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Abstract

In positron emission tomography (PET) transmis-
sion studies are acquired to compensate for photon
attenuation. We have developed a simple gradient
based maximum-likelihood (ML) algorithm for re-
constructing the original distribution of attenuators
from the transmission measurements. Our experi-
ments show that attenuation compensation based
on these reconstructions is superior to classical at-
tenuation compensation based on the raw attenua-
tion measurements.

The method has been extended for post-injection
transmission studies, in which the transmission
measurement is affected by photons originating
from the injected tracer. This novel method was
compared to ML-reconstruction after subtraction
of the emission contribution, and to reconstruc-
tion/reprojection with filtered backprojection, indi-
cating that the novel method suppresses noise bet-
ter.

Finally, using a similar approach, a new ML-
gradient algorithm was derived to compute both
the attenuation and the activity distribution from
the PET emission sinogram only. Simulations in-
dicate that the emission sinograms indeed contain
information on the attenuation distribution, which
is recovered with the ML-approach. Application to
clinical PET studies show promising results.

1. Introduction

In positron emission tomography (in 2D operational
mode) parallel projections (line integrals along par-
allel straight) of a radioactive tracer distribution
are acquired. Each pair of PET-detectors defines a
single projection line, usually called line-of-response
(LOR). The mathematical equivalent of this process
is the Radon transform, written below in its digital
form:

yi = Zcij/\ja 1)
J

where y; is the measured projection, A; the radioac-
tivity at pixel j and c¢;; the relative contribution of
the activity at pixel j to the LOR at sinogram pixel
i. If a sufficiently large set {y;} is known, the orig-
inal distribution can be reconstructed.

In reality, there are two important deviations from
the ideal Radon transform. First, because the ra-
dioactive dose must be limited, the measurements
are strongly affected by Poisson noise. Second, a
fraction of the photons is not detected due to at-
tenuation (photon-electron interactions in the tis-
sue of the patient). As a result, equation (1) must
be modified into

yi= 3 cihje 2 (2)
J

where pj is the linear attenuation coefficient in
pixel k.

In the classical approach, the noise is suppressed
by applying low-pass filtering. The attenuation
problem is solved by measuring the total atten-
uation along a LOR with an external radioac-
tive source. However, superior solutions to both
problems can be obtained using iterative recon-
struction. Maximum-likelihood (ML) expectation-
maximization (EM) [1] has been shown to yield
superior reconstruction of the emission images, by
taking into account the Poisson nature of the mea-
surements. Further noise suppression is achieved
using maximum-a-posteriori algorithms [2] or by
stopping the iterations before full convergence is
achieved. ML-EM has been adapted to transmis-
sion tomography [3]. However, unlike in emission
tomography, the complete variables introduced by
the EM-algorithm do not cancel out in the final
algorithm. In addition, a transcendental equation
must be solved in every iteration. Ollinger [4] used
Newton’s method to solve that equation.

We followed an alternative approach, leaving the
EM-algorithm and directly maximizing the likeli-
hood function using a simple gradient algorithm.
A disadvantage is that the Hessian matrix is not
diagonal in this case, in contrast with the Hessian
matrix of the M-step in the EM-algorithm [4]. An
important advantage, however, is a reduction of the



complexity of the algorithm. This approach has
been used in three applications:

1. Using ML-reconstruction of the transmission
scan to improve the attenuation correction of
the emission image.

2. ML-reconstruction of post-injection transmis-
sion studies, where an estimate of the unde-
sired contribution of the administred emission
tracer is available.

3. Simultaneous ML-reconstruction of both the
attenuation and the activity distribution from
the emission data, when no transmission scan
is available.

2. Methods

2.1. Transmission

Applying Bayes rule and assuming that the a priori
probability distributions p({y;}) and p({p;}) are
homogeneous, the following relation holds:

p({uitl{yi}) ~ p({wit{n;}) 3)

Maximum likelihood reconstruction maximizes the

expression at the right hand side in (3) (to simplify

the algorithm, actually the logarithm of that ex-

pression is maximized). The logarithm of the Pois-

son distribution given the expected value A equals:
ATe™A
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Applying this to the case of transmission tomogra-
phy yields for the logarithm of the likelihood:

I
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where y; is the transmission measurement, b; is the
blank scan value, I is the total number of sinogram
pixels and J the total number of reconstruction pix-
els. The matrix of second derivatives of eq.(5),
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is negative definite, L is bounded from above and
L goes to —oo when the norm of ji goes to 0o, so
L has a unique maximum. Therefore, the iterative
algorithm of the form

new

pie = pi + Apy, (8)

with Ap; the same sign as % and |Ap;| suffi-
ciently small, will converge.

We will estimate now the step Ap; in the neigh-
borhood of the maximum fiy. Expanding the first
derivative up to first order, and assuming that Ag
is such that i + Aji = fig, we obtain:
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Instead of solving eq.(9), which is much more com-
plicated, we estimate Afi as:
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This expression satisfies eq.(10) and has the same
sign as BBTLk since 65:5#1 (#) < 0,Vk,!. Introducing a
relaxation factor o > 0, we monitor L such that the
norm of Aji can be decreased if L happens to de-
crease. This leads to the following algorithm (which

converges):
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where we used the fact that ijl ¢ij = N for an
image of N x N pixels. The main advantage of our
algorithm is that we have a simple expression for
Aji where the backprojection of the measurements
needs only be calculated once, so every iteration
requires one projection and one backprojection, as
in the well known ML-EM algorithm for emission
tomography [1].

In order to correct the emission study for attenu-
ation, the reconstructed attenuation map must be
reprojected to compute the attenuation correction
factor A;:

Ai — eEk Cilcl—"k, (13)

which must be multiplied with y; to transform equa-
tion (2) into equation (1). The advantage of com-
puting (13) instead of directly using the ratio of the
blank b; and the transmission measurement ¢; (see
equation 6) is that the reconstruction removes noise
by discarding the inconsistencies in the projection
data.

2.2. Post injection maximum-a-posteriori

In clinical practice, the scan duration can often be
decreased considerably (with a concordant increase
of patient comfort) by performing the transmission
study after rather than before administration of



the tracer. Reconstruction of the attenuation map,
then, requires correction for the undesired contri-
bution of the emission tracer to the transmission
study. The log-likelihood function now becomes:

L= Z (y, ln(ti + ai) —t; —a; — ln(y,')) , (14)

i=1

where we assume that an estimate of the expected
tracer contribution a; is available. Applying the
same approach as above leads to

B = a( 3uk) <25Mk5m> (15)
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The denominator is a heuristic normalization fac-
tor, so it is acceptable to further approximate it.
Assuming q; is relatively small compared to t;, and
further assuming ¢; + a; ~ y;, the expression can be
changed into

Apu = IR _”ii‘“). (17)
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The advantage of this adaptation is that the denom-
inator remains unchanged during the iterations, re-
moving a costly backprojection from the computa-
tions.

In practice, only a Poisson realization of a; is avail-
able (e.g. an emission measurement acquired im-
mediately before the transmission study), whereas

q (17) assumes that a; is free of noise. If a; is
the mean emission contribution, the variance on
yi — (t; +a;) would equal t; + a;. Using the Poisson
realization a;, the variance increases to t; + 2a; ~
t; + 2a;, violating the assumption of Poisson noise
that is the basis of the ML-algorithm. However,
the Poisson characteristic can be restored approxi-
mately by setting

yi = vita (18)
ai = 2a; (19)
and applying the algorithm using y; as the measure-
ment and a} as the known emission contribution.

Finally, because short scans are preferred, the noise
on clinical data is mostly fairly large. To reduce the
noise, an a-priori probability distribution of linear
attenuation coefficients is included. Eq (3) becomes

p({pitHyi}) = p(yiH{ui}) p({us})- (20)

Consequently, the derivative of the logarithm of the
prior must be added to the gradient of the likelihood
in equation (17). The prior is defined as follows. A

set of expected linear attenuation coefficients is de-
fined, e.g. {Hair; lung, Mtissue }, together with a set
of corresponding standard deviations. This defines
a set of Gaussians. They are combined into a single
function, by taking in each point the maximum of
the Gaussian functions in that point. This produces
an oscillating function with Gaussian-shaped max-
ima, and minima with discontinues first derivate
(the points where the Gaussians intersect). The
regions near the minima are modified to yield a
continuous first derivative. The logarithm of this
function consists of a piecewise parabolic function,
the gradient is a piecewise linear function, which is
easy to compute. This gradient is multiplied with a
heuristic weighting factor and added to the numer-
ator in (17).

2.3. Attenuation and activity from emission

In some clinical protocols, in particular on older
2D PET systems, the transmission scan is omit-
ted in order to reduce the study duration because
of patient comfort. This motivated us to try to
reconstruct both the attenuation and the activity
distribution from the emission study only. We have
observed that the likelihood values reached by ML-
EM reconstruction of emission studies is systemat-
ically lower when no attenuation correction is ap-
plied, suggesting that there is indeed information on
the attenuation map present in the emission data.

The PET emission measurement can be predicted
from the attenuation map p; and the activity dis-
tribution \; using

= Zci]-)\j e Zk CikBk (21)
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This leads to the likelihood function

L= Z(y, Inr; —r; —Iny,!) (22)

The partial derivative with respect to A; is iden-
tical to that in the case of emission tomography
with known attenuation. The partial derivate with
respect to p; is identical to that in transmission to-
mography. Consequently, L can be optimized using
iterated partial optimizations, applying one step of
ML-EM followed by one step of the transmission
algorithm (12). In the latter, the measurement is
treated as a transmission study y;, the unattenu-
ated projection of the current reconstruction esti-
mate is used as the blank scan b;. In this case, the
Hessian is not negative definite, so only convergence
to a local maximum is guaranteed. In order to con-
strain the set of solutions, the likelihood function
was extended with the a priori distribution for the
attenuation coeflicients, as outlined above. LORs
which contain no activity provide no information
about the attenuation: both the measurement y;



and the computed blank b; are zero. In this case,
both y; and b; were set to an arbitrary positive con-
stant. By setting y; = b; = ¢ > 0, the algorithm
is driven towards a solution with zero attenuation
along LOR 4. In clinical applications, this heuris-
tic approach is often valid, because some activity
accumulates in the skin.

3. Experiments

3.1. Transmission

A thorax phantom was measured with a 2D PET
camera (CTI-Siemens, ECAT 931-8-12). The phan-
tom consisted of a perspex elliptical cylinder (20 by
30 cm diameters), in which a cardiac (left ventricu-
lar) phantom (Data Spectrum Corp) was mounted.
Also a polystyrene lung phantom was inserted, with
the left lung touching the lateral wall of the heart
phantom. The wall of the cardiac phantom was
filled with a homogeneous activity (35 MBq '®F in
115 ml, t;/5 = 109.7 min), the cavity of the car-
diac phantom and the elliptical cylinder were filled
with cold water. A long emission scan (5 h) was
acquired in order to obtain low noise attenuated
emission sinograms. After decay of the activity (50
hours), one long and two short transmission studies
were performed (4 hours, 1 min and 8 min), using 8
ring sources with approximately 58 MBq per ring.
The phantom was removed from the camera and a
long blank scan was acquired.

Three different attenuation methods were applied:
A) the classical approach: the ratio of the blank
and tranmission scan (both smoothed 0, 1, 2, 3
and 4 times with the Gaussian filter supplied by
the manufacturer). B) reconstruction of the atten-
uation map by filtered backprojection, followed by
reprojection. This reduces the noise in the attenua-
tion correction factors, although the noise reduction
in the final attenuation corrected emission image is
limited [5, 6]. Again the same series of Gaussian fil-
ters was applied. C) attenuation correction factors
derived from ML-reconstruction of the transmission
scan. Noise suppression was obtained by stopping
at iteration number 10, 30, 100, 300 and 1000. This
resulted in 15 sets of attenuation correction factors
per transmission study, which were used in the re-
construction of the low noise emission study with
filtered backprojection. As a reference, the emission
study was also reconstructed using attenuation cor-
rection factors derived from the long transmission
study, using the classical method without smooth-
ing. The emission reconstructions were compared
by computing the square root of the mean squared
difference with the reference image.

3.2. Post injection maximum-a-posteriori

A simple single slice cardiac model was simulated,

with a linear attenuation coefficient of 0.1 cm™! in

tissue and 0.33 cm™! in the lung. The activity in

the heart was 6 times higher than in the lungs and
in the background. The slice contained 100 x 100
pixels, with a pixel size of 3.33 mm. The maxi-
mum count in the emission sinogram was 32, and
in the transmission sinogram 100. Both were first
multiplied with a different scale factor, simulating
different relative and absolute contributions, the
scaled sinograms were summed and Poisson noise
was added to produce the post-injection transmis-
sion sinogram. In addition, independent Poisson
noise was added on the emission sinogram to pro-
duce a noisy estimate of the emission contribution.
Consequently, higher blank scales result in lower
relative noise, higher emission scales in a higher un-
desired contribution.

Each set of images was used to compute attenuation
correction factors in four different ways:

mlpost Post-injection ML-algorithm, combined with

Gaussian priors, as described above.

ml Estimated emission was subtracted from the
transmission sinogram. The result was re-
constructed using the ML-transmission algo-
rithm, combined with Gaussian priors.

reproj Estimated emission was subtracted from the
transmission sinogram. The result was recon-
structed using filtered backprojection and re-
projected.

fbp Estimated emission was subtracted from the
transmission sinogram. The ratio of the blank
and this corrected sinogram was used for at-
tenuation correction.

For each pair of scale factors, a normalized squared
difference between the resulting image and the ref-
erence was computed, both for the reconstructed
attenuation map and the reconstructed emission
image. For the ML-algorithms, a large range of
weighting factors for the prior distribution was used
(over four orders of magnitudes, in steps of 20%).
For the two other techniques, 11 different smooth-
ing filters were applied. For each algorithm and
each pairs of scales, the best results were selected
for final comparison.

3.3. Attenuation and activity from emission

Two different artificial objects were simulated to
evaluate the performance of the new algorithm in
ideal conditions. The first consisted of two overlap-
ping ellipses, the other was a cross-shaped object.
In both cases, the object contained significant con-
cavities, which are most challenging for our algo-
rithm. In both cases, the attenuation in the object
was uniform, and zero outside. The entire atten-
uating object contained non-zero and non-uniform



activity. A 1000 iterations were executed. A prior
with two attenuation coefficients (object and air)
was used.

The same algorithm was then applied to a clinical
PET-study (an 80 cm, 120 slices acquisition of the
lower limbs), using the known attenuation coeffi-
cients of tissue and air for the prior.

4. Results

4.1. Transmission

For the short (1 min) transmission study, the ML-
based attenuation correction using 10 and 30 itera-
tions produced equivalent emission reconstructions,
which were clearly superior (quantified deviation
50% lower) to those of the other two methods. For
the latter, best results were obtained with a single
smooth with the Gaussian filter. Reconstruction
with attenuation correction based on reprojected
transmission scans were superior to those obtained
with the classical approach (quantified deviation 20
% lower). For the 8 min scans, the difference be-
tween the methods was very small. Best results
were obtained using 30 iterations for ML, and a
single Gaussian smooth for the other two methods.

4.2. Post injection maximum-a-posteriori

The quantified difference between the resulting
emission and transmission reconstruction and the
respective reference images is tabulated in table 1.

4.3. Attenuation and activity from emission

Figure 1 shows the result of 1000 iterations of the
new algorithm, compared to the reference image
and to 20 iterations of ML-EM without attenuation
correction. The new algorithm converged slowly:
there was a small but noticeable difference between
iteration 500 and iteration 1000.

On the patient study, convergence was much faster
because the contours of the attenuating objects
are nearly convex. The resulting attenuation map
shows a correct anatomical shape, although in some
slices local reconstruction errors were observed.

5. Discussion

In contrast to the findings in [5, 6], we observed
that reprojection of filter-backprojected transmis-
sion images yielded superior attenuation corrected
images, as compared to the classical approach. This
may be explained by the fact that in our experi-
ment, both the attenuation and the emission dis-
tribution were inhomogeneous, whereas the experi-
ments and derivations in [5, 6] were done for homo-
geneous and radially symmetrical cases.

The attenuation correction based on
ML-reconstruction produced significantly superior
results when the noise contents of the sinogram was
large. For sinograms with better signal to noise ra-
tio, the difference in performance is negligible. This
finding suggests that the use of the exact Poisson
model enables ML to discard a larger fraction of the
noise in the sinogram, as compared to the classical
methods.

Similarly, the more exact post-injection transmis-
sion algorithm (mlpost in table 1) performed better
than ML after subtraction (ml), and far better than
the other two methods (reproj, fbp), when the con-
tribution of the emission was significant. However,
the difference between the two ML-methods (ml-
post, ml) became smaller when the emission con-
tribution was lower, or when the relative noise am-
plitude decreased. The only aberrant finding is the
poor performance of post-injection ML as compared
to the other methods for the second column in ta-
ble 1, which we currently cannot explain. Note,
however, that the inclusion of the prior distribution
changes the likelihood function, and as a result, it
is no longer guaranteed that there is a unique max-
imum. Possibly, the ML post-injection algorithm
was trapped in a local maximum, which happened
to be avoided by the different convergence path of
the ML-transmission path. Note, however, that ad-
ditional constraining (stopping the iterations or us-
ing MAP) is needed to prevent the ML-algorithm
to include too much noise from the projections into
the reconstruction.

Censor et al [7] reported limited success with the
computation of attenuation on a pixel by pixel basis
from emission sinograms using an iterative proce-
dure named “cyclic subgradient projections”. More
recently, Natterer [8] has investigated the possibil-
ity to derive attenuation information using a much
more constraint model, where the attenuation map
was defined by a parameterized contour and a con-
stant attenuation coeflicient.

Here, we have again shown that, at least in an ideal
case, a large amount of information on the attenu-
ation distribution can be extracted from the emis-
sion data. The advantage of the ML-approach is
not only that Poisson noise is correctly dealt with,
but also that the inclusion of a-priori knowledge is
relatively easy and that much experience with these
methods is available.

The attenuation map obtained from the clini-
cal emission study corresponded well to the gross
anatomy of the attenuator, but in some slices, re-
gional reconstruction errors were observed. This at-
tenuation map should be a good input for a segmen-
tation algorithm. However, we believe that with in-
clusion of more a-priori knowledge the performance



scale blank 1.00 1.00 1.00 1.00 4.00 4.00 4.00 16.00 16.00 16.00
emission 0.00 1.00 4.00 16.00 1.00 4.00 16.00 1.00 4.00 16.00
emission mlpost 096 162 174 201 08 095 133 067 077 084
ml 095 154 193 213 082 103 1.52 0.67 0.74 0.83
reproj 1.20 1.55 221 3.76 1.09 137 168 088 097 1.12
fbp 1.19 1.68 257 426 1.09 136 195 086 095 1.11
transmission  mlpost 0.44 066 073 092 034 039 050 026 029 0.33
ml 043 063 08 1.09 036 048 064 025 029 035

Table 1: Top: The scales used to modify the relative contributions of transmission and emission counts. Center:
the error on the emission reconstruction for the four algorithms. Bottom: the error on the transmission
reconstruction (no reconstruction is made in classical attenuation correction).
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Figure 1: Left: 20 ML-EM iterations without attenuation correction. Center: 1000 iterations of the combined
emission-transmission ML-algorithm. Right: the reference image.

of the algorithm can be further enhanced.

6. Conclusion

The experiments indicate that correct modeling of
the noise in the sinogram does improve the qual-
ity of the resulting attenuation correction or recon-
struction.

Direct optimisation of the likelihood function us-
ing a simple gradient approach has the advantage
of being flexible (adaptation to the post-injection
application is trivial) and leading to simple projec-
tion/backprojection algorithms. A disadvantage is
that a relaxation factor must be introduced in order
to guarantee convergence.
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