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I. I NTRODUCTION

In positron emission tomography (PET), attenuation correction
is typically done based on information obtained from transmission
tomography. Recently, it has been shown that stable maximum-
likelihood reconstruction of both the attenuation and the activity
from time-of-flight (TOF) PET emission data is possible [1], [2].
Mathematical analysis revealed that the TOF-PET data determine
the attenuation correction factors uniquely except for a scale factor
[3].

Here, we propose a maximum likelihood algorithm (called
MLACF) that jointly estimates the image of the activity distribu-
tion and the sinogram with the attenuation factors. This method
avoids the reconstruction of the attenuation image. If additive
contributions (such as scatter and randoms) can be ignored,
the algorithm even does not require storage of the attenuation
correction factors. However, in contrast to [2], this algorithm does
not impose the consistency of the attenuation sinogram, which
may result in increased noise propagation. This paper presents the
derivation of the algorithm, an (incomplete) theoretical analysis
of the corresponding likelihood function, and first results on 2D
and 3D simulations.

II. M ETHODS

A. The MLACF reconstruction algorithm

The Poisson log-likelihood function is

L(y, a, λ) =
∑

i
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{−aipit + yit ln(aipit + sit)} (1)

pit =
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cijtλj (2)

wherei is the line-of-response (LOR) index,t is the TOF-index,ai
is the attenuation along LORi, yit is the measured (and therefore
attenuated) TOF-PET sinogram,sit is the known mean of the
additive contribution (scatter and/or randoms). The attenuation-
free TOF-PET “system matrix”3 has elementscijt . The activity
at voxel j is denoted asλj . We represent summations over the
TOF-index by dropping that index:si =

∑
t sit, cij =

∑
t cijt,

yi =
∑
t yit andpi =

∑
t pit.

We wish to estimateλ anda by maximizing (1). We propose an
alternated optimisation: firsta is updated keepingλ fixed, thenλ
is updated keepinga fixed. As shown below, a monotonic iterative
algorithm that yields at least a local maximum of (1) is given by:
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where the superscript represents the iteration number. The second
step is identical to standard MLEM, which is known to monoton-
ically increase the likelihood. In the following, we show that the
first step increases the likelihood as well.
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3The first and third dimensions correspond to the data dimensions, and could
be combined to turn it into a real matrix

B. Convergence

It is known that (4) increases the likelihood. Here we show that
the same is true for (3). The maximizera at fixedλ is a solution
of

∂L(y, λ, a)
∂ai

=
∑
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{
−pit + yit

pit
aipit + sit

}
= 0 (5)

If we consider only LORs for whichyit > 0 andaipit + sit > 0
(essentially LORs with activity), the second derivative is stricly
negative and the maximizera∗ is unique and satisfies

1 =
1
pi

∑
t

yit
pit

a∗i pit + sit
. (6)

The update step (3) has the following properties:
1) If aki < a∗i , thenaki < ak+1

i < a∗i .
Proof. If aki < a∗i , then ∂L/∂ai > 0 , becauseL is a concave
function with a unique maximum. Because the other factors in (3)
are positive as well, it follows thataki < ak+1

i . If one replacesaki
with a∗i in (3), the numerator increases with a larger factor than
the denominator (sincesit > 0), and thereforeak+1

i < a∗i .
2) If aki > a∗i , thenaki > ak+1

i > a∗i . The proof is similar.
3) A fixed point of (3) is the maximizer ofL. This follows
immediately from (6).
4) The algorithm converges:limk→∞ ak = a∗.
Proof. Combining (3) and (6) one obtains
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Consider first the case wherea0
i < a∗i . Sincea0
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since all quantities are non-negative,
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with ci = argmax
t,pit>0
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where the restriction over thet range is due to the fact that terms
with pit = 0 do not contribute to the sum. With this restriction and
a0
i > 0, one hasci < 1 and(ci)k → 0 and therefore|aki−a∗i | → 0.

The proof is similar for the case wherea0
i > a∗i . From this proof

we expect the convergence rate to be of order (scatter fraction)k.

C. Special case where scatter and randoms can be ignored

As suggested above, the convergence of the second step is
extreme when the additive contributionsit vanishes. Settingsit =
0 in (4) and (3) results in the standard MLEM algorithm, except
that in every iterationk + 1 the attenuation valuesak+1

i are
replaced with

ak+1
i =

yi
pki
. (10)

In this case, there is no need for separate storage of the attenuation
sinogram, (10) can be directly inserted in (4).



Fig. 1. The simulated true 2D activity distribution (top left) and the true
attenuation correction factors (top right). The bottom row shows the OSEM
reconstruction with exact attenuation correction, and the activity image and
attenuation sinogram estimated with MLACF.

D. The curvature of the likelihood

The matrix of second derivatives of (1) is not negative semi-
definite. However, semi-definiteness is a sufficient, but not a
necessary condition to exclude local maxima. We currently have
no results for the general case, here we show that there are no
local maxima for the special case where the sinogram is consistent
and where∀itsit = 0. Using (10), one finds that in this special
case the likelihood (1) reduces to
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∑

i

(∑
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)
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Assume thatλ̂ is a solution that maximizes (11), satisfying
aip̂it = yit (possible for a consistent sinogram). We consider
an arbitrary imageλ, and show that the gradient of the likelihood
in λ always “points towards” this solution. More precisely, the
projection of the gradient on the vectorλ̂− λ is always positive.
Proof: defining p̂it =
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The last equality follows from the assumption. The inequality
follows from the convexity of the square:
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III. E XPERIMENTS

A. Simple 2D simulation

A noisy 2D attenuated TOF-PET sinogram was simulated. It
had 120 radial bins of 3.33 mm, 120 angles over180o, a TOF
resolution of 5 cm FWHM and 24 TOF bins. The scatter to
primary ratio was 0.5. Images were reconstructed with standard
OSEM using the exact attenuation correction factors, and with
MLACF (120 × 120 pixels, pixel size of 3.33 mm). To ensure
good convergence, 30 iterations with 20 subsets per iteration were
applied for both algorithms. The true phantom and the obtained
reconstructions are shown in figure 1. The noise was estimated
as the difference between a reconstruction from noisy data (fig

Fig. 2. Fully 3D simulation: the activity images reconstructed with MLEM
and exact attenuation correction ( top left), and with the new MLACF algorithm
(top right). The bottom row shows the true attenuation factors (left) and the ones
estimated by MLACF.

1) and a noise free reconstruction. The correlation between this
MLEM and MLACF noise, computed over all pixel values, was
0.91. This indicates that MLACF noise was very similar to that of
MLEM, although MLACF had to estimate the attenuation factors
as well, while MLEM used the exact attenuation factors.

B. 3D simulation

A part of the NCAT phantom was forward projected with a
fully 3D TOF-PET projector, based on the specifications of the
Siemens mCT scanner [4]. The sinograms had 200 radial bins of
4 mm, 168 angles over180o, 81 planes of 2 mm, 7 segments
(i.e. 1 set of direct and 6 sets of oblique sinograms), 13 time bins
of 312 ps, a TOF resolution of 580 ps FWHM, and a scatter to
primary ratio of 0.5. Finite detector resolution was not modeled.
The maximum pixel count in the TOF-PET sinogram was 52.
Poisson noise was added to the data. The MLACF reconstruction
was done with (3) and (4), wheresit was set to the exact noise-
free scatter sinogram. For comparison, the same data set was also
reconstructed with OSEM using the exact attenuation values. For
OSEM 3 iterations with 21 subsets were applied, for MLACF we
applied 4 iterations of 21 subsets, which seemed to give similar
convergence by visual inspection. The results are shown in fig. 2.

IV. D ISCUSSION

The MLACF algorithm worked well on 2D and fully 3D TOF-
PET simulations. In contrast to the MLAA-algorithm of [2], the
MLACF does not impose consistency to the estimated attenu-
ation factors, which may result in increased noise propagation.
Although the first results indicate that noise propagation is not
dramatic, we intend to make a detailed comparison between
the MLAA and MLACF algorithms. Evaluation of the MLACF
algorithm on real TOF-PET data is in progress.
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