondclass,which attemptgo iteratively
invert the forward model using likelihood optimization.
The methodis inspired on our obsenation that the absolute
likelihood of an MLEM (maximum likelihood expectation
maximization[26, 12]) emissionimageis alwayshigherwhen
attenuations takeninto accountascomparedo no attenuation
correction.

In contrastto the methodsproposedby Censoret al. [2] and
Mangloset al. [15], the algorithm of Krol et al. [11] and
our own algorithm use likelihood optimization, taking into
accountthe Poissomatureof the data.Krol etal. [11] derived
an EM algorithmto optimizethe likelihood for simultaneous
reconstruction of attenuation and actvity from SPECT
emissionsinograms. In this work, we proposeto extendthat
approachto a maximum-a-posterioriMAP) algorithm by

incorporatingsomea priori knowledge aboutthe attenuation
coeficients. In addition, we presentalgorithmsfor both PET
and SPECT Anotherrelatedwork is that by Clinthorneet al.
[4], who developedan algorithm for joint ML estimationof
attenuationand emissionimagesbasedon an emissionand a
transmissiormeasurementThe problemstudiedin this paper
canbe regardedasan extremecase,in which the transmission
measuremerdrovidesno informationatall.

Our methodwill be referredto as MLAA, which stands
for Maximum Likelihood reconstructionof Attenuationand
Activity.

We wish to emphasizehedistinctionbetweertheapproach
and the actual implementation. In our opinion, the main
contribution of this paperis to shav that the emissiondata
containa surprisinglyhighamountof informationaboutphoton
attenuation,and that with only moderateconstraininguseful
attenuatiormapscanbe producedn someclinical SPECTand
PET applications We have chosera constrainedL-approach
becausd takesinto accounthe Poissomatureof thedata,and
becausé canbeeasilyextendedo includea-prioriknowledge.
In order to investigatethis approach,we have developeda
programwhich has beenshavn to be effective in multiple
experiments. However, no attemptwas madeto optimize
the implementation. It is expectedthat both the speedof the
algorithm and the quality of its reconstructiorcan be further
improved. Becausethe implementationaffects the results,
several appendicesare includedto describeimplementation
details.

Il. METHODS

Becauseahe effect of photonattenuatioris differentin PET
and SPECT different algorithmshad to be derived. In this
work, only two-dimensionaPET (PET detectoringsseparated
by inter-slice septa)and parallelbeamSPECTare considered,
althoughextensionto fully three-dimension&®ETanddifferent
SPECTgeometriess straightforvard.

A. Positron emission tomography

The basic algorithm
In PET, attenuationis independentof position along the
projectionline, andthe expectednumberof counts,giventhe
activity andattenuatiordistribution canbewritten as:

r; = a; b; with a; =e Ek Li and b; = Zcik)\k (1)
k

wherer; is the expectednumberof counts, u; is the linear
attenuationcoeficient at position j, A; is the actvity at the
sameposition,c;; modelsthesensitvity of detector to actvity
in j in absenceof attenuationandi;; representhe effective
intersectionlength of the projection beamwith the volume
representedy pixel ;.

In this work, Comptonscatter randomcoincidencesand
finite resolution effects are ignored. Excluding terms not



dependenbn ; or A;, thelog-likelihoodfunctionis [26, 12]:

LY, j@) =) (=ri +yilnry)

i
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whereX denoteghevector(}; . .. \;) andsimilarly for i, and
yi iIsthemeasuredinogram.

Wheneither X or i areknown, the function L is concae
in the othervariable[26, 12]. However, this is no longerthe
casewhen both are treatedas unknowvn. Finding the global
maximumundertheseconditionsrequiressery computationally
intensive optimization stratgies such as simulatedannealing
[7]. Consequentlywe will limit oursehesto developingan
algorithm which corverges towards a local optimum. By
inclusion of somea-priori knowledge, we attemptto ensure
thatthatlocal optimumcorrespond$o a usefulsolution.

We proposea successie optimizationapproachin which
X and [ are updatedalternately Holding i at its current
value reducesthe problemto that in emissiontomography
Consequentlythe likelihood can be increasedby applying a
singleiterationof the ML-EM routine[26, 12:

ynew _ __Aj CijYi
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Similarly, updating i keeping X constantcan be done
with a single iteration of an ML algorithm for transmission
tomography Indeed, equation (1) holds for transmission
tomographywith an external source, becausein PET, the
effect of attenuationis independenbf the position along the
projectionline. Becausehe EM approachdoesnot producea
closedform expressiorfor the update[12], several algorithms
have beenproposed?23, 19, 6]. For this work, we have used
a simple but effective gradientascentmethod[22] but other
algorithmscouldbeused:

ap (1_ > i CijYi )
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N is the diameterof the reconstructedrea,a,, is a relaxation
coeficient and b; is the total actiity along detectorline 4
(predictedfrom the current reconstructionimage X), which
playstherole of the blankscanin equation(4).

new

My = gt (4)

The resulting algorithm is a (scaled) gradient ascent
algorithm, not an expectation-maximizatioralgorithm. For
the updateof X, we usedthe ML-EM algorithm, which is a
scaledgradientascentlgorithm[10]. Thefactthatit is alsoan
expectation-maximizatiomlgorithmis advantageousbecause
this eliminatesthe needfor computatiorof the stepsize,but it
is notessentialin our combinedprocedure.

Missing attenuation data
However, in contrastwith a typical transmissiorscan,someb;
mayhaveaverysmallvaluehere.Whenb; is verysmallor zero,
the sinogramvalue y; provideslittle or no informationabout
the attenuatiorcoeficientsalongthe projectionline i. Thisis
becausdor small b;, the differencebetweenb; andy; canbe

attributedto Poissonnoise,so an ML-algorithm hasto assign
avery smallweightto such(b;, y;) pairs. In the extremecase
of b; = y; = 0, the measuremenprovidesno informationat
all aboutattenuatioralongi. The resultinguncertaintyabout
the backgroundattenuationincreaseshe numberof possible
solutionsand,mostlik ely, alsothe numberof local maxima.

The skin is heavily vascularizecandfor moststudytypes,
the tracer concentrationin the blood does not decreaseto
zero during the study period. In addition, skin cells are
metabolically actve and will accumulatesome metabolic
tracerssuchas'®F fluorodeoxyglucos¢FDG). As a result, it
is reasonabldéo assumethat activity and attenuationare zero
alonga projectionline with y; = 0, sincethat projectionline
is not likely to intersectthe patientbody This assumptioris
implementedby applying the algorithm (4) to the modified
sinogramd’ andy’, where

b =b; and yi=uy; if
B=B and y' =B if

¥i #0

y;=0 withB>0. (5)

In words: for projectionlineswith y; = 0, boththe measured
valuey; andthe predictednon-attenuatedalueb; aresetto an

arbitraryvalue B, thusdriving algorithm(4) towardsa solution

with zeroattenuatioralongi. SincePoissomoiseis assumed,
this driving “force” increasesvith increasingB. B shouldnot

be setto too high a value,sincein studieswith poor statistics,
y; maybecomezerofor projectionlinesintersectinghe body.

B. Single photon emission tomography

The basic algorithm
The expectedhumberof countsis givenby

o= Y eghe el (6)
J
lie; = g if thetrajectoryfrom position; to detector(7)
intersectgosition¢
lie; = 0 otherwise.

The first step of the alternatedoptimizationis similar as
above: updating\ keepingji constantcanbe implementedas
asingleiterationof ML-EM:

Aj QijCijYi
A‘?EW — J J ]y (8)
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The second step, however, cannot be carried out by
applying an ML-algorithm for transmissiontomography To
our knowledge the problemof finding & whenthe sinogramyy’
andtheactuvity distribution X aregivenhasnot beensolvedfor
SPECT In appendixA, a new gradientascentML-algorithm
for this problemis derived. Theresultingalgorithmis givenby

Qg Yi
Hi+ NY .4 Z; 4ij (1



G; = Zcikaikli]‘,k}\k- (10)
k

Here,a, is arelaxatiorfactor Theweightg;; canbeinterpreted

asthetotalamountof photonghataredetectedn ; andthathad

atrajectoryintersectingpositiony: thevalueof g;; isameasure

for theinfluenceof u; onthe predictedvaluefor y;.

Missing attenuation data
As wasthe casefor PET, thevaluey; containsno information
onattenuatiorwhenthereis noactvity alongtheprojectionline
i. Sinceadapting(5) to SPECTdoesnot yield a procedureof
similar simplicity, a differentapproachs used. A temporary
sinogram’is constructeéndbackprojectedhto animageZ as
follows

z; = 1if y; =0 ,and z; =0 otherwise
2 Cij%i
Z, = =% (11)
! 2 Cij

Thepixel valueZ; containghefractionof projectionlineswith
zeromeasuredounts contributingto j. Pixelswith avalue Z;
larger thana thresholdare likely to belongto the background
(assumingactivity in the skinandin absenc®f noise,arny non-
zerovalueof Z; would indicatethat j is in the background).
For thosepixels,asmallconstant/alueis subtractedrom g in
every iteration. This is equivalentto a prior distribution with
log-likelihood proportionalto —p;. A good thresholdmust
be determinedexperimentally The resultingeffect is that of
driving the attenuatiortowardszeroexceptwithin a wide hull
containingnearlyall of theactvity in theimage.

C. Prior distributions

Sincea uniquesolutionis not guaranteedprior knowledge
is incorporatedin the algorithm in an attemptto guide it
towardsa meaningfulsolution. This knowledgeonly concerns
the attenuationcoeficients: 1) we expectto find only values
typical for attenuatiorin tissue,air and possiblylungs,and2)
we expectthe attenuatiormapto belocally smooth.

The a-priori knowledge aboutabsoluteattenuationvalues
is implementedas a bi- or trimodal probability distribution.
Incorporationof the prior knowledge can be regardedas a
segmentation, since the algorithm continuously attemptsto
assign every reconstructedattenuationvalue to one of the
modesof the prior. Intensitypriors have beenusedpreviously
in MAP-reconstructionseee.g.[13, 14].

The local smoothing prior is implemented using a
two-dimensional Gibbs-distrilution [8, 19].  Details are
providedin appendixB.

D. Initial images

It is obvious that this gradientapproachonly guarantees
cornvergencetowards a local optimum. Methodsto find the
global maximum, suchas annealing[7] are too slow for this
application.As aresult,thefinal solutiondepend®ntheinitial
imageandon the stepscomputedduringtheiterations.

To producean initial attenuatiormap, the samealgorithm
usedto compensatdfor missing information in SPECT is

applied,both for PET and SPECT with a more conserative
thresholdvalue. We computethe imageZ with (11), and
thresholdit with 0.08 to producea wide corvex hull. The
initial activity distribution is obtained by applying a few
MLEM iterationsusingtheinitial attenuatiormap. After this,
the ML-algorithms for actvity and attenuationare applied
alternately

E. Projector-backprojector

Ourprojectorbackprojectousesgprecomputedhterpolation

coeficients. We use “variable binning” [25] to reducethe
storagerequirementswith a factor of about N/2, where N
is the number of detectors[21]. This techniqueinvolves
interpolationof sinogramlinesinto afiner grid. This causes
smallamountof extra blurring, but becausehis blurringis less
thanthatdueto thelimited cameraesolutionjt doesnot cause
artifacts(in factit makesthe projectorslightly morerealistic).
Sincethey usethesameprecomputedoeficients,theprojector
andbackprojectoarecloselymatched.
In ourimplementationthe coeficientsc;; andi;; areidentical
(implying that the unit of length equalsthe pixel size, and
that the diameter of the reconstructedarea N equalsthe
numberof pixelsin arow or columnof theimage). However,
following Erdajan et al [5], we use different symbolssince
thesecoeficientsmodeldifferentphysicalquantities.

F. Acceleration

As with MLEM, the MLAA algorithm can be accelerated
using orderedsubsetqOS) [9]. This hasbeenimplemented
by replacingthe summationsover all projectionliness in the
equations(3), (4), (8) and (9) by summationsover a subset
of projectionslines. For the next sub-iteration,a different
subseis selecteduntil all subset$have beenused.A sequence
of sub-iterationsin which all projectionsare used once is
consideredas a single OS iteration. The processingtime
consumedy an OSiterationis comparabldo thatof aregular
MLAA iteration.Selectiorof thesubsets doneby maximizing
the differencein projection angleswith the previous subset.
However, the priors arerecomputedn every subiterationand
sincetheir computationalvork dependsn theimagesize,not
onthesubsesize,thatpartof the calculationis notaccelerated.

I11. EXPERIMENTS

A. Computing /i from X and the SPECT si nogram

An evaluation of the new algorithm (9) is required, in
orderto verify whetherit is indeedcapableof reconstructing
the attenuationrmap from the known actity distribution and
the SPECT sinogram. An elliptical object was simulated,
with a constantactivity and a Shepp-Loganphantomtype
of attenuationdistribution. With the new algorithm (9) the
attenuationdistribution was reconstructedrom the simulated
sinogramandthe known homogeneousacerdistribution.

In addition,the reconstructiorwasrepeatednow replacing
thetrue tracerdistribution with a uniform randomdistribution,
within the sameobjectboundary



B. Smulations
1) Non-convex homogeneous objects

Since both the SPECT and PET algorithms contain
heuristics which tend to assign zero attenuationto pixels
along projection lines with zero counts, both algorithms
are rapid in producingan approximatelycorvex hull of the
body Consequentlynon-corvex body outlinesare neededo
challengethe performanceof the ML-algorithm. Therefore,
two different and highly non-corvex objects are simulated.
Both objects were reconstructedwith exactly the same set
of parametergo obtain someinformation on the robustness
of the algorithms. The sametwo objectswere usedfor PET
and SPECT but with differentimagesizes. For SPECT we
used50 detectorsand 90 attenuatedviews over 360 degrees
were computedthe resultingsinogramwas reconstructednto
imagesof 50x50 pixels. For PET, 100 detectorswere used,
130 attenuatedviews over 180 degreeswere computedand
reconstructeéhto imagesof 100x100pixels. No Poissomoise
wasadded.

In all four simulations,the prior probability distributions
used during reconstruction were centered at the actual
attenuation value.  Becausethe initial attenuation map
tends to overestimatebody size, transition from tissue to
backgroundattenuationis more likely to be neededthan
vice versa. To easethis transition, the standarddeviation of
the backgroundprior was set 4 times wider than that of the
tissueprior (sointermediatevaluesare more attractedowards
the background). For the Gibbs prior, the Gemanfunction
(AppendixB, eq. (25)) wasused.In all cases1000iterations
withoutaccelerationwvereapplied.

2) Thorax simulation

A simplified thorax object, composedof ellipses, was
simulatedto study the behaior of the algorithmin the case
whenthe objectcontainstwo differentattenuatiorcoeficients.
Assuming a homogeneoushackground activity of 1, the
myocardialactivity wassetto 5 andthe activity of a smallhot
spotin the lung was setto 3. For PET, 130 views over 180
degreesveresimulatedwith 100detectorgperview. Thetissue
attenuationvassetto 0.095cm!, assuminga pixel size of 4
mm. For SPECT 90 views over 360 degreeswere simulated,
with 50 detectorgerview. Tissueattenuatiorwassetto 0.125
cm~!, assuminga pixel size of 5 mm. In both cases,lung
attenuatiorwassetto onethird of tissueattenuation.

The prior distribution of attenuationcoeficients now has
three modesinstead of two, which representsa significant
increasan the numberof degreesof freedom.

For the SPECTsimulation,all threestandarddeviations of
the prior distribution were simply setto the samevalue. For
the PET simulation, uselessresultswere obtainedunlessthe
width of the tissueprior was set much smallerthan thoseof
backgroundandlung. Theresultshavn laterwasproducedoy
settingthe width of the tissueprior to be one-tenththat of the
othertwo.

C. Patient studies

Thealgorithmwasonly evaluatedon clinical studieswhere
a constantattenuatiorwasan acceptablepproximation:there
were no lungsin the field of view and a bimodal prior was
used (ignoring the higher uptale in bonerelative to tissue).
For clinical PETstudies,we usedz; = 0 and iz = 0.095
cm~! (value derived from transmissionmeasurementsn
patients). For SPECTstudieswith °™Tc, we usedj; = 0
and fio 0.125 cm~! (value usedin clinical routine for
calculatedattenuationcorrectionbasedon manualcontours).
For the correspondingtandardieviations,we seto; = 4 * o5.
This was done to ease transition from tissue attenuation
towardsbackgroundattenuation.Indeed,asbefore, the initial
attenuationboundariesare chosentoo large, and therefore,
more transitionsfrom tissueto backgroundvaluesare needed
thanvice versa.

The MLAA algorithm was applied to the emission
sinogramof anabdominalPET FDG-study The sinogranwas
reconstructedisingan acceleratedteration scheme pasedon
a decreasinghumberof projectionsubsets. The schemewas
1x64, 1x50, 1x40, 3x32, 3x16, 3x8 and 4x1, wherethe first
figuredenoteghe numberof OSiterations,andthe secondne
the numberof subsets.The prior protectsthe attenuatiommap
againsthigh frequeng noise, but at high iteration numbers
the unconstrainedemissionimage is severely distorted by
the well-known noise propagation. For visual inspection,the
image is smoothedwith a two-dimensionalGaussianmask
with a standardieviation of 1 pixel.

The algorithmwasalsoappliedto a PET FDG studyof the
lower limbs, consistingof 150 planesusingthe scheme3x32,
3x16,3x8 and4x1.

The algorithmwas usedto reconstructa seriesof SPECT
99mTc-HMPAO labeled white blood cell studiesof patients
suffering from inflammatorybowel disease.

The PET imageswereacquiredon a ECAT931-08-1527],
typical injecteddoseis 350 MBgq. The SPECTimageswere
acquiredon a Trionix Triad systemsthe dosewas180MBg.

V. RESULTS

A. Parameter values

The method containssereral heuristic parametersto be
tunedexperimentally
For the transmissiorreconstructioralgorithm (4), we obtain
goodresultswith a, = 2. Corvergenceis slower for lower
valuesoscillationsoccurfor valueswhich aremuchhigher
For the correspondingelaxationfactora; in (9), similarvalues
areused.
For the value B in (5) goodresultsare obtainedfor valuesin
theorderof B = mearfb),/10.
For SPECT the thresholdin (11) wassetto 0.05which tends
to overestimatehe objectsize. This is conserative, sinceit
avoids driving object pixels towards backgroundvalues,and
leaves the detectionof the final body outline entirely to the
actualMLAA iterations.



B. Computing /i from X and the SPECT si nogram

The attenuationmap reconstructedfrom the simulated
emissiondistribution andthe SPECTsinogramis comparedo
the original imagein fig. 1. The samefigure alsoshaws that
thelikelihoodincreasesisafunctionof theiterationnumber

Left:

Figure 1: Reconstructionof the attenuationmap from a
simulatedsinogramand the known tracer distribution; Center: the
original map. Right: The correspondindog-likelihoodasa function
of theiterationnumber

When the iterations were carried out using the random
distribution instead of the true distribution, the likelihood
still increasedmonotonically As expected, the likelihood
was systematically lower and the reconstructiondiffered
considerablyfrom thetrue attenuatiormap.

C. Smulations
1) Non-convex homogeneous objects

Figure 2 shavs the results obtained for the PET
simulation after 1000 iterations. For comparison, the
MLEM reconstructionwithout attenuationcorrectionis also
shavn scaledto its own maximum (the meanvalue of the
non-attenuationcorrectedimagesis lower by a factor of
about5). We found that in thesenoise-freesimulations,the
smoothnessgrior is not required. For corvergenceto a nearly
exact solution, a bimodal prior favoring the two possible
attenuationcoeficientsis sufficient. Note that thereis some
cross-coupling between attenuation and actvity images:
regions of high actvity tend to have decreasedattenuation
coeficients (attenuationof the centralellipseis decreasedby
approximatelys%).

MLEM

Figure 2: Left panel: MLAA reconstructions(1000 iterations)
of the simulated PET sinogram for the first non-cowex object.
From left to right and top to bottom: the true attenuationmap, the
MLAA attenuatiomrmap,thetrue activity distribution andthe MLAA
reconstructedactiity image. Referenceand MLAA imagesare
displayedwith commongray scale.Right panel: samefor the second
object. Center: MLEM emissionreconstructionsvithout attenuation
correctionof first object(top) and secondobject (bottom), scaledto
their own maxima(requiredfor viewing).

Figure3 shawvsthe correspondingmagesfor SPECT

L

REF MLAA

. L]
Ll o
Figure3: MLAA reconstructiong1000 iterations)of the simulated

SPECTsinogramdor bothsimulatednon-cowex objects.Layoutand
scalingasin figure2.

2) Thorax simulation

Fig. 4 shavs the MLAA reconstructiorfrom the SPECT
attenuatedemissionsinograms for the caseof threepossible
attenuationcoeficients. Selection of parameterswas not
critical. The samefigure also shavs the corresponding?ET
reconstructions. Parametershave been tuned to produce
reconstructionmagesin which thelungswereclearlyvisible.

MLEM

Figure4: Top panel: MLAA reconstructiorfor the SPECTthorax
simulation. Fromleft to right andtop to bottom: the true attenuation
map, the MLAA attenuationmap, the true actwity distribution, the

MLAA reconstructedactivity image and the MLEM reconstruction
without attenuationcorrection. Referenceand MLAA imagesare

displayedwith commongray scale. The non-attenuatiorcorrected
imageis scaledo its own maximumto male it clearlyvisible. Bottom

panel: Samefor the PETthoraxsimulation.

3) Convergence behavior

Fig. 5 shaws the typical evolution of the (SPECT)
attenuationrmap as the MLAA-iterations proceed. The initial
attenuatiomrmapis, in the caseof asingleobject,alwaysawide
corvex hull. In the concae regions,corvergences slovestat
theboundariesassignmentf backgroundattenuatiorproceeds
from the centertowardsthe edges.Even after 1000iterations,



thereis still aring with non-zeroattenuatiomeartheboundary
of theinitial image. Similar behaior is obseredfor the other
object,andalsofor the PET simulationsandpatientstudies.

-

v

Figure5: MLAA reconstructionatiterationnumbersl, 60 and1000,
for the SPECTsimulationof the seconchon-cowex object.

D. Patient studies

In fig. 6 the reconstructionfrom a PET peritoneal
metastasestudyis shovn. The acceleratedLAA emission
imageis comparedvith attenuatiorcorrected=-BPandMLEM
reconstructionsandthe MLAA attenuatiormapwith the FBP
andML reconstructionsf the measuredransmissiorscan.In
addition,the non-attenuatiocorrectedML-imagesareshown.

The absolutedifferencebetweerthe emissionimagesfrom
MLAA and MLEM with measuredattenuationcorrection
reveals very good agreement:the differenceimage contains
mainly noise. The meansquarederror was determinedusing
all pixels with significantattenuationin the MLAA map. It
amountdo 28%of the meanor 6.5%o0f the maximumfrom the
MLEM image. Thereis alsoa good agreemenbetweenthe
MLAA attenuatioomapandtheML-reconstructedransmission
scan.Thedifferenceimageshawvs smalldeviationsat the body
contour andthat the MLAA reconstructiordoesnot contain
thepatientbed.

Figure7: MLAA reconstructiorof a PET study of the lower limbs
(transaxial sagittalandcoronalsectionghroughreconstructedctvity
andattenuatiordistributions).

Fig. 7 shavstransaxial sagittalandcoronalslicesof aFDG
PET study of the lower limbs, reconstructedvith accelerated
MLAA. At ourdepartmentP?ETwholebodystudiesarecarried
out without transmissiorscanin orderto reducethe scantime
to anacceptablaluration. Consequentlythereis no reference
imageto comparewith andthe imagescanonly be evaluated

visually.
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Figure8: MLAA reconstructiorof a SPECT**™Tc-HMPAO labeled
white blood cells studyof a patientwith inflammatorybowel disease.
Transaxial sagittalandcoronalsectionghroughreconstructedctiity
andattenuatiordistribution. Top: FBPwithout attenuatiorcorrection,
center:MLAA emissionmagespottom:MLAA attenuatioimages.

Fig. 8 shaws transaxial, sagittal and coronal slices
of a SPECT %™Tc-HMPAO labeled white blood cells
study of the abdomen. For comparison,the typical clinical
reconstruction,producedwith filtered backprojection(FBP)
without attenuationcorrection, is also shovn. Again, the
imageshave to be judged by visual inspectionbecauseno
transmissiorscanwasavailable. However, with this tracer the
liver is expectedto shov homogeneousiptale, which is the
casen theacceleratedILAA reconstruction.

V. DIsCUsSION

The aim of this work was to investigate whether
ML-reconstruction of emission sinograms is capable of
compensatindor attenuatiorin the absencef a transmission
scan. In orderto do so, an ML-algorithm was developedby
combining someexisting algorithms, along with a nev one,
into a singleprocedure This proceduras clearly heuristicand
containsmultiple parametersvhich influencethe final result.
This seemsunavoidable, becausethe problem is probably
highly underdetermined,and the likelihood function does
not containa single maximum. Explicit heuristicparameters
includethe initial imagesthe weightsof the priors,the choice
of the costfunctionin the Gibbs prior andthe relative size of
thealternatedptimizationstepsin solutionspace.

At this stage, we have not systematicallyinvestigatedthe
influenceof all theseparameters.Our currentfeeling is that
the parametewaluesare not critical for the caseof constant
attenuationin an arbitrarily shapedbody. E.g. we found that
the introduction of ordered subsets(which clearly affects
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Figure6: Reconstructionsf anabdominalPET study Fromleft to right; top: MLEM without attenuatiorcorrection,FBP and MLEM with

measureattenuatiorcorrection MLAA emissionimage,absolutedifferencebetweenMLAA andMLEM images.Bottom: FBP andMLEM

reconstructiorof PETtransmissiorstudy MLAA attenuatiormap,absolutedifferencebetweerMLAA andML attenuatiormaps.All emission
imagesaredisplayedwith the samegrayscalegxceptthe non-attenuatiocorrectedVILEM image.All transmissionmagesaredisplayedwith

thesamegrayscale(Thering artifactis causedy truncationof thenormalizatiomearthe edgesa problemsolvedin never PETsystems.)

the trajectory through solution space)did not compromise
convergencein patientstudies. In the noise-freesimulations
with a single non-zeroattenuation,surprisingly good results
have beenobtained. In thesesimulations,the smoothness
prior was not neededand good resultswere obtainedaslong
as the weight of the bimodal prior for absoluteattenuation
coeficients was low. (When that weight is set too high,
the initial image becomesa local minimum from which no
departureis possible.) Constrainingthe attenuatiormap with
a bimodal distribution and a smoothingprior reducesthe set
of possiblesolutions. Moreover, MLAA rapidly produces
a corvex hull, effectively forcing mary pixels from the
attenuationmap to zero, which further reducesthe solutions
set. Apparently this reductionis sufiicientto obtainacceptable
images. This approacHimits the applicability of the method
to casesn which thetraceruptale nearthe skin is sufiiciently
high, suchasin thereportedpatientstudies.

In the casewhere the lungs are in the field of view,
three different attenuatorsare present: air, lung and tissue.
Consequentlythe prior for absolutecoeficients now shavs
threepeaks,implying thatthe reductionof the setof solutions
is not as strongas in the bimodal case,and that the risk of
cornvergencetowards an undesiredsolution is increased. In
the caseof SPECT a reasonableMLAA reconstructionwas
obtainedwithout tuning of the parametersFor PET, very poor
resultswere obtainedinitially. Only after careful tuning the
width of the priorstheresultof fig. 4 wasproduced.Herethe
lungsarevisible in the attenuatiormap, but the reconstruction
of heartand the hot spotin the lung is still unsatisctory
In both casesthereis considerablé’cross-talk” betweenthe
activity and attenuationimages: to some extent, increased
regional activity can be traded in for decreasedregional

attenuation. This cross-talkdoes not come as a surprise:
since the likelihood function is not concae, the optimum
activity valuefor a pixel is expectedto dependon the values
of surroundingpixels, andthe trimodal constraintis not strong
enoughto excludeaberrantsolutions. This ambiguityis more
pronouncedin PET than in SPECT Manglos et al. [15]

reportedthe same effect using a multiplicative ART-based
iterative algorithmin SPECT

We have not comparedthe performanceof our methodto
that of the consisteng methodproposediy Welchetal. [29].
The consisteng andthe likelihoodcriteriaare probablynot as
differentasthey may seem. A sinogramis consistentf it is
identicalto the reprojectionof its reconstruction.This means
that optimizing the consisteng is equivalent to minimizing
the difference betweenthe measuredprojectionsand those
calculatedfrom the reconstruction. Similarly, the likelihood
becomesnaximumwhenmeasurednd calculatedprojections
are identical. The main differencein the methodsis in the
measuraisedto quantify the deviation betweemrmeasureand
calculateddata.

In its currentimplementation,the consisteng method [29]
is usedto optimize the shapeof a parametriccurve that
representshe border of a homogeneousattenuatar Since
only a few parameterare usedto describethe curve, a very
strong constrainingis implicitly applied. In contrast,in our
ML-approach a large number of parametersis used (the
pixels of animage),andan explicit constraintis required. An
explicit constraintgivesbettercontrol, but it requiresa larger
amountof computationsgper iteration. As illustratedin fig.
5, assignmenbf backgroundattenuationin concae regions
always startsfrom the innermostpart of the region, gradually
moving towardsthe bordersat higheriterations.This indicates



thatthe gradientearthe bordersarerelatively small,whichis
apotentialweaknes®f contourbasednethods.

Thresholding of the image computed with (11) is a
segmentationmethod producinga first estimateof the body
outline. This approachhas somesimilarity to the sinogram
segmentationmethod [17] and producessimilar results on
corvex objects. Both methodsfail in the caseof non-comwvex
object shapes. However, in contrast with the sinogram
segmentationmethod, algorithm (11) is capableto delineate
multiple corvex objectsin a single image, provided that they
arewell separatedy the background.This is usefulin some
applications,suchasstudiesof the lower limbs. We find that
in applicationsvherethe body outlineis corvex, the algorithm
(11) producegyood attenuatiormaps,hardly modified by the
subsequentlLAA iterations.Consequentlythis algorithmcan
bedirectly combinedwith MLEM for emissioninto arelatively
fast and clinically useful reconstructionprocedurefor such
applications.

Tai et al. [28] proposedto producean attenuationmap
by segmenting a (temporary) reconstructedactvity image,
obtainedwithout attenuationcorrection. As shawn in fig 2,
3 and 6, suchan approachs expectedto be more successful
in SPECT as comparedto PET. In PET, regions with zero
attenuationthatareenclosedn thecorvex hull, tendto begiven
alargevaluewhenattenuatioris ignored.Simplesegmentation
algorithmswill includetheseregionsin the attenuatingoody;
and Tai et al. reportthat even their sophisticatedechniques
sometimesfail to separatethe arms from the body of the
patient [28].  Another possible weaknessof their method
is that the result of the segmentationis not verified against
the original data, so that errors can propagate. In contrast,
the MLAA-method repeatedlychecksthe current estimates
againstthe data. Possibly the methodscould be combined:
segmentationof the currentactivity estimatecould resultin
a useful prior image for the attenuationstep, which would
accelerateonvergenceof the attenuatiormap (andhencealso
of the actwity image).Segmentatiorerrorswould be penalized
if they resultedn adecreasef thelikelihood.

Thegoodresultsobtainedn patientstudiesof theabdomen
andthe lower limbs suggestsa possibleapplicationin whole
body imaging. Only a transmissiorimagein the lung region
would be required. For the rest of the body, an attenuation
map canbe producedwith MLAA, andthe entirewhole body
studycanbereconstructedvith attenuatiorcompensatiofithus
allowing (semi-) quantitatve analysis, such as computation
of standarduptale values). This would resultin a significant
decreasef imagingtimein e.g. PET oncologystudies.

V1. CONCLUSION

In this paper a new maximum likelihood method was
derived for simultaneous reconstruction of the actiity
distribution andattenuatiormapin PET andSPECT For PET,
the MLAA algorithmis composedf existing algorithmsfor
ML reconstructiorin emissionand transmissiortomography
For SPECT the method combines the existing MLEM
algorithm for emission, and a new ML-algorithm which

reconstructsheattenuationmap,whentheattenuatedinogram
andtheactvity distribution aregiven.

The performance of the algorithm is evaluated using
simulationsand clinical studies. Goodresultsare obtainedin
the caseof constantattenuationin a (possibly non-comwex)
attenuatingoody For PET, we obtainedvery goodagreement
betweenthe MLAA-reconstruction and the image obtained
with attenuatiorcorrectionfrom atransmissiorscan,ndicating
thatthis approachmaybe usefulfor someclinical applications.
Simulationssuggesthat extensionto non-uniformattenuation
in thelungsmay be possiblein SPECT but will be difficult in
PET
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VIII. APPENDIX A

IgnoringtermsnotdependenonX andfi, thelog-likelihood
function of a SPECTsinogram, given the actwvity and
attenuatiormapsis

L(X, ) > (=ri+yilnr)

E C,‘ja,’j)\J
J

wherethe definition of the symbolsis asin the text (equation
(6) - (8)). We now derive a gradientascentalgorithm that
attemptsto maximize L(X, /i) as a function of 7. The
derivation is similar to that of the reconstructionalgorithm
for transmissiontomographyin [22]. The first and second
derivativeswith respecto theattenuatiorcoeficientsequal
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whereg;, is definedasin (10). In orderto optimize(12),one
cancomputetheupdateAﬁ usingaquadrati(approximation:
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The dimensionality of the problem precludes direct
computatiorof Aji from (17). Insteadwe estimateA i as

B = - 5#5/2

This expressionsatisfies(19). In addition, for a diagonal
Hessian, it reducesto Newton’s method. Becausethe
expressionis heuristic, there is no advantagein calculating
(20) with high precision, so two more approximationsare
introducedto simplify the computationsFirst, we assumehat
yi; =~ r; in (16),whichis reasonableloseto thesolution.It also
guaranteeshat the denominatoiin (20) becomeseyative, as
required. Secondwe replacez¢ l;4,; With its upperlimit N.
Consequently)_ ; giy is replacedby N 3° . cijai;A; ~ Ny;.
Finally, introducingarelaxationfactora;, we obtain

; (1 ’f'z) Qic -
(21)
One could directly set A, t0 a5~ BL . However, useful
valuesof a, would be very dependenbn imagecontentsand
dimensions.With (21) we attemptto obtaingoodcorvergence
with as close to unity, which is confirmedin our limited
experiencewith the algorithm: usefulvaluesarein the range
of 1 to 10, relaxationfactorsabout 10 or higher produce
oscillations.
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IX. APPENDIX B

The first prior is a probability distribution of absolute
attenuationcoeficients, the secondis a Gibbs distribution
favoring locally smoothsolutions. To incorporatethesepriors
into the algorithm,the gradientof thelogarithmmustbe added
to that of the likelihood function. Sincethe priors areonly a
functionof j7, theupdateof X is notaffected.

We define the intensity prior to behae as a Gaussian
functionwith meanp; andstandarddeviation ¢;. In orderto
combinethe Gaussiangnto a single distribution, the u-axis
is divided in intervals. The valuesfi; representhe a-priori
expected attenuationcoeficients. Additional points ¢; are
definedastheintersectiorpointsof neighboringGaussians:

1 ti — )’ 1 ti — fit1)”
exp gb) _ exp ;;+1)
V2mo; 20; V2moip 207,

and i <t < figa- (22)

The Gaussiansre combinedby defining the gradientof the
logarithm M, asa piecaviselinearfunction:

8Ma(p|g;,i:1..1) _ u-:g,-_l it ti,<p< t,-_12+m
— _1%2'& if ti—12+ﬁi <p< ﬁi2+ti
= H;;i if ﬁ’TJ’_t’ <p<lt;
(23)
whereit is assumedhatty, = —oc andt; = oo. Thus, by

defining the gradientof the logarithm, (23) definesthe prior

M, up to a constantscalingfactor which is irrelevantfor the
optimization.Consequentlythe prior is a continuougfunction,
behaing asa Gaussiamearthe expectedvaluesi;. Sinceonly
thegradientis required the computationsresimpleandfast.

To encouragdocal smoothnessa prior is definedusinga
Gibbsdistribution[8, 19]. Thelogarithmof the prior My is:

=) win®s (ke — 1)
ik

My (ji) = (24)

wherew;, = 0 if pixels j and k¥ are not nearestneighbors,
and w;;, equalsthe Euclideandistancebetweenpixels j and
k otherwise. We have usedan 8-pixel neighborhood.For the
function & we usea function equialentto that proposedby
GemanandMcClure[8], implementedas

.’172

®s(7) = 353 4 o2 (23)
or (following Mumcudjlu etal.[19]) the Huberfunction:
2
ds5(z) = @ if |z| <4
_ ll=o 5/ if |z]> 0. (26)

Bothfunctionscorvergeto thesamequadratidorm for smallz,

but the GemanandMcClure functionis moretolerantthanthe
Huberfunctionfor largevaluesof u, — 11; andtendsto produce
sharperedges.

Thealgorithms(4) and(9) cannow be extendedwith these
priors. Thegradientof the posterioris the sumof the gradients
of the prior andthelikelihood. In the denominatarwe addthe
secondierivative of theprior to controlthestepsize(expression
corvergesto Newton's methodwhentheprior dominates).

For PET, thisleadsto

2oiCijaibi Z cijyi + OM (ji) /O
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andfor SPECT
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In bothequations)M (i) is definedas
M) = BaMa(fE) + Bo My (fi)- (29)

As seen from (23), 8?M, ( i)/0p; is a discontinuous
function with valuea or —o; 2 everywhere,exceptin the
discontinuitieswherelt is undefmed We arbitrarily definethe
valueat a discontinuityto be thatof theinterval atits right. A
discontinuityin thesecondlerivatemayproduceaninadequate
step size, resulting in oscillations of the gradient ascent



algorithm.However, sincethe gradientof M, is directedaway
from the discontinuity it tendsto drive the solution towards
the maximaof M,, wherethe prior is well-behaed. We have
never obseredinstability with this approach.

In practicewe replaced” M; (i) /Op by its uppedimit —1/62.
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