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I. INTRODUCTION B. Convergence

In positron emission tomography (PET), attenuation correctionlt is known that (4) increases the likelihood. Here we show that
is typically done based on information obtained from transmissitime same is true for (3). The maximizerat fixed \ is a solution
tomography. Recently, it has been shown that stable maximuat-
likelihood reconstruction of both the attenuation and the activity OL(y, A, a) _ Z {pit + i Dit } —0 (5)
from time-of-flight (TOF) PET emission data is possible [1], [2]. da; " aiPit + Sit
Mathematical analysis revealed that the TOF-PET data determli]mﬁle consider only LORs for whichy;, > 0 anda

. . . iDit + 8¢ >0
the attenuation correction factors uniquely except for a scale facfggsentially LORs with activity), the second derivative is stricly

[3l. egative and the maximizer* is unique and satisfies

Here, we propose a maximum likelihood algorithm (calleg ¢ d
MLACEF) that jointly estimates the image of the activity distribu- 1= 1 Z Yir Dit . (6)
tion and the sinogram with the attenuation factors. This method Di 5 a;pit + Sit

avoids the reconstruction of the attenuation image. If additi\,iq.'e update step (3) has the following properties:
contributions (such as scatter and randoms) can be ignorgdc x < a*, thenak < aF+1 < ¢*,

the algorithm even does not require storage of the attenuatigy ¢ it .+ ot then 6ZL/8ai <0 . becausel, is a concave
correction factors. However, in contrast to [2], this algorithm do?ﬁnction Wilth a uznique maximum. Because the other factors in (3)
not impose the consistency of the attenuation sinogram, whigh, positive as well, it follows that® < a***. If one replaces*
may result in increased noise propagation. This paper presents\&ﬁ}ﬂ af in (3), the numerator incr7éases: with a larger factorl than
derivation of the algorithm, an (incomplete) theoretical analysgﬁe ! ’

£ th i likelin functi G | denominator (since;, > 0), and therefore:; *! < a?.
of the cor_respo_ndlng ikelihood function, and first results on 29) If aF > a7, thena® > s at. The proof is similar.
and 3D simulations.

3) A fixed Zpoint of (3) i7s the maximizer ofL. This follows
I[I. METHODS immediately from (6).

. ; 4) The algorithm convergesim;, .., a* = a*.
A. The MLACF truct Igorith . o
© CF reconstruction algorithm Proof. Combining (3) and (6) one obtains

The Poisson log-likelihood function is 5

k+1 «_a;—al YitPit Sit
L A) = EE —aipit + Yit In(aipir + s 1 ag — —a; = . - (0
(y>(l, ) i { a;iPit + Yit n(apt-i-St)} 1) i ; (afpit+5it)(aipit+5it)

t
P = Zciﬁ/\j (2) Consider first the case whetd < a. Sincea) < af < af and
j since all quantities are non-negative,
yvherez' is the Iine—of—response (LQR) indexis the TOF-indexg; — "o lak — a7 YitDit Sit
is the attenuation along LOR y;; is the measured (and therefore la; " —aj| < ) Z (@p, RYP T i
. . p'L t aipzt + S’Lt)(ai pzt + S’Lt)
attenuated) TOF-PET sinogram;; is the known mean of the 1
additive contribution (scatter and/or randoms). The attenuation- < k- aﬂcifz %
free TOF-PET “system matrix? has elements;;; . The activity i S a;Pit t Sit
at vo?(elj is denoteq as\;. We represent summations over the = Ja¥ —ale; < |0 —al|(ci), ©)
TOF-index by dropping that index; = >, sit, ¢ij = Y _; Cijts Sis
- L andp, = L with ¢; = argmax——, 9
Yi Zt Yit Di Zt Dit 1 t,it>0 agpit + s ( )

We wish to estimate anda by maximizing (1). We propose an o _
alternated optimisation: first is updated keeping fixed, then) where the restriction over therange is due to the fact that terms
is updated keeping fixed. As shown below, a monotonic iterativewith p;; = 0 do not contribute to the sum. With this restriction and

algorithm that yields at least a local maximum of (1) is given by, > 0, one has; < 1 and(c;)* — 0 and therefor¢a’—a;| — 0.
The proof is similar for the case whet > a*. From this proof

1 akypk a¥ OL(y,\*.a .
af“ = — klij%tp“ =al+ — L (3) we expect the convergence rate to be of order (scatter fraktion)
pi T a;Dip + Sit D; da; a”
k1 )\? Z g Zc' . Yit 4) C. Special case where scatter and randoms can be ignored
j - c 1 L) c .
! Do CijafH p ' m af“pﬁJrSu As suggested above, the convergence of the second step i

where the superscript represents the iteration number. The sec®f§eme when the additive contributiep vanishes. Setting;; =
step is identical to standard MLEM, which is known to monotorfl In (4) and (3) results in the standard MLEM algorithm, except
ically increase the likelinood. In the following, we show that théhat in every iterationk + 1 the attenuation values; ™" are

first step increases the likelihood as well. replaced with

abtt = U (10)
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3The first and third dimensions correspond to the data dimensions, and colurfdthls case, there is no need for separate storage of the attenuatio

be combined to turn it into a real matrix sinogram, (10) can be directly inserted in (4).
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Fig. 1. The simulated true 2D activity distribution (top left) and the true

attenuation correction factors (top right). The bottom row shows the OSEM

reconstruction with exact attenuation correction, and the activity image apgy 2. Fully 3D simulation: the activity images reconstructed with MLEM

attenuation sinogram estimated with MLACF. and exact attenuation correction ( top left), and with the new MLACF algorithm
(top right). The bottom row shows the true attenuation factors (left) and the ones
estimated by MLACF.

D. The curvature of the likelihood

The matrix of second derivatives of (1) is not negative semi) and a noise free reconstruction. The correlation between this
definite. However, semi-definiteness is a sufficient, but notMLEM and MLACF noise, computed over all pixel values, was
necessary condition to exclude local maxima. We currently ha@e1. This indicates that MLACF noise was very similar to that of
no results for the general case, here we show that there areMicEM, although MLACF had to estimate the attenuation factors
local maxima for the special case where the sinogram is consistasitwell, while MLEM used the exact attenuation factors.
and wherev;;s;; = 0. Using (10), one finds that in this special
case the likelihood (1) reduces to B. 3D simulation

A part of the NCAT phantom was forward projected with a
L(y,a,\) = Z (Z i In(pig) — i ln(pi)> . (11) fully 3D TOF-PET projector, based on the specifications of the
i t Siemens mCT scanner [4]. The sinograms had 200 radial bins of
o . o . .. 4 mm, 168 angles ovet80°, 81 planes of 2 mm, 7 segments
AsAsume that IS a solution thgt maximizes (11), satlsfym i.e. 1 set of direct and 6 sets of oblique sinograms), 13 time bins
dipit = Yit _(possmle for a consistent smqgram). We_ cqn3|d f 312 ps, a TOF resolution of 580 ps FWHM, and a scatter to
an arbitrary |Tagé\, and ShO\,I,V th'at the grad|ent of the “.ke“hoo rimary ratio of 0.5. Finite detector resolution was not modeled.
n /\ alyvays points t(_)wards this solytlon._More prec'sﬁ"Yv th he maximum pixel count in the TOF-PET sinogram was 52.
pro;ectlon_ O_f th? gradient on the vectar— A is always positive. Poisson noise was added to the data. The MLACF reconstruction
Proof. definingpi; = >_; cijeA; We have was done with (3) and (4), wherg, was set to the exact noise-

oL . Vit ” free scatter sinogram. For comparison, the same d_ata set was als
— A=) = Z (Z iy — ’132-> reconstructed with OSEM using the exact attenuation values. For
— 0X; .\ Pit pi OSEM 3 iterations with 21 subsets were applied, for MLACF we
1 vz 2 applied 4 iterations of 21 subsets, which seemed to give similar
= P > pf’f - j >0 (12) convergence by visual inspection. The results are shown in fig. 2.
i 1 t 2 2

The last equality follows from the assumption. The inequality
follows from the convexity of the square:

Zyit _ pizpit<yz‘t)2

P Dit P Dbi \Dit

IV. DISCUSSION

) The MLACF algorithm worked well on 2D and fully 3D TOF-
Dit Vit y? PET simulations. In contrast to the MLAA-algorithm of [2], the
Pi i Dit = i MLACF does not impose consistency to the estimated attenu-
¢ ation factors, which may result in increased noise propagation.
Although the first results indicate that noise propagation is not
. . _ dramatic, we intend to make a detailed comparison between
A. Simple 2D simulation the MLAA and MLACF algorithms. Evaluation of the MLACF
A noisy 2D attenuated TOF-PET sinogram was simulated. atgorithm on real TOF-PET data is in progress.
had 120 radial bins of 3.33 mm, 120 angles ov&86°, a TOF R
resolution of 5 cm FWHM and 24 TOF bins. The scatter to EFERENCES
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