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Abstract— With Single Photon Emission Computed Tomography
(SPECT), images of minute concentrations of tracer molecules
can be acquired, allowing in vivo molecular imaging. For human
imaging, the SPECT system has a modest spatial resolution of
5 to 15 mm, a large field of view and a high sensitivity. Using
multi-pinhole SPECT, one can trade in field of view for resolution
with preserved sensitivity, which enables the implementation of
a small animal SPECT system with an improved resolution,
currently ranging from 0.3 to 2 mm, in a much smaller field
of view. The unconventional collimation and the more stringent
resolution requirements pose problems that are not present in
clinical SPECT imaging. This paper discusses how these problems
can be solved to implement microSPECT imaging on a rotating
gamma camera.
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I. I NTRODUCTION

In the last decade, small animal SPECT imaging has made
considerable progress, driven by the demands from medical
and biological research. Several approaches have been fol-
lowed to implement small animal SPECT imaging. Some
groups converted a clinical gamma camera into a microSPECT
system using new collimators and software, others built a
whole new system dedicated to high resolution imaging of a
small object [1]. Most systems rely on pinhole collimation,
although other collimators are being considered, including
rotating slit-slat collimators [2], translating slit collimators
acquiring linograms [3] and rotating slat collimators [4], [5].
All these collimators scan along converging projection lines
resulting in zoomed projections along one or two dimensions,
which creates better usage of the available detectors.
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In this paper, only multi-pinhole SPECT is considered. Many
different system designs have been proposed, ranging from
systems based on a rotating gamma camera [6]–[8], a station-
ary camera with rotating collimator [9] or a completely station-
ary camera [10]–[12]. We focus on multi-pinhole SPECT using
a rotating gamma-camera, although part of what is presented
here also holds for stationary systems.
For accurate reconstruction, the projector and backprojector
must be based on an accurate model for the system geometry.
This can be determined in several ways. The most straight-
forward one is to scan a small point source through the
field-of-view, and directly measure the corresponding point
spread function for each of the pinhole apertures [10]–[12].
This approach is slow and requires sophisticated positioning
tools, but is highly accurate and directly measures the entire
system matrix. It is probably best suited for stationary systems,
because they are expected to have a more stable system matrix.
In contrast, rotating systems, in particular those based on a
clinical gamma camera, have many degrees of freedom and
hence can use different system matrices for different scans.
For those systems, an easier method to determine the system
matrix is useful. In the next section, different approaches for
modelling the system matrix are discussed. Finally, an ap-
proach to compare the effects of a particular choice of system
design parameters on the resolution and noise characteristics
of the reconstructed images is discussed.

II. SYSTEM MATRIX MODEL

Single or multi pinhole SPECT projections using a rotating
gamma camera provide incomplete tomographic information
[13]. However, in practice, good reconstructions can be ob-
tained with maximum likelihood (ML) or maximum a posteri-
ori (MAP) reconstruction. The algorithms use a discrete model
to represent the unknown tracer distribution and the acquired
projections; the relation between the two can be written as

Y = AX or yi =
∑

j

aijxj , (1)

whereY is a I × 1 matrix containing the measured countsyi
in the detector elementsi = 1 . . . I, X is J×1 matrix with the
reconstruction valuesxj , andA is theI×J system matrix. Its
elementaij is the expected amount of photons contributed by
a unit of activity at positionj to the measurement at detector



i. For reconstruction, the elementsaij of the system matrix
must be known with good accuracy; system modelling errors
will cause reconstruction artifacts.
As discussed above, a first class of methods consists in directly
measuring each element of the system matrix [10]–[12]; this
direct methodhowever requires long acquisitions to collect a
sufficient number of counts in each detectori and for each
position j of the source. This limitation can be alleviated by
measuring the system response for a limited number of posi-
tionsj of the source that sample the field-of-view; the response
for other locations being estimated by interpolation [12].
Fitting a parametric model of the response to the point source
measurement can also improve the stability of the estimated
system matrix. For non-stationary micro-SPECT systems an
additional difficulty with direct methods is the assumption of
a perfect reproducibility of the scanner mechanical motion,
required to ensure that the calibrated system matrix coincides
with the actual matrix at the time of the measurement on the
small animal. A potential solution to this problem would be to
measure the system matrixA0 for a single reference position0

of the camera; during reconstruction the image matrix is pre-
multiplied at each positionk = 1, . . . ,K of the scanner by
a rigid body transformation matrixCk determined using the
geometric calibration described in section II-A. This amounts
to writing

A =




A0C0

A0C1

. . .
A0CK


 (2)

where K is the number of positions of the camera. Care
must be taken to use a robust interpolation when discretizing
the geometric transformation to defineCk [14]. A similar
decomposition ofA has been applied to a micro-PET scanner
based on rotating panel detectors [15], though in that case
the reference system matrixA0 was determined by means
of a multi-ray method (see below). To our knowledge, this
technique has not been applied in micro-SPECT.
A second class of methods estimates the system matrix ele-
ments usingMonte-Carlo simulation[16]–[18]. Starting from
an accurate description of all components of the detector, a
simulated point source is placed in voxelj of the image
matrix, the isotropic emission of a large numberNj of gamma
rays is then simulated and the transport of each gamma ray
towards the collimator, through the collimator, and finally
through the gamma camera is simulated using for instance
the Gate software simulation platform. The fraction of the
simulated emission that is detected in detectori then yields
an estimateaij ' Nij/Nj , where Nij is the number of
simulated detections in detectori. If the Monte-Carlo sim-
ulation perfectly models the system, this method provides a
bias-free estimate ofaij , but affected by a relative standard
deviation equal to1/

√
Nj . Reducing this standard deviation

to an acceptable level while keeping the computation time -
even if it is off-line - acceptable is the major challenge of the
Monte-Carlo method. The use of variance reduction methods
[19] and the ongoing development of a fast version of the
Gate software (http://www.fgate.fr/) might in the near future

make this approach practical for multiple pinhole SPECT.
Note that Monte-Carlo simulation can already now be used
to simulate parts of the system matrix, such as the penetration
of the gamma rays through the edges of the pinhole aperture.
The thus estimated quantities are then used to refine an
approximate analytic model of the system matrix [20]. (A
similar approach may be based on analytic models of the
pinhole aperture [21]–[23]).
Two remarks are in order concerning the two classes of
methods discussed so far, direct measurement and Monte-
Carlo estimation. First, these methods yield a system matrix
that does not model the attenuation and scattering of the
gamma rays within the imaged body. This limitation is much
less serious for small animal imaging than for clinical imaging,
especially for mice. Attenuation correction, when nevertheless
deemed necessary, needs to be incorporated separately by pre-
multiplying the image by an attenuation matrix calculated e.g.
from a micro-CT scan of the animal. Note that for multiple
pinhole collimation, a separate attenuation matrix must be
used for each camera positionand for each pinhole aperture.
Scatter correction can be estimated either from a separate,
object dependent, Monte-Carlo simulation, or using dual or
triple energy windows based methods. A second issue with
direct measurement and Monte-Carlo estimation is that these
methods are far too time consuming to be applied online. They
therefore require storing the measured or calculated system
matrix on disk, which is difficult in view of the huge size of the
matrix: typicallyA might be a106× 106 matrix. Since object
scatter is not included, this matrix is sparse, which reduces the
number of non-zero elements to be stored to a more practical
level. Additional storage gains may be obtained by considering
a single scanner positionA0 as described above, by exploiting
symmetries of the scanner, or other compression techniques
similar to those proposed by Rehfeld et al [24] for the PET
application.
The system matrix measurement time and storage require-
ments can be further reduced by factorisation. A possible
factorisation can be written as

A '
M∑
m=1

Am1 A
m
2 (3)

Am1 [i, i] = Sm1 (~i) (4)

Am2 [i, j] = Sm2 (~i, j,GD, θ), (5)

whereAm1 are I × I diagonal matrices andAm2 are I × J
matrices,~i ∈ IR2 represents the 2D detector coordinates of el-
ementi andGD is the set of parameters describing the pinhole
geometry andθ is the acquisition angle. The summation is over
all M apertures of the multi-pinhole system.Sm1 (~i) models
the variation of the sensitivity with the angle of the projection
line. For a particular aperturem, it depends on the detector
position only, and can be measured using a uniform plane
source.Sm2 models the blurring due to the aperture and the
decrease of sensitivity with increasing distance to the aperture.
The computation ofSm2 requires accurate determination of
the position of the apertures with respect to the detector and
to the object space. A method to determine these parameters
is described in the next subsection. The second subsection
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briefly discusses the collimator sensitivity measurement, the
last subsection presents some resolution modelling approaches.

A. Geometrical calibration

Mathematically, the calibration problem of a pinhole system
is identical to that of a cone beam CT [25], [26] or SPECT
system [27], [28]. Many authors have studied this problem and
a series of different calibration procedures have been proposed.
Many of those involve the acquisition of a calibration phantom
consisting of point sources [29]–[33]. In these calibration
methods, it is assumed that the projection of a point source
through an aperture can be described with two coordinates,
while in a real image, such a projection shows up as a small
blob (fig 1). Typically, the mass center of the blob is computed
as an estimate of the intersection of the detector plane and the
line defined by the center of the point source and the center
of the aperture.
If the gamma camera orbit is perfectly circular with exactly
known acquisition angles, the geometry is fully characterised
by quantifying the position and orientation of the detector and
apertures at the starting angle of the orbit. This involves 6
degrees of freedom (3 translations, 3 rotations) for the detector,
plus 3M degrees of freedom for the positions of theM
apertures. Because the position of the detector along the axis
of rotation (z-axis) and the absolute value of the starting angle
are arbitrary, 4 + 3M degrees of freedom remain. In [31], [34]
it was shown that for a single pinhole system, the 7 degrees
of freedom can be accurately determined from the SPECT
scan of a simple calibration phantom consisting of 3 point
sources, provided that at least two of the distances between
the point sources are known (as is the detector pixel size).
Wang and Tsui [35] proved that for (almost all) multi-pinhole
systems, the4 + 3M degrees of freedom can be computed
from a SPECT scan of only two point sources, even if the
distances between the sources are unknown.
Experience has shown that the orbit of many clinical gamma
cameras suffers from small deviations from the ideal circular
object. The deviations are sufficiently small to be harmless
for human imaging, but were found to adversely affect image
quality when the system was used for high resolution imaging
with (multi-)pinhole SPECT. Defrise et al [36] modelled
these deviations as an independent small rigid motion of the
collimator-detector assembly at every projection angle. It was
found that a useful estimate of these small motions could
be derived from the same SPECT scan of the calibration
phantom. In [36], first a calibration was carried out assuming
a circular orbit. Then, the refined calibration was treated as
a perturbation of this ideal acquisition, which was estimated
with singular value decomposition.
In many geometrical calibration methods, it is assumed that
for each of the point source projections, the corresponding
point source and pinhole aperture have been identified. For a
3 points calibration phantom and a single pinhole aperture, this
identification is relatively easy, but for multi-pinhole SPECT
it may require tedious manual work or a rather sophisticated
algorithm. We found, however, that the identification can
be combined within the calibration method as follows. Let

Fig. 1. A projection image of a 3-point calibration phantom, acquired by a
7-pinhole collimator

Fig. 2. The calibration result of a 7 pinhole collimator with a 3-point
calibration phantom. In black the mass centers of the measured point source
projections of all projection angles, and in colour the computed mass centers
after refined calibration.

~u(θ,m, p,GD, GC) be the 2D detector coordinates of the
projection of point sourcep through aperturem for acquisition
angleθ, given the geometrical parameters of the detectorGD
and the position of the calibration phantomGC . Although one
does not care to knowGC , it has to be determined together
with GD to solve the calibration problem. In our approach,
GC represents 3 translations and 3 rotations, because the
calibration phantom is treated as a rigid object with known
dimensions. From the SPECT scan of the calibration phantom,
one obtains a set of 2D projection images, one for each angle
θ. With simple thresholding and mass center computation, this
yields a set of 2D coordinates~uk(θ), with k = 1..Kθ and
Kθ ≤ MP , whereM is the number of apertures andP the
number of pinholes. For a particular angleθ, less thanMP
point source projections may have been found for two reasons:
(1) image truncation due to the finite detector size, and (2)
identification problems when two point sources projections are
so close that the thresholding and/or mass computation failed.
It is assumed that such unreliable projections are discarded. To
determine the values of the parametersGD, also the values of
m, p, andGC will have to be determined for each measured
projection. This can be done using an iterative least squares
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Fig. 3. The rigid camera motions as estimated by the refined calibration
procedure. The red curve is a translation towards the rotation axis, green and
yellow are the other translations; the other curves represent the rotations.

Fig. 4. Reconstruction of a small Jaszczak phantom obtained after calibration
assuming an ideal orbit (left) and after refined calibration (right). A 7-pinhole
collimator with apertures of 1.5 mm was used, the diameters of the radioactive
rods range from 1.5 to 3 mm in steps of 0.3 mm.

algorithm, starting with “reasonable” initial values forGD and
GC . The algorithm determinesGD and GC by minimising
the distances between each measured point and the closest
predicted point:

{ḠD, ḠC} = argmin
GD,GC

C1(GD, GC) (6)

C1(GD, GC) =
∑

θ,k

min
m,p

(|~uk(θ)− ~u(θ,m, p,GD, GC)|2)

This procedure identifies each point projection by assigning
it to the aperturem and point sourcep that minimises the
distance between the measured and calculated projection coor-
dinates. Similar to the approach of [36], this initial calibration
is refined by finding the angle dependent rigid detector motions
that further minimise the residuals:

ḠR = argmin
GR

C2(ḠD, ḠC , θ,GR) (7)

C2(ḠD, ḠC , θ, GR)

=
∑

k

|~uk(θ)− ~u(θ,mk, pk, ḠD +GR, ḠC)|2

+
6∑

l=1

βl|GR[l]|2 (8)

whereGR represents the rigid motion of the detector, andmk

andpk represent the assignment of the measurementk to the
aperturem and point sourcep, which was determined in the
previous step. The last term favours small deviations from the
ideal orbit, the weightsβl are tuned empirically. Fig 2 shows a
result for a 7-pinhole collimator. Fig 3 shows the small camera
motions estimated by the refined calibration. Fig 4 compares
the reconstruction with the standard calibration assuming a
circular orbit and the reconstruction obtained with subsequent
calibration refinement.
In principle, this calibration procedure could also be applied
to a stationary multi-pinhole SPECT system, by rotating the
calibration phantom inside the field-of-view with small angular
increments, acquiring separate projections for each rotation
angle.

B. Collimator Sensitivity

If the geometry of the pinhole collimator and the detector
is known exactly, the sensitivitySm1 for each aperturem
(see eq (4)) can be estimated analytically or numerically.
Schramm et al. [8] used a ray tracing technique to calculate
the sensitivity, taking into account the penetration of photons
through the collimator, due to the finite attenuation of the
collimator material (usually tungsten, although gold [37], [38]
and even depleted uranium [39] have been used).
Metzler et al [40] derived an analytical model for knife edge
pinholes with axis perpendicular to the detector. In the ideal
case of a collimator with infinite attenuation coefficient, the
sensitivity to a point source equals [40]:

S(θ, h) =
d2 cos3 θ

16h2
, (9)

whereθ is the angle between the projection line and the normal
to the detector,d is the diameter of the aperture andh is
the (perpendicular) distance between the point source and the
aperture plane. The corresponding sensitivity of detector pixel
i to the activity in a plane source equals

S1(i) = ρ
d2 cos3 θi

16f2
∆u∆v, (10)

whereθi is the angle defined byi and the aperture position,
ρ is the activity per unit area in the plane source,f is the
distance between the aperture and the detector, and∆u and
∆v are the dimensions of the detector elementi. The main
difference with (9) is theh-dependence of the latter, which
is taken into account bySm2 in (5). In [40], expression (9)
is extended with a term representing the contribution due to
penetration of the collimator.
Alternatively, the sensitivity can be measured for each aper-
ture, using a small plane source that can only be seen by
a single aperture. Following [8], our collimators consist of
a truncated pyramid in lead, to which a tungsten plate with
pinhole apertures can be attached. To create a thin plane
source, a small vial with flat bottom is filled with a small
amount of tracer solution, and put in front of the aperture
on the tungsten plate. The advantage of a measurement is
that it includes also effects due to energy window settings,
crystal penetration, detector non-uniformities, imperfections of
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the manufacturing etc.. A disadvantage is that the resulting
sensitivity images are corrupted by Poisson noise. The noise
can be reduced by fitting an analytical or numerical model, or
by applying a low pass or median filter. An example is shown
in figure 5.

Fig. 5. Backview of a 7-pinhole collimator, and the sensitivity images for
the central and two top left apertures.

C. Resolution modelling

The matrixAm2 in (5) models the effects dependent onj,
including the resolution and photon attenuation. In small
animals, the effect of attenuation is usually limited, so the
impact ofAm2 depends mostly on the resolution model.
Early works in micro-SPECT relied on approximatingAm2 by
a simple modelAgeom which assumes infinitely small ideal
pinhole apertures and a perfect spatial resolution of the gamma
camera1. This idealised model, which is also implicit when
using filtered-backprojection algorithms for image reconstruc-
tion, is implemented efficiently using ray tracing methods
such as Siddon’s algorithm. The degradation of image quality
caused by using such simple geometric approximations of
the system matrix has often been illustrated in PET and in
SPECT [41], but the impact is especially dramatic in multi-
pinhole micro-SPECT because of the strong non-stationarity
of the system response both w.r.t. to the detector locationi
but also along the line of response, i.e. with respect to the
voxel locationj. The latter property (the distance dependant
collimator resolution) refers to the fact that the cone defined by
a detector pixel and by one pinhole aperture cannot be reliably
approximated by a cylinder because the distance between the
animal and the collimator is kept as small as possible to
optimise the sensitivity and resolution of the micro-SPECT
system. This divergence of the cone prevents approximating
the system matrix as a productA ' DAgeom, where D
models the detector/collimator resolution, an approach that is
appropriate in PET.
We now describe alternative approximate models of the matrix
A2, which are sufficiently simplified to allow online compu-
tation, with each elementA2[i, j] being calculated every time
it is needed during reconstruction.

1Ageom depends onm, butm is dropped to simplify the notation

A first solution originally proposed for cone-beam collima-
tors [42] is based on the observation that the shape of the
intersection between an image plane parallel to the detector,
and the cone defined by a detector pixel and a pinhole
aperture is independent of the distanceh to the detector,
while only the size of this shape increases linearly with the
distanceh, according to the magnificationµ = (h + f)/f
(see figure 6), wheref is the focal length of the pinhole.
Therefore, if the image matrix is aligned with the detector,
resolution modelling can be implemented by convolving each
image plane2, corresponding to a fixedh, with a function
ϕ(x/µ, y/µ) that models the shape of the cone, scaled by the
magnificationµ. This convolution is applied prior to applying
a simple geometric system matrixAgeom, and normally it is
applied after rotating the image matrix to align it with the
collimator (see matrixCk in equation 2). A final convolution
can be applied after projection (and before backprojection) to
model the intrinsic detector resolution.

Fig. 6. The blurring effect of the aperture increases linearly as a function
of the distance to the aperture.

A second solution, proposed originally for other types of
collimators [43], [44], is themulti-ray approach: each pinhole
aperture is modelled as a set ofL ideal, infinitely small
aperturesl = 1, . . . , L located to appropriately sample the area
of the aperture. The matrixA2 of (5) is then approximated as

A2 ' D
M∑
m=1

L∑

l=1

wm,lA
geom,m,l (11)

whereAgeom,m,l is the system matrix for an ideal pinhole
at sub-aperturel of the aperturem = 1, . . . ,M ; this matrix
can be computed efficiently using ray-tracing methods such
as Siddon’s algorithm. The weightswm,l and the location
of the ideal sub-apertures are selected in such a way that
the sum in equation (11) yields a good approximation of
the exact value represented by an integral over the aperture
surface. In [45], [46], for instance, the weights and locations

2Unless all apertures are identical, a different convolution kernelϕ must
be used for each pinhole aperture.
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are chosen according to a 2D Gaussian quadrature method
with L = 7 or L = 21 points. The matrixD in equation (11)
models the intrinsic detector resolution of the gamma camera,
it is typically a convolution with a Gaussian blurring kernel.
Compared to the slice by slice blurring method, the multi-ray
approach is inefficient numerically, but is easier to generalise3

and does not require aligning the matrix with the detector. It
can also be improved to model the gamma ray penetration of
the scintillation crystal by adding sampling points covering
the thickness of the scintillator, though this aspect is more
important for PET than for micro-SPECT.
To illustrate the impact of accurately modelling the pinhole
apertures, we show in figure 7 the ML-EM reconstruction
based on an ideal pinhole model, and a multi-ray reconstruc-
tion which uses a 7- rays model. Despite the approximate
character of the model, there is a significant improvement
of image quality. Similar results could be obtained with
the other methods described in this section, with potentially
further improvements if more accurate models based on direct
measurements or Monte-Carlo simulations are used.

Fig. 7. Reconstruction of a Jaszczak phantom without (left) and with (right)
resolution modelling. The diameters of the radioactive rods range from 1.5
to 3 mm in steps of 0.3 mm. Imaging was done with pinhole SPECT using
an aperture of 1 mm (top), 1.5 mm (center) and 3 mm (bottom). There were
64 projections, OSEM reconstructions were done with 5 iterations and 16
subsets, the image voxel size was 0.5 mm.

III. M ULTI -PINHOLE COLLIMATOR DESIGN

Because of the large amount of parameters (number of
apertures, acceptance angles, aperture diameters, positions,
distance to the detector etc.), the design of a pinhole collimator
is a complex task, which is usually solved empirically. This has

3e.g. to the case of a non planar detector.

led to different strategies. One example is the issue of overlap
between projections through different apertures, also called
“multiplexing”. Some designs avoid all overlap [47], others
have extreme multiplexing (e.g. coded aperture [48]), while
most designs allow some overlap between the projections (e.g.
[8]). Allowing more overlap increases the total amount of
measured counts per unit activity in the field-of-view, but at the
same time increases the ambiguity of the measured projections,
which makes the effect on the quality of the reconstructed
images hard to predict.
Assuming that a maximum-likelihood or maximum-a-
posteriori reconstruction makes (nearly) optimal use of the
data, the resolution and noise characteristics of ML or MAP
images could be used to assess the performance of a par-
ticular tomographic system for the imaging of a particular
object. Barrett et al. proposed a method to calculate the noise
propagation as a function of the iteration number for ML-EM
reconstructions [49], [50]. However, the computation burden
increases with the iteration number. Assuming that MAP is
run to convergence, it is possible to compute estimates for
the resolution and the covariance from the derivatives of
the objective function [51]–[54]. When MAP-reconstruction
(or penalised-likelihood reconstruction) is tuned to produce
images with shift-invariant resolution, the noise characteristics
become very similar to those of a smoothed ML-reconstruction
[55], [56]. Consequently, the same approach can be used to
predict the noise characteristics of post-smoothed ML or MAP
at matched resolution, enabling a relatively straightforward
comparison of different tomographic systems for imaging the
same object [57], [58]. The systems to be compared are forced
to yield images with the same resolution, the system of choice
is the one that yields the most favourable noise properties.
This approach is presented in more detail below. The method
provides estimates of the resolution and covariance of recon-
structed voxel values with good accuracy. However, it provides
little information about other relevant image characteristics,
such as the possible creation of artifacts due to insufficient
sampling. This issue is discussed in the second part of this
section.

A. Covariance prediction

1) Theory: To introduce the approach, it is useful to consider
the relation between filtered backprojection and unweighted
least squares reconstruction, for the case of ideal parallel beam
tomography (where the projections are simple unweighted line
integrals). The reconstruction problem is given by equation (1),
repeated here:

Y = AX, (12)

whereY is the measurement,A is the system matrix, andX
is the activity distribution. Reconstruction involves findingX
given Y andA. Least squares reconstruction computesX as
follows

XLS = argmin
X

(Y −AX)′(Y −AX), (13)

where the prime denotes matrix transpose. The solution equals

XLS = [A′A]−1A′Y, (14)
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provided that the inverse exists.A′A corresponds to the shift
invariant blurring obtained by computing the backprojection
of the projection of an image. For ideal 2D parallel beam
tomography, this blurring is shift-invariant, it is given by the
2D convolution kernelk(~r) = 1/|~r|. In the frequency domain
this corresponds to1/|~f |, where ~f is the frequency. Conse-
quently, the inverse in the frequency domain is|~f |, which
is the well-known ramp filter. (Because of the Fourier slice
theorem, the order of the filter and backprojection operators
can be switched, yielding the filtered backprojection formula.)
The matrix [A′A] is very large, and capable of representing
a different convolution kernel for every voxel of the image.
However, if the blurring is shift invariant, all convolution
kernels are the same (or in other words,[A′A] is circulant),
enabling application of the much more efficient computations
via the Fourier transform.
The reconstruction can be improved by taking into account
the noise characteristics of the measurement, e.g. by using
a weighted least squares algorithm. In emission tomography,
the measured counts are samples from a Poisson distribution,
which can be well approximated as a Gaussian distribution.
The covariance matrix of the dataCY is a I × I diagonal
matrix because Poisson noise is uncorrelated. The weighted
least squares algorithm computesX as

XWLS = argmin
X

(Y −AX)′C−1
Y (Y −AX) (15)

= [A′C−1
Y A]−1A′C−1

Y Y, (16)

where the second equality only holds if the inverse exists.
Again, this can be considered as a backproject-then-filter
operation, using the weighted backprojectionA′C−1

Y and the
modified “ramp” filter [A′C−1

Y A]−1. Unfortunately, even for
a shift invariant tomograph, the matrix[A′C−1

Y A] is not shift
invariant, so computing its inverse is intractable for typical
SPECT or PET cameras.
However, good approximations can be obtained if one only
wishes to compute the impulse response and its covariance in
a single voxelj. Consider the true tracer distributions̄X and
X̄ + δj , which only differ by the addition of a small amount
of activity to voxelj. The expectations for the corresponding
measurements areY and Y + Aδj . The expected difference
of the corresponding WLS reconstructions equals

ljWLS = [A′C−1
Y A]−1A′C−1

Y Aδj (17)

= δj , (18)

which indicates that WLS is an unbiased estimator if the
matrix inverse exists. However, in rotating pinhole SPECT, the
projections are incomplete, and as a result, the inverse does
not exist. Consequently, an approximate inverseG is used,
yielding

ljWLS = GA′C−1
Y Aδj . (19)

BecauseA′C−1
Y A is a (shift variant) blurring matrix,G is a

(shift variant) deblurring operator, usually somewhat similar
to the ramp filter. However, because we are only interested
in voxel j, because the rest of the image is set to zero and
because it is reasonable to assume that the blurring matrix
A′C−1

Y A varies slowly with position, Qi et al [53] argued that

it is acceptable to ignore the shift invariance. The computations
are done for voxelj only, and then applied to all voxels as if
the matrices were shift invariant. This can be written as

F = A′C−1
Y A (20)

ljWLS ' GjF jδj . (21)

The blurring matrixF is also called the Fisher information
matrix for estimatingXWLS from Y . The matrixF j is the
local approximation ofF , obtained by replacing all rows of
F with shifted versions of the j-th row ofF . Consequently,
F j is a shift invariant blurring operator, coinciding withF
for voxel j. Gj is the approximate inverse ofF j , and used
as an approximation ofG. Finally, the image should be post-
smoothed with filterP to suppress the noise and impose the
desired spatial resolution. The resulting impulse response is
estimated as

ljPWLS ' PGjF jδj . (22)

One usually normalises by settingδj [j] = 1. The correspond-
ing covariance matrix can be estimated by propagating the
noise covariance through the reconstruction operator. The co-
variance imageCjPWLS for voxel j is obtained by multiplying
the covariance matrix withδj . Because we model the recon-
struction operator as a shift invariant filter, the computations
are tractable:

CjPWLS = PGA′C−1
Y covar(Y)C−1

Y AG′P ′ δj

= PGA′C−1
Y CY C

−1
Y AG′P ′ δj

= PGFG′P ′ δj

' PGjF jGj
′
P ′ δj

= P ′Gj
′
ljPWLS . (23)

Note thatF andG are symmetric matrices, butGj may be
non-symmetric. The last step of (23) is allowed because shift
invariant operators commute.CjPWLS is an image with the
same size as the reconstruction image. Its value at voxelk is
the covariance of the reconstructed value ink with that in j;
hence the value at voxelj is the variance of the reconstruction
image in voxelj.
In [57], equations (22) and (23) are obtained by linearisation
near the ML or MAP solution, confirming that the same
equations can be used to estimate the local (linearised) impulse
response and covariance of images reconstructed with ML or
MAP algorithms.
In conclusion, with (22) and (23), the impulse response and
covariance image for a single voxel can be computed with a
projection, a backprojection and a few fast Fourier transforms.
Assuming that it suffices to analyse a few tens of voxels to
obtain a representative estimate of the image characteristics,
the analysis is faster than a single iterative reconstruction,
and orders of magnitude faster than a straightforward analysis
based on multiple noise realisations.
2) Practice: Application of (22) and (23) to multi-pinhole
SPECT can be carried out as described below. It is assumed
that a noise-free sinogramY is given, that a projector and a
backprojector implementingA andA′ are available, and that
software to compute fast Fourier transforms is at hand.
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1) Create an image (reconstruction space) which is zero
everywhere, then set voxelj to 1. This isδj .

2) Compute the (sparse) sinogramAδj by forward multi-
pinhole projection ofδj .

3) Assuming Poisson statistics, the covariance matrixCY
is a diagonal matrix with elementsCY [i, i] = Y [i].
Consequently,C−1

Y Aδj is computed by dividingAδj by
Y (element-wise division for each data bini = 1 . . . I).

4) Compute the imageA′C−1
Y Aδj by backprojection of the

sinogramC−1
Y Aδj .

5) The image created in the previous step can be regarded
as the local point spread function of the modified back-
projection near voxelj. The corresponding filter in the
frequency domain can be derived by

a) computing an intermediate imageF j by shifting
A′C−1

Y Aδj such thatj is shifted to the origin (the
definition depends on the FFT software), the shift
should wrap around the image boundaries.

b) apply a spatial window functionW , which equals 1
at the origin (i.e. near the original value of voxelj)
and decreases linearly with distance to the origin.
For pinhole SPECT, we usedW (~x) = (1−|~x|/N)
for an image ofN × N voxels. See below for a
note on this window.

c) compute the Fourier transform̂F j of F j , which
yields an image with complex valued elements.
Zero padding can be used to reduce edge effects.

6) Compute the approximate inversêGj of F̂ j , e.g.

Ĝj =
F̂ j∗

F̂ j∗F̂ j + ε
, (24)

where∗ denotes complex conjugate,ε is a small positive
constant and the multiplication and division are done
voxel by voxel. In [57] a slightly different expression
was used:

Ĝj =
F̂ j∗R(F̂ j)+

F̂ j∗F̂ jR(F̂ j)+ + ε
, (25)

whereR takes the real part and the subscript+ denotes
replacing negative values with 0. This modification
basically changes the weight of the regularising constant
ε.

7) ComputeĜj ∗ F̂ j (where * denotes voxel by voxel
multiplication), compute the inverse Fourier transform,
and shift the origin back toj. This is the image
GjA′C−1

Y Aδj . The image is smoothed with the appro-
priate low pass filterP to yield the image (22).P must
be adjusted to ensure that the predefined target resolution
is obtained.

8) ComputeĜj∗Ĝj∗F̂ j , compute the inverse Fourier trans-
form, shift the origin back toj to obtain the covariance
image ofj and post-smooth twice with filterP to obtain
the covariance image (23).

A spatial window similar toW was used for fan beam
tomography in [54]. We found it to be beneficial in (multi)
pinhole SPECT applications as well, but not necessary in more
stable tomographic applications, such as time-of-flight PET

[59]. The window reduces contributions at large distances from
the voxel being studied, which may be beneficial because the
true operators have been replaced with a local approximation
near voxelj.
3) Applications: This approach was used in [57] to find the
best aperture diameter for a particular target resolution. It
was found that the diameter should be smaller than the target
resolution, such that a noise suppressing low pass filter could
be used to obtain the final reconstruction. A similar finding
was reported in [60]. In [58], the count rate of a multi-
pinhole system was increased by adding pinhole apertures
allowing overlap. The SPECT system was used to image a
uniform phantom. It was found that image variance initially
decreases, but then saturates for a modest amount of apertures:
adding more pinholes increases the measured count rate, but
apparently the gain is offset by the increased ambiguity.
Adding extra shielding to eliminate the overlap increases the
performance in center of the field-of-view, at the cost of
increased variance near the boundaries of the field-of-view.
These studies focussed on the variance of voxel values in the
reconstructed image. However, extension to the analysis of the
mean and variance of regions-of-interest is straightforward, as
was shown in a study of time-of-flight PET [59].

B. Multiplexing artifacts

The method described above accurately predicts the local
resolution and noise properties of the reconstruction, but it
provides little information on more global image features. With
pinhole SPECT using overlapping projections, the creation of
multiplexing artifacts has been observed [57], [61], [62]. The
problem is illustrated with the cartoon of fig 8. Assume that

Fig. 8. In multi-pinhole SPECT, the ambiguity creates a “competing”
object, its location can be predicted by backprojection through the “wrong”
pinhole(s).

a hot point source inside a warm background is scanned with
a dual pinhole SPECT system. In every projection image, the
point source creates two hot blobs. During reconstruction, the
presence of these blobs must be explained as activity along at
least some of 4 projection lines. Two of these correspond to the
true object, the two others may cause the creation of a “ghost”
object. Depending on the amount of ambiguity, this competing
ghost object may require a huge amount of iterations to be
eliminated. If the ghost object is located on the rotation axis
(e.g. when the two pinholes are positioned on a line parallel
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to the rotation axis), all “ghost activity” will be accumulated
in a small hot spot, which can be very disturbing.
In multi-pinhole SPECT, these ghost objects are more persis-
tent if they are supported by more pinhole apertures. This is
illustrated in fig 9 for a simulated two-dimensional 7-pinhole
system. Because of the regular pinhole pattern, the ghost
objects are supported by multiple pinholes and persist in an
OSEM reconstruction after 10 iterations with 18 subsets. By
perturbation of the pinhole positions into an irregular config-
uration, the artifacts are reduced. Also the use of additional
information, such as the body outline enclosing the activity,
may help to suppress the multiplexing artifacts [63].

Fig. 9. Comparison of the ML-reconstructions of a regular (left) and an
irregular (right) 2D 7-pinhole collimator. The reference image is displayed in
the center.

IV. CONCLUSION

Multi-pinhole collimation enables SPECT imaging of small
animals with a useful compromise between sensitivity and
resolution. For high quality image reconstruction, the system
matrix should be determined accurately. For multipinhole
systems that allow overlap between the projections, irregu-
lar aperture configurations are recommended to suppress the
creation of multiplexing artifacts.
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