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Abstract

In wholebodypositronemissiontomography, it is not unusual
to omit thetransmissionscanto shortenthestudytime,andig-
noreattenuationduring reconstruction.If a transmissionscan
is available,many centersreconstructtheimageswith, but also
without attenuationcorrection. Although ignoring attenuation
leadsto artifactsin thereconstructedimages,it hasbeenshown
that theseimagesstill provide valuablediagnosticinformation
in oncologicalapplications.Severalauthorshave reportedthat
the attenuationartifact may actually increasetumor-to- back-
groundratio. In this study, we analyzethe causesof the arti-
factsandproposeanew algorithmto reducetheadverseeffects
onvisualimagequality.
Methods. We analyzethe causesof the attenuationartifact
mathematicallyandnumerically, andwe examineits effect on
tumor-to-backgroundratio andon signal-to-noiseratio. In ad-
dition, we show thattheattenuationartifactmayleadto lossof
imagedetail in conventionalmaximum-likelihood(MLEM) re-
construction.A new algorithm(NEG-ML) is derivedto reduce
this loss.
Results. The attenuationartifact consistsof two components.
Thefirst componentis thewell knownscalingeffect: theappar-
ent activity is reducedbecauseattenuationdecreasesthe frac-
tion of detectedphotons.Thesecondcomponentis a relatively
smoothnegative contribution which is addedto attenuatedre-
gionssurroundedby activity. The secondcomponenttendsto
increasetumor-to-backgroundratio. However, a simulationex-
perimentshows thatthis increasein signalmaybeentirelyoff-
setby anincreasein noise.Thenegativecontributioncaninter-
ferewith thenon-negativity constraintof theMLEM-algorithm,
leadingto lossof imagedetail in regionsof high attenuation.
The new NEG-ML-algorithmavoids the problemby allowing
negativepixel values.Thealgorithmis similar to MLEM in the
suppressionof streakartifacts,butprovidesmoreanatomicalin-
formation. In our department,it is usedin clinical routinefor
reconstructionof PET wholebody imageswithout attenuation
correction.
Conclusions. Ignoringattenuationmayincreasetumor-to-back-
groundratio,but thisdoesnot imply improvedtumordetection.
TheNEG-ML algorithmreducestheadverseeffectof theatten-
uationartifactonvisualimagequality.
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INTRODUCTION

Positronemissiontomography(PET)with fluorodeoxyglucose
(FDG) is beingusedincreasinglyin oncologicalapplications.
Oftena PETscanis acquiredover a largepartof thebody for
detectionof possibleunknown metastases.Currently, theseso-
calledwholebodystudiesaresometimesdonewithout a trans-
missionscanandtheimagesarereconstructedwithoutattenua-
tion correction.Until recently, thetransmissionscanhadto be
doneprior to injection, while the emissionscanwasonly ac-
quiredaboutan hour after injection, so the transmissionscan
would increasethe total study time with more than an hour.
Sincethe introductionof post-injectiontransmissionscanning
protocols,attenuationcorrectionrequiresonly a moderatein-
creaseof scanningtime. However, the effect on visual image
quality is controversial(1,2,3) andin many centers,theimages
arereconstructedbothwith andwithout attenuationcorrection
if a transmissionscanis available.

In the next section,we presentan analysisof the artifacts
causedby ignoring photonattenuationduring reconstruction.
The analysisrevealsthat the attenuationartifact not only pro-
ducesa scalingeffect (apparentdecreaseof the traceruptake
dueto photonelimination),but alsoan additive effect. Nega-
tive valuesareaddedto regionswhereattenuationis not neg-
ligible and which are surroundedby activity. Consequently,
for PET FDG studiesthe effect is presentnearlyeverywhere,
but it is most significantnear the centerof the body of the
patient. The effect of the negative countsis somewhat simi-
lar to thatof “backgroundsubtraction”(oftenappliedin planar
scintigraphy),andproducesan apparentincreaseof tumor-to-
backgroundratio. This increasehasbeenobservedby several
groups(1,4,5).

We alsoshow thatthenon-negativity constraintof theclas-
sicalmaximum-likelihoodexpectation-maximizationalgorithm
(MLEM) may interferewith the artifact, causinga lossof in-
formation. We proposea new maximumlikelihood(ML) al-
gorithm which allows negative reconstructionvalues,in order
to minimize the decreaseof image quality due to this addi-
tive artifact. This paperis organizedasfollows. SectionII.A
presentsan intuitive interpretationof the attenuationartifact,
which is confirmedby mathematicalanalysis. In sectionII.B
thenew ML-algorithmis derived.SectionII.C describesasim-
ulationexperimentthatverifiesthepredictedincreaseof object-
to-backgroundratio due to the attenuationartifact, and illus-



Figure1: A radioactivering in a uniformattenuatingdisk. The
dashedcircle representsthe boundaryof the uniform attenua-
tion. The bold circle representsthe radioactive ring. Due to
attenuation,theprojectionthroughthecenter(thick arrow) con-
tain fewer countsthanthe two tangentialprojections(two thin
arrows),althoughthesameactivity is projected.

tratestheeffect on thesignal-to-noiseratio. Theresultsof the
experimentandsomeclinical examplesarepresentedin section
III anddiscussedin sectionIV. Technicaldetailsaredescribed
in appendices.

MATERIAL AND METHODS

Theory

Whennoattenuationcorrectionis appliedduringreconstruction
of PETimages,atypicalandcomplex artifactis introduced.We
will referto thisasthe“attenuationartifact”. Weshow herethat
theartifactconsistsof two differenteffects.

Thefirst effect is thewell known scalingeffect: attenuation
eliminatesa fraction of the photons,resultingin an underesti-
mationof theactualactivity. The factorby which thevalueis
underestimatedis roughlyproportionalto themeanattenuation
factor(obtainedby averagingoverall projectionangles).

Thesecondcomponentis moresubtle(6,7). In this section
we presentan intuitive explanationbasedon a simplethought
experiment.A moreaccuratemathematicalanalysisis givenin
appendixA.

Figure1 representsa simpletestobject. It consistsof a ra-
dioactive ring, which is positionedconcentricallyin a homo-
geneouslyattenuatingcylinder. The object is perfectlycircu-
larly symmetric,soin absenceof noise,projectionsacquiredat
differentanglesareidentical.Now considerthecentralprojec-
tion, representedby thethick shadedarrow in figure1. Because
of attenuation,the total countobtainedfrom theactivity in the
shadedareais relatively low. Thesameactivity alsocontributes
to aprojectionat90degrees,representedby thetwo thin arrows
in thefigure. Theprojectionis now tangential,andattenuation
is muchsmaller. Consequently, thesameactivity now produces
a muchhighercount.

If no attenuationcorrectionis applied, the reconstruction
programmust“design”anobjectin suchawaythatcentralpro-
jectionsof thesameactivity producefewercounts.Thesolution

Figure2: Left: original activity distribution, dottedline indi-
catesattenuatingdisk. Center: reconstructionwithout atten-
uation correctionfrom attenuatedprojections. Right: profile
throughthecenterof thereconstructionimage.

is to put negative activity in thecenterof the ring. This nega-
tiveactivity doesnotcontributein tangentialprojections,but in
centralprojections,it cancelspartof thecontribution from the
ring, reducingthe countasrequired. Negative activity hasno
physicalmeaning,but themathematicsdonotcareaboutthat.

Figure2 confirmsthe analysis. Attenuatedprojectionsof
the test objectweresimulatedand reconstructedwith filtered
backprojectionwithoutattenuationcorrection.Thecentralpro-
file revealsthatthereconstructedactivity within thering is neg-
ative. Note that this reconstructionis exact, in the sensethat
reprojectionwithoutattenuationreproducestheoriginalprojec-
tionswith excellentaccuracy. Theanalysisin appendixA and
in (7) confirmsthat the exact solution is negative everywhere
within theradioactivering.

Thehighlysymmetricalobjectof figure1 allowsexactmath-
ematicalanalysis,but thesameeffect occursin morecomplex
objects:in non-attenuationcorrectedPET-images,pixel values
receiveanegativecontributionfrom surroundingactivity.

Thenegativevaluesmimic theeffectof attenuation.A use-
ful, thoughimpreciseinterpretationis to seethenegativevalue
in eachpixel in thering, asanestimateof theamountof pho-
tonsthathave beenattenuatedby thatpixel duringtheacquisi-
tion. Consequently, in morecomplex objects,thereconstructed
value

���
for pixel � approximatelyequals

� ���	�
���
���������
(1)

where
� �

representsthe true pixel value of � , � � represents
theunderestimation(thescalingcomponent)dueto attenuation
of photonsemittedin � , and

� �
is the estimateof the number

of photons,emittedby surroundingactivity andattenuatedin� . The effect of the additive component
���

on the contrastis
discussedin thenext section.

Independently, Bai et al (8,9) have obtaineda similar result
by analyzingthebehavior of filteredbackprojection.They pro-
ceedby constructinga softwarephantomfor which

���
is equal

to
�������

for a denseobjectin the lungs. Thus,they show that
failure to correctfor attenuationmay hide denseobjectswith
moderatetraceruptake in the lungs. Here,we will discussthe
effect on thecontrastanddetectabilityof tumorsin regionsof
high attenuation,and possibleloss of information due to the
non-negativity constraintin theMLEM algorithm.

Contrast. Several groupshave reportedthat the tumor-to-
backgroundratio is often higher in non-attenuationcorrected
images(1,4,5). The approximateequation(1) canbe usedto
predicttheeffectof theattenuationartifactontumor-to-background
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ratio. We assumea tumor activity of
�

anda backgroundac-
tivity of � with

��� � . We alsoassumethat
�
�

and
���

are
varying slowly with position and can be treatedas (positive)
constantsnearthetumor, andthat

� � �������
. Thenwe ob-

tain for thereconstructedcontrast� :

� �
�������
� � ���

� �
� (2)

where
�! � is thetruetumor-to-backgroundratio. Theadditive

componentbehavesasa “backgroundsubtraction”,increasing
the contrast. The differencebetweentumor count and back-
groundcountcanberegardedasthesignal.To assesstheeffect
on tumor detection,it is necessaryto study the noiseaswell.
We have carriedout a simulationexperiment(seesectionsII.C
andIII.A) to evaluatetheeffectof theattenuationartifactonthe
signal-to-noiseratio in asimpleobject.

Negative Values. In largepatients,the additive component
of theattenuationartifactcanmakeentireregionsnegative.But
theseregionsmaystill containusefulvisualinformation,super-
imposedon the additive component. In clinical applications,
FBP oftenproducesnegative pixel valuesin regionswhereat-
tenuationwas important. However, FBP is very sensitive to
noiseandtendsto producedisturbingstreakartifacts. In con-
trast,maximum-likelihoodexpectation-maximization(MLEM)
is morerobust againstnoise,but hasa built-in non-negativity
constraint.Whenusedwith attenuationcorrectionthis is anob-
vious strength,but if no attenuationcorrectionis includedthe
constraintbecomesa weakness,andhighly attenuatedregions
arereconstructedasuniform regionswith (nearly)zero tracer
uptake. As a result,usefulimagedetailmaybelost.

The NEG-ML-Algorithm

TheMLEM algorithmcanberegardedasa scaledgradientas-
centalgorithm,wherethe stepsize is scaledsuchthat it pre-
ventsnegative values(10). In appendixB an alternative step
sizeis derived,allowing theinclusionof negative valueswhile
preservingthedesirablefeaturesof theMLEM-algorithm. The
new algorithm,called“NEG-ML”, canbewrittenas

"#�$� "&%�('�) � *,+ *
�.- * �0/ %*/ %* (3)

/ %* � � + *
� " % �

) �1�
maximum

" % �
* + *
� � 2*
354768 4 9 + * 9

:
Here, - * is themeasuredcountin detector; , "#� is thenew es-
timateof activity in pixel � , + *

�
is theassumeddetectionprob-

ability (ignoring attenuation),and the prime indicatesthe re-
constructionavailable at the current iteration. The computa-
tion burdenof thisalgorithmis identicalto thatof MLEM. The
derivationof thealgorithmis basedon thefollowing scheme:

1. In every iteration, the likelihood is approximatedby a
quadraticfunction.

2. The concavity of this quadraticfunction is exploited to
obtaina surrogatefunctionwith separatedvariables.

Figure3: Tumordetectionsimulationexperiment.Thefirst row
shows the true imageandthe regionsusedto computeobject
andbackgroundtraceruptake. Thesecondrow shows FBPre-
constructionswith andwithoutattenuationcorrection.Thebot-
tomrow showsMLEM with andwithoutcorrection,andNEG-
ML withoutattenuationcorrection.

3. In every iteration, the surrogatefunction is maximized.
Thisstepisguaranteedto increasethevalueof thequadratic
approximation.Assumingthattheapproximationis good,
thelikelihoodvalueshouldincreaseaswell.

This approachis relatedto (andinspiredby) theoneproposed
by Fessleretal. for transmissiontomography(11).

Simulation Experiment

As arguedabove,eliminationof theattenuationcorrectionmay
increasethe object-to-backgroundratio. Someauthorshave
suggestedthat this would indicateimproved tumor detection.
We have carriedout a simple simulationexperimentto illus-
tratetheeffect of theartifacton both thetumor-to-background
ratioandonthesignal-to-noiseratio. Wehaveassumedthatthe
signaldetectedby theobserver is proportionalto thedifference
betweenobjectandbackground.Becausethe signaldetection
performanceof anobserver dependson the signal-to-noisera-
tio (12), we have alsocomputedthenoiseusingmultiple noise
realizations.

The simulatedobject(figure 3) consistsof a uniformly at-
tenuatingdisk (thebackground),with asmalldisk in thecenter
(theobject).Thesmalldiskhasthesameattenuationcoefficient
but a higheractivity. The object-to-backgroundactivity ratio
was5. The imagesizewas100 < 100, the linear attenuation
coefficient was0.095percm, thepixel sizewas3.7 mm. The
radii of thetwo concentricdiskswere8 and40pixels.

Attenuatedsinograms(100 projectionanglesover 180 de-
grees)werecomputedandscaledto a different total countof
0.4, 0.8, 1.6 and3.2 million. For eachof those,600 Poisson
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Table 1: Object-to-backgroundratio and signal-to-noiseratio
(SNR)for simulationswith 0.4,0.8,1.6and3.2million counts

objectto SNRfor totalcountsof
backgratio 0.4 0.8 1.6 3.2

FBPatt corr 4.98 71 102 147 209
FBPnocorr 18.1 66 94 135 192

MLEM att corr 5.08 72 102 153 209
MLEM nocorr 13.3 69 97 146 201

NEG-ML nocorr 18.7 69 97 146 198

noiserealizationswerecomputed.Eachnoisysinogramwasre-
constructedwith filteredbackprojectionandwith MLEM, once
with andoncewithout attenuationcorrection. FBP wasdone
with a rampfilter. For theMLEM-reconstructionwith attenua-
tion correction,theattenuationcoefficientswereincludedin the
detectionprobabilities. In both cases,the reconstructionwas
stoppedafter 30 iterations(a typical valuein clinical applica-
tions), and no post-smoothingwas applied. For comparison,
alsothereconstructionswithoutattenuationcorrectionwerecom-
putedwith NEG-ML, using30 iterations.

Two regionsof interest(ROI) weredefined.TheobjectROI
wasa circularregionat thecenter, with radiusof 7 pixels(con-
taining all objectpixelsexceptthosenearthe boundary).The
backgroundROI wasanannuluspositionedaroundthecenter,
inner radiuswas10 pixels,outerdiameterwas24 pixels. For
eachreconstruction,the “signal value” was computedas the
differencebetweenthemeanactivity in theobjectROI andthe
meanin thebackgroundROI. The“noisevalue” wasestimated
asthestandarddeviationonthesignalvalue,computedfromthe
600noiserealizations.Thesignal-to-noiseratio wascomputed
by dividing thesignalvalueby thenoisevalue.Computingthe
signalusingthe meanvaluesof extendedregionsrepresentsa
strongsmoothingoperation.This is why therewasno needto
applya low-passfilter duringor afterreconstruction.

RESULTS

Simulation Experiment

The resultsof the simulationexperimentareshown in table1
Whenattenuationcorrectionwasapplied,reconstructionwith
bothFBPandMLEM resultedin excellentrecoveryof thetrue
object-to-backgroundratioof 5. Ignoringattenuationduringre-
constructionincreasedtheapparentratio with a factorof three.
For bothalgorithmsandall countlevels,thesignal-to-noisera-
tio decreasedslightly whenattenuationwas ignored. This in-
dicatesthat the attenuationartifact hasno beneficialeffect on
tumordetection.

Clinical Examples

In ashortpilot study, 57patientstudieswerereconstructedwith
FBP, MLEM andNEG-ML andtheimageswerecompareddur-
ing theclinical diagnosticprotocol. Thephysiciansfoundthat
the NEG-ML algorithm is a good compromisebetweenFBP
and MLEM: its recovery of anatomicaldetail was similar to

Figure4: PETstudyof 10bedpositions,4 min perbedposition
on Siemens-CTIEcat931. Left: FBP reconstruction.Center:
MLEM reconstruction.Right: NEG-ML reconstruction.

Figure5: Normal study (5 min per bedposition,7 bedposi-
tionson Siemens-CTIEcatHR+), MLEM-reconstruction(top)
andNEG-ML reconstruction(bottom). Four consecutive coro-
nalslicesareshown, from anteriortowardsposterior.

thatof FBP, while its noisecharacteristicsandartifactsuppres-
sionaresimilar to thatof MLEM. This is illustratedin figure4,
whichcomparestheFBP, MLEM andNEG-ML reconstructions
for a patientstudy.

Figure5 comparesMLEM andNEG-ML coronalslicesfor
a normal study, illustrating the improved outline of the body
andthespinewhennegativepixel valuesareallowed.Sinceits
introductionin clinical routine,themethodhasbeenappliedto
a few thousandstudies. No convergenceproblemswereever
noted.

DISCUSSION

Thesimulationexperimentconfirmsthetheoreticalanalysisand
showsthatthereconstructionartifactcanincreasetheobject-to-
backgroundratio to valuesfar higherthanthe true ratio. This
increasehasbeenobservedin clinical studiesby severalgroups
(1,4,5) but, to our knowledge,the work of Bai et al (8,9) and
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our own arethefirst to reveal thecauses.Thesimulationalso
illustratesthatanincreasedobject-to-backgroundratiodoesnot
imply an increasedsignal-to-noiseratio. The exact value of
thesignal-to-noiseratio is affectedby thenumberof iterations,
the shapeof the objectetc, but the experimentclearly shows
thatsignal-to-noiseratio andcontrastarevery differentthings.
Severalcomparative studieshave beenperformedto assessthe
valueof attenuationcorrection(1,2,4,5 ,13,14,15,16). However,
thereis considerablevariationin themethodologyused,andthe
conclusionsareseeminglycontradictory. In oursimulation,the
signal-to-noiseratio seemedto dependat leastasmuchon the
reconstructionalgorithmthatwasused(FBPor MLEM) ason
whetherattenuationcorrectionwasapplied. This dependence
maybeoneof thereasonswhy differentgroupscometo differ-
entconclusions.

The NEG-ML algorithm reducesthe loss of information
by avoiding that negative regionsare set to zero by the non-
negativity constraint.Thisalgorithmobviouslylackstheoretical
justification, sincenegative activities are meaningless.How-
ever, when attenuationcorrectionis ignored,thereis no the-
ory supportingtheapplicationof MLEM (or indeedany recon-
structionalgorithm)either. Reconstructionwithout attenuation
correctionis heuristic in itself, and only justified by the (re-
markable)factthattheresultingimagescarryvaluablediagnos-
tic information.Allowing negativevaluesincreasesthedegrees
of freedomavailableto the reconstructionalgorithm. This re-
ducestheinconsistency of thedata(thecomputedunattenuated
projectionsagreebetterwith themeasureddata,andNEG-ML
producesahigher“lik elihood”thanMLEM). Thus,moreinfor-
mationfrom thedatacanbeincorporatedin thereconstruction,
albeit in a severelydeformedway. FBPalsoallows negatives,
but becauseof its differentdataweighting,its responseto the
remaininginconsistency of the datadiffers from that of NEG-
ML, resultingin poorervisualquality.

Erlandssonet al. (17) proposedanotherapproachto allow
inclusion of negative reconstructionvalues(their application
wastheunbiasedreconstructionof precorrectedSPECTdata).
Theirwork is basedonanalgorithmthatextendsMLEM with a
prior for thelowerandupperboundson thereconstructedpixel
values(18). This lower boundcanbe set to a negative value.
In contrast,our methodintroducesno bounds,which allows a
simplerupdateexpressionthanin (18). Thebehavior of oural-
gorithmis verysimilar to thatof regularMLEM with respectto
thecomputationtime, theconvergencespeedandtheeffective-
nessof accelerationwith orderedsubsets(19).

We have not carriedout a systematiccomparisonof tumor
detectionperformancefor the threealgorithms. However, an
earliercarefulcomparisonof filteredbackprojectionwith regu-
lar MLEM revealednodifferencefor tumordetectionin clinical
practice(15). Consequently, it is expectedthattheintroduction
of NEG-ML, whichbehavesasacompromisebetweenFBPand
MLEM, will not yield a significantimprovementin tumor de-
tection. However, thephysiciansreportthat theanatomicallo-
calizationis easier, and that their confidencein the diagnosis
is increasedsinceMLEM wasreplacedby NEG-ML for non-
attenuationcorrectedwholebodyPETstudies.

Figure6: A radioactivering in a uniformattenuatingdisk.

CONCLUSIONS

A theoreticalanalysisof theattenuationartifact in PETis pre-
sented.Theanalysiswasconfirmedwith simplesimulationex-
periments,andbyfindingsin clinical studiesreportedbyseveral
groups.Basedon this analysis,a new dedicatedML-algorithm
for the reconstructionof whole body imageswithout attenua-
tion correctionis proposed.
The analysisshows that the attenuationartifact can increase
tumor-to-backgroundratio, but simulationsillustrate that this
increasedoesnot imply improveddetection.

APPENDIX A

Consideran infinitely thin ring of uniform activity concentri-
cally embeddedin anotherwisecoldattenuatingdisk,asshown
in figure6. Assumethat � is the radiusof the ring, �>= � �
is the radiusof the attenuatingdisk,

"
is the radioactivity per

unit lengthin thering and? is thelinearattenuationcoefficient.
Theattenuatedprojectionacquiredalonga line with angle @ at
a perpendiculardistanceA from the centerof the disk canbe
writtenas BDC A � @FE �HG C A � @FEJI C A � @FE � (4)

where
G C A � @FE is thetotal attenuationand I C A � @&E thetotal ac-

tivity alongtheline. Sincethedisk is uniform, thetotal attenu-
ationvarieswith theintersectionlengthof theline:

G C A � @FE � K�LNMPORQ SUT VULXW T
for Y AZYX[�� = (5)� �

elsewhere

Theactivity canbewrittenas

I C A � @FE � \L \
"U] C ^ M ' A M � �_EJ` ^ � (6)

where
] C AZE is theDirac deltafunctionand

^
is thepositionon

theprojectionline. Substitutionof a � Q ^ M ' A M andintegrat-
ing finally yieldsBDC A � @FE � K�LNMPORQ S T VULXW T b " �Q � M � A M for Y AZYNc,� (7)

� �
for Y AZY � � :
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Note that the singularity in A � � vanisheswith integration
over � whena ring of finite thicknessis considered.Because
of thesymmetryof this problem,thesinogram

BDC A � @FE is inde-
pendentof the angle. Consequently, it is consistentunderthe
assumptionof zeroattenuation(20), andanexactsolutionex-
ists. An integral expressioncanbeobtainedby directapplica-
tion of filteredbackprojection.An elegantandfastalternativeis
to applyanoperatorwhich computesthepoint spreadfunction
from theline spreadfunction(21), whichis themethodwehave
chosenhere.

Sinceall projectionsareidentical,thereconstructionof (7)
is radiallysymmetricalandcanberepresentedas d C A M ' - M E �d Cfe E . Theprojectioncanberegardedasa line spreadfunction,
the reconstructionasthe correspondingpoint spreadfunction.
Thesolutionis givenby (21):

d Cfe E �
� bg `

` e
\h I Cji M ' e Ef` i (8)

where
e � A M ' - M , I C A M E � B
C A � @FE is theline spreadfunction

and
i

is theintegrationvariable.Inserting(7) produces

d Cfe E �
�(kX" �g `

` e l S T Lnmh
K�L#MoO Q SUT V Lnp T Lnm
Q � M � i M � e `

i : (9)

Substitutingq � i  Q � M � e andtaking the derivative under
theintegralsignresultsin

d CJe E �
�(kn" ��?g

r
h
K�LNMPORQ SUT VnLnmsLXt Tsu S T LXmwv Q 2 � q M

� M = �
e � q M C � M � e E `xq

(10)
which is negativefor

e c,� M and? ��� .

APPENDIX B

The logarithmof the likelihoodfor emissiontomographycan
bewrittenas(22):

y CPz" E �
*
{ * C / * E (11)

with
{ * C / * E � - *s|~} / * ��/ *

and
/ * � � + *

��"#�

where - * is the measuredcount in detector; , "#� is the (un-
known) activity in pixel � , + *

�
is the assumeddetectionprob-

ability (ignoringattenuation)andtermsindependentof
"

have
beendropped.TheMLEM algorithmcanbewrittenasagradi-
entascentalgorithm(10):

"#���H"F%�(' " % �
* + *
� * + *

�.- * ��/ %*/ %* �
(12)

where the prime indicatesthe reconstructionavailable at the
currentiteration. As mentionedin the text, the disadvantage
of thisalgorithmis thatthestepsizevanishesif

" % �
goesto zero.

To deriveanalternativegradientascentalgorithmmaximiz-
ing

y CPz" E , we applyanapproachsimilar to thesurrogatefunc-
tions methodproposedby Fessleret al. (11). In that paper,

the concavity of the likelihoodwasexploited to obtainsurro-
gatefunctionsin which the variablesareseparated.The one-
dimensionaloptimizationof the surrogatefunction was exe-
cutedbasedon a quadraticapproximation.Here,we first in-
troducea quadraticapproximationandusetheconcavity of the
quadraticfunctiontoseparatethevariables.Thisapproachavoids
problemsrelatedto the nonnegative supportof the logarithm.
(Thissameapproachcanbeusedto obtainanalternativederiva-
tion for ourML algorithmfor transmissiontomography(23,24).)

We assumethat in every iteration,
y

canbe well approxi-
matedby a truncatedseriesexpansion:

y C z" E�� � r C z"�� z"&% E
�

*
{ * C / %* E ' � �{ * C / %* E + *

� C " � ��" % � E '

� 9
�{ * C / %* E
b + *

�
+ * 9
C "R����"F%� E C " 9 ��"&%9 E :(13)

Here,thedot denotesthederivativeandtheprimeindicatesthe
currentreconstructionvalue. Because

�{ * + *
�
+ * 9 is negative and

becauseb C "#����" %� E C " 9 ��" % 9 E�[
C "#����" %� E M ' C " 9 �	" % 9 E M , it

followsthat

� 9
�{ * C / %* E
b + *

�
+ * 9
C "R����"F%� E C " 9 ��"&%9 E

� � 9
�{ * C / %* E
b + *

�
+ * 9
C " � ��" % � E M : (14)

Thisallows theintroductionof a function
� M in which thevari-

ablesareseparated:

� r CPz"D� z"&% E � � M CPz"D� z"&% E
�

*
{ * C / %* E ' � *

�{ * C / %* E + *
� C " � ��" % � E '

� 2
b *

�{ * C / %* E + *
�
9 + * 9

C " � ��" % � E M :(15)

Thus,weobtainthefollowing relations:

y CNz" % E � � r CNz" % � z"&% E � � M CXz" % � z"F% E (16)y CPz" E�� � r CPz"�� z"&% E � � M CPz"D� z"&% E : (17)

Consequently, an iterationthatupdates
" %

to
"

by maximizing� M increases
� r (unless

"���" %
) andshouldincrease

y
if the

quadraticapproximation(13) is sufficientlyaccurate.Maximiz-
ing thequadraticfunction

� M is trivial sinceeachtermdepends
on exactly onevariable

" �
. Settingthederivativeswith respect

to
" �

to zeroyields:

" � ��" %� � * �{ * C / %* E + *
�

* �{ * C / %* E + *
�

9 + * 9
: (18)

Thederivativesof
{ * arereadilycomputedfrom (11). For sim-

plicity, we replace- *  �/ % M* with 2  - * in the denominator(this
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approximationshouldbe fairly accuratecloseto the solution).
Thisproduces:

"R���H"F%��' 2*D354768 4 9 + * 9 * + *
� - * ��/ %*/ %* : (19)

Thefactorbetweensquaredbracketsis thestepsize,whichdoes
not vanishwhen

" �
approacheszero. To avoid zerodivisions

in (19), we replace2  - * or 2  o/ %* with 1 whenever - * or
/ %* are

smallerthan1. Thisstepsizeturnsout to berelatively smallfor
positive pixel values. To improve the convergencespeed,we
computealsotheMLEM stepsize(seeequation(12)) in every
pixel andapply the largerof the two. As a result,the conver-
gencefor positive pixelsis expectedto bevirtually identicalto
that obtainedwith MLEM, which is confirmedby our experi-
ence. Note that the stepsize in (19) doesnot dependon the
reconstruction.Consequently, thework donein every iteration
is identicalto thatof MLEM, resultingin identicalreconstruc-
tion times. As expectedfrom the similarity with MLEM, our
experienceshows that also the accelerationachieved with or-
deredsubsets(19) is identicalto thatwith MLEM.

As shownby DePierroetal. (25), theMLEM algorithmcan
alsobe derived by introducingsurrogatefunctionswith sepa-
ratedvariables.Thesurrogatesusedby De Pierrohave a non-
negative support,andeachreconstructionpixel is forcedto be
nonnegative. The quadraticsurrogatefunctionsusedheredo
allow negative values. However, in orderto coincidewith the
likelihoodup to thefirst derivate,thesum

/ * � � + *
��"R�

will
still tendto benonnegative.As mentionedabove,we forceit to
beat least1 to avoid numericalproblems.
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