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Abstract

In whole body positronemissiontomographyit is not unusual
to omit the transmissiorscanto shorterthe studytime, andig-

nore attenuatiorduring reconstruction.If a transmissiorscan
is available,mary centergeconstructheimageswith, but also

tion, contrastfumorto-backgroundatio.

INTRODUCTION

Positronemissiontomography(PET) with fluorodeoxyglucose

without attenuatiorcorrection. Although ignoring attenuation (FDG) is beingusedincreasinglyin oncologicalapplications.

leadsto artifactsin thereconstructe@magesijt hasbeenshovn

thattheseimagesstill provide valuablediagnosticinformation
in oncologicalapplications.Severalauthorshave reportedthat
the attenuatiorartifact may actually increasetumorto- back-
groundratio. In this study we analyzethe causef the arti-

factsandproposea new algorithmto reducethe adverseeffects
onvisualimagequality.

Methods. We analyzethe causesof the attenuationartifact
mathematicallyand numerically andwe examineits effect on

tumorto-backgroundatio andon signal-to-noiseatio. In ad-
dition, we shaw thatthe attenuatiorartifactmay leadto lossof

imagedetailin corventionalmaximum-likelihood(MLEM) re-

construction A new algorithm(NEG-ML) is derivedto reduce
thisloss.

Results. The attenuatiorartifact consistsof two components.

Thefirst componentis thewell known scalingeffect: theappar
entactiity is reducedbecausettenuatiordecreasethe frac-
tion of detectecphotons.Thesecondcomponents arelatively
smoothnegative contribution which is addedto attenuatede-
gionssurroundedy actvity. The secondcomponentendsto
increasdumorto-backgroundatio. However, a simulationex-
perimentshavs thatthis increasen signalmay be entirely off-
setby anincreasdn noise.Thenegative contribution caninter-
ferewith thenon-neatuvity constrainbf theMLEM-algorithm,
leadingto loss of imagedetail in regionsof high attenuation
The new NEG-ML-algorithm avoids the problemby allowing
negative pixel values.Thealgorithmis similarto MLEM in the
suppressioof streakartifacts but providesmoreanatomicain-
formation. In our departmentit is usedin clinical routinefor

Oftena PET scanis acquiredover a large part of the body for

detectionof possibleunknavn metastase<Currently theseso-
calledwhole body studiesaresometimeslonewithout a trans-
missionscanandtheimagesarereconstructeavithout attenua-
tion correction.Until recently the transmissiorscanhadto be
doneprior to injection, while the emissionscanwas only ac-
guired aboutan hour after injection, so the transmissiorscan
would increasethe total study time with more than an hour.

Sincethe introductionof post-injectiontransmissiorscanning
protocols,attenuationcorrectionrequiresonly a moderatein-

creaseof scanningtime. However, the effect on visualimage
quality is controversial(1,2,3) andin mary centerstheimages
arereconstructedboth with andwithout attenuatiorcorrection
if atransmissiorscanis available.

In the next section,we presentan analysisof the artifacts
causedoy ignoring photonattenuationduring reconstruction.
The analysisrevealsthat the attenuatiorartifact not only pro-
ducesa scalingeffect (apparentdecreasef the traceruptale
dueto photonelimination), but alsoan additive effect. Nega-
tive valuesare addedto regionswhereattenuations not neg-
ligible and which are surroundedby activity. Consequently
for PET FDG studiesthe effect is presentnearly everywhere,
but it is most significant near the centerof the body of the
patient. The effect of the negative countsis somavhat simi-
_ lar to thatof “backgroundsubtraction”(oftenappliedin planar

scintigraphy),and producesan apparenincreaseof tumorto-
backgroundatio. This increasehasbeenobsenedby several
groups(1,4,5).

We alsoshaw thatthe non-negatiity constraintof the clas-

reconstructiorof PET whole body imageswithout attenuation Sicalmaximum-likelihoodexpectation-maximizatioglgorithm

correction.

Conclusions. Ignoringattenuationmayincreaseumorto- back-

groundratio, but this doesnotimply improvedtumordetection.
TheNEG-ML algorithmreducesheadwerseeffectof theatten-
uationartifacton visualimagequality.

(MLEM) may interferewith the artifact, causinga loss of in-
formation. We proposea new maximumlikelihood (ML) al-
gorithm which allows negative reconstructiorvalues,in order
to minimize the decreaseof image quality due to this addi-
tive artifact. This paperis organizedasfollows. Sectionll.A

Indexterms PET, attenuatiorcorrectionjterative reconstruc- Presentsan intuitive interpretationof the attenuationartifact,
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which is confirmedby mathematicahnalysis. In sectionll.B
thenew ML-algorithmis derived. Sectionll.C describes sim-
ulationexperimenthatverifiesthe predictedncreasef object-
to-backgroundatio due to the attenuationartifact, and illus-
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Figurel: A radioactvering in a uniform attenuatinglisk. The

dashedircle representshe boundaryof the uniform attenua-
tion. The bold circle representshe radioactve ring. Due to

attenuationtheprojectionthroughthe center(thick arrowv) con-

tain fewer countsthanthe two tangentialprojections(two thin

arrows), althoughthe sameactiity is projected.

tratesthe effect on the signal-to-noiseatio. Theresultsof the
experimentandsomeclinical examplesarepresentedh section
Il anddiscussedn sectionlV. Technicaldetailsare described
in appendices.

MATERIAL AND METHODS
Theory

Whennoattenuatiorcorrectionis appliedduringreconstruction
of PETimagesatypicalandcomple artifactis introduced We
will referto thisasthe“attenuatiorartifact”. We show herethat
theartifactconsistof two differenteffects.

Thefirst effectis thewell known scalingeffect: attenuation
eliminatesa fraction of the photons resultingin an underesti-
mationof the actualactiity. The factorby which the valueis
underestimatets roughly proportionalto the meanattenuation
factor(obtainedby averagingover all projectionangles).

The secondcomponents moresubtle(6,7). In this section
we presentan intuitive explanationbasedon a simplethought
experiment.A moreaccuratanathematicaanalysisis givenin
appendixA.

Figurel represents simpletestobject. It consistof ara-
dioactive ring, which is positionedconcentricallyin a homo-
geneouslyattenuatingeylinder. The objectis perfectly circu-
larly symmetric soin absenc®f noise,projectionsacquiredat
differentanglesareidentical. Now considerthe centralprojec-
tion, representetly thethick shadedarrow in figure1l. Because
of attenuationthe total countobtainedfrom the actiity in the
shadedareais relatively low. Thesameactiity alsocontritutes
to aprojectionat 90 degreesyepresentely thetwo thin arrovs
in thefigure. The projectionis now tangentialandattenuation
is muchsmaller Consequentlthe sameactivity now produces
amuchhighercount.

If no attenuationcorrectionis applied, the reconstruction
programmust“design”anobjectin suchawaythatcentralpro-
jectionsof thesameactiity producefewercounts.Thesolution
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Figure2: Left: original actiity distribution, dottedline indi-
catesattenuatingdisk. Center: reconstructiorwithout atten-
uation correctionfrom attenuatecdprojections. Right: profile
throughthe centerof thereconstructioimage.

is to put negative activity in the centerof thering. This nega-
tive activity doesnot contributein tangentiaprojectionsput in
centralprojections,t cancelsgartof the contribution from the
ring, reducingthe countasrequired. Negative activity hasno
physicalmeaning put the mathematicslo not careaboutthat.

Figure 2 confirmsthe analysis. Attenuatedprojectionsof
the test objectwere simulatedand reconstructedvith filtered
backprojectiorwithout attenuatiorcorrection.The centralpro-
file revealsthatthereconstructedctiity within thering is neg-
ative. Note that this reconstructioris exact, in the sensethat
reprojectionwithoutattenuatiomeproduceshe original projec-
tionswith excellentaccurag. Theanalysisin appendixA and
in (7) confirmsthat the exact solutionis negative everywhere
within theradioactvering.

Thehighly symmetricabbjectof figure 1 allowsexactmath-
ematicalanalysis but the sameeffect occursin morecomple
objects:in non-attenuatioorrectedPETimages pixel values
receve anegative contribution from surroundingactivity.

The nggative valuesmimic the effect of attenuationA use-
ful, thoughimpreciseinterpretatioris to seethe negative value
in eachpixel in thering, asan estimateof the amountof pho-
tonsthathave beenattenuatedy that pixel duringthe acquisi-
tion. Consequentlyin morecomple objects thereconstructed
valueP; for pixel j approximatelyequals

Pj = mJTJ — aj, (l)
whereT}; representshe true pixel value of j, m; represents
theunderestimatioifthe scalingcomponentilueto attenuation
of photonsemittedin j, anda; is the estimateof the number
of photons,emittedby surroundingactiity andattenuatedn
j. The effect of the additve componentz; on the contrastis
discussedh the next section.

IndependentlyBai et al (8,9) have obtaineda similar result
by analyzingthe behaior of filteredbackprojectionThey pro-
ceedby constructinga software phantomfor which a; is equal
to m;T; for a denseobjectin thelungs. Thus,they shov that
failure to correctfor attenuatiormay hide denseobjectswith
moderatedraceruptake in the lungs. Here,we will discusghe
effect on the contrastand detectabilityof tumorsin regionsof
high attenuationand possibleloss of information due to the
non-ng@atiity constrainin the MLEM algorithm.

Contrast. Several groupshave reportedthat the tumorto-
backgroundratio is often higherin non-attenuatiorcorrected
images(1,4,5). The approximatesquation(1) canbe usedto

predicttheeffectof theattenuatiorartifactontumorto-background



ratio. We assumea tumor activity of 7" anda backgroundac-
tivity of B with T > B. We alsoassumehatm; anda; are
varying slowly with position and can be treatedas (positive)
constantsiearthetumor, andthatmB — a > 0. Thenwe ob-
tain for thereconstructedontrastR:

T

B

ml —a

 mB-—a

(2)

whereT'/ B is thetruetumorto-backgroundatio. Theadditive

componenbehaesasa “backgroundsubtraction”,increasing
the contrast. The differencebetweentumor countand back-
groundcountcanberegardedasthe signal. To assesshe effect
on tumor detection,it is necessaryo studythe noiseaswell.

We have carriedout a simulationexperiment(seesectiond|.C

andlll.A) to evaluatetheeffectof theattenuatiorartifactonthe
signal-to-noiseatioin asimpleobject.

Negative Values. In large patients the additve component
of theattenuatiorartifactcanmake entireregionsnegative. But
theseregionsmaystill containusefulvisualinformation,super
imposedon the additive component. In clinical applications,
FBP often producesegative pixel valuesin regionswhereat-
tenuationwas important. However, FBP is very sensitve to
noiseandtendsto producedisturbingstreakartifacts. In con-
trast,maximum-likelihoodexpectation-maximizatioMLEM)
is more robust againstnoise, but hasa built-in non-neyativity
constraint Whenusedwith attenuatiorcorrectionthis is anob-
vious strength but if no attenuatiorcorrectionis includedthe
constraintbecomesa weaknessand highly attenuatedegions
arereconstructeds uniform regionswith (nearly) zerotracer
uptale. As aresult,usefulimagedetailmaybelost.

The NEG-ML-Algorithm

The MLEM algorithmcanberegardedasa scaledgradientas-
centalgorithm, wherethe stepsizeis scaledsuchthatit pre-
ventsnegative values(10). In appendixB an alternatve step
sizeis derived, allowing the inclusionof negative valueswhile
preservinghe desirablefeaturesof the MLEM-algorithm. The
new algorithm,called“NEG-ML", canbewrittenas
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Here,y; is the measureatountin detectori, A; is the new es-
timateof activity in pixel j, ¢;; is the assumedletectionprob-
ability (ignoring attenuation),and the prime indicatesthe re-
constructionavailable at the currentiteration. The computa-
tion burdenof this algorithmis identicalto thatof MLEM. The
derivationof thealgorithmis basedn thefollowing scheme:

A maximum

1. In every iteration, the likelihood is approximatedby a
quadratidunction.

2. The concaity of this quadraticfunctionis exploited to
obtaina surrogatdunctionwith separatedariables.

TRUE IMAGE ROI's
\ *"
FBP, ATTCCR FBF, NO COR
MLEM, ATTCOR MLEM, NO COR NEG—ML, NO CORR

Figure3: Tumordetectiorsimulationexperiment.Thefirst row
shaws the true imageandthe regions usedto computeobject
andbackgroundraceruptale. The secondow shavs FBP re-
constructionsvith andwithout attenuatiorcorrection.Thebot-
tomrow shovs MLEM with andwithout correctionandNEG-
ML withoutattenuatiorcorrection.

3. In every iteration, the surrogatefunction is maximized.
Thisstepis guaranteetb increasehevalueof thequadratic
approximation Assuminghattheapproximations good,
thelikelihoodvalueshouldincreaseaswell.

This approachs relatedto (andinspiredby) the one proposed
by Fessleetal. for transmissioitomography(11).

Simulation Experiment

As arguedabove, eliminationof the attenuatiorcorrectionmay
increasethe object-to-backgroundatio. Someauthorshave
suggestedhat this would indicateimproved tumor detection.
We have carriedout a simple simulationexperimentto illus-
tratethe effect of the artifact on both the tumorto-background
ratioandon thesignal-to-noiseatio. We have assumedhatthe
signaldetectedyy theobseneris proportionatlto the difference
betweenobjectand background.Becausédhe signaldetection
performanceof an obsener dependsn the signal-to-noisea-
tio (12), we have alsocomputedhe noiseusingmultiple noise
realizations.

The simulatedobject(figure 3) consistsof a uniformly at-
tenuatingdisk (thebackground)with asmalldiskin the center
(theobject). Thesmalldisk hasthesameattenuatiorcoeficient
but a higheractvity. The object-to-backgroundctiity ratio
was5. Theimagesizewas100 x 100, the linear attenuation
coeficientwas0.095per cm, the pixel sizewas3.7 mm. The
radii of thetwo concentriadiskswere8 and40 pixels.

Attenuatedsinogramgq100 projectionanglesover 180 de-
grees)were computedand scaledto a differenttotal count of
0.4,0.8, 1.6 and 3.2 million. For eachof those,600 Poisson



Table 1: Object-to-backgroundatio and signal-to-noiseratio
(SNR)for simulationswith 0.4,0.8,1.6 and3.2million counts

objectto | SNRfor total countsof

backgratio | 0.4 | 0.8 | 1.6 | 3.2

FBPattcorr 4.98 71 | 102 | 147 | 209
FBPnocorr 18.1 66 | 94 | 135| 192
MLEM attcorr 5.08 72 | 102 | 153 | 209
MLEM no corr 13.3 69 | 97 | 146 | 201
NEG-ML nocorr 18.7 69 | 97 | 146 | 198

noiserealizationsverecomputed Eachnoisysinogramwasre-
constructedvith filteredbackprojectiorandwith MLEM, once
with and oncewithout attenuatiorcorrection. FBP wasdone
with arampfilter. For the MLEM-reconstructiorwith attenua-
tion correctiontheattenuatiorcoeficientswereincludedin the
detectionprobabilities. In both casesthe reconstructiorwas
stoppedafter 30 iterations(a typical valuein clinical applica-
tions), and no post-smoothingvas applied. For comparison,
alsothereconstructionwithoutattenuatiortorrectionverecom-
putedwith NEG-ML, using30iterations.

Two regionsof interest(ROI) weredefined.TheobjectROI
wasa circularregion atthe centerwith radiusof 7 pixels(con-
taining all objectpixels exceptthosenearthe boundary). The
backgroundrOl wasan annuluspositionedaroundthe center
inner radiuswas 10 pixels, outer diameterwas 24 pixels. For
eachreconstructionthe “signal value” was computedas the
differencebetweerthe meanactiity in the objectROI andthe
meanin the backgroundROI. The“noisevalue” wasestimated
asthestandardleviationonthesignalvalue,computedromthe
600 noiserealizations.The signal-to-noiseatio wascomputed
by dividing the signalvalueby the noisevalue. Computingthe
signalusingthe meanvaluesof extendedregionsrepresents
strongsmoothingoperation. This is why therewasno needto
applyalow-pasdilter duringor afterreconstruction.

RESULTS

Simulation Experiment

The resultsof the simulationexperimentare shavn in table 1
When attenuationcorrectionwas applied, reconstructiorwith
bothFBPandMLEM resultedn excellentrecovery of thetrue
object-to-backgrounthtio of 5. Ignoringattenuatiorduringre-
constructionincreasedhe apparentatio with afactorof three.
For bothalgorithmsandall countlevels,the signal-to-noisea-
tio decreasedlightly whenattenuationwvasignored. This in-
dicatesthat the attenuatiorartifact hasno beneficialeffect on
tumordetection.

Clinical Examples

In ashortpilot study 57 patientstudieswverereconstructedvith
FBR MLEM andNEG-ML andtheimagesverecomparediur-
ing the clinical diagnosticprotocol. The physiciansound that
the NEG-ML algorithmis a good compromisebetweenFBP
and MLEM: its recovery of anatomicaldetail was similar to

Figure4: PET studyof 10 bedpositions 4 min perbedposition
on Siemens-CTEcat931. Left: FBP reconstruction.Center:
MLEM reconstructionRight: NEG-ML reconstruction.
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Figure5: Normal study (5 min per bed position, 7 bed posi-
tionson Siemens-CTEcatHR+), MLEM-reconstructiontop)

andNEG-ML reconstructior{bottom). Four consecutie coro-
nal slicesareshavn, from anteriortowardsposterior
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thatof FBR while its noisecharacteristicandartifactsuppres-
sionaresimilarto thatof MLEM. Thisis illustratedin figure4,
whichcomparesheFBR, MLEM andNEG-ML reconstructions
for a patientstudy

Figure5 comparesMLEM andNEG-ML coronalslicesfor
a normal study illustrating the improved outline of the body
andthe spinewhennegative pixel valuesareallowed. Sinceits
introductionin clinical routine,the methodhasbeenappliedto
a few thousandstudies. No corvergenceproblemswere ever
noted.

DISCUSSION

Thesimulationexperimentonfirmsthetheoreticahnalysisand
shavsthatthereconstructiorartifactcanincreaseheobject-to-
backgroundatio to valuesfar higherthanthe true ratio. This
increasenasbeenobsenedin clinical studiesby severalgroups
(1,4,5) but, to our knowledge,the work of Bai et al (8,9) and



our own arethe first to revealthe causes.The simulationalso
illustratesthatanincreaseabject-to-backgrountdhtio doesnot
imply an increasedsignal-to-noiseratio. The exact value of

thesignal-to-noiseatio is affectedby the numberof iterations,
the shapeof the objectetc, but the experimentclearly shavs
thatsignal-to-noiseatio andcontrastarevery differentthings.
Severalcomparatie studieshave beenperformedto assesshe
valueof attenuatiortorrection(1,2,4,5,13,14,15,16). However,

thereis considerableariationin themethodologysed andthe
conclusionsaareseeminglycontradictory In our simulation the
signal-to-noiseatio seemedo dependat leastasmuchon the
reconstructioralgorithmthatwasused(FBP or MLEM) ason

whetherattenuatiorncorrectionwas applied. This dependence

may beoneof thereasonsvhy differentgroupscometo differ-
entconclusions.

The NEG-ML algorithm reducesthe loss of information
by avoiding that negative regions are setto zero by the non-
negatiity constraint.Thisalgorithmobviouslylackstheoretical
justification, since negative activities are meaningless.How-
ever, when attenuationcorrectionis ignored, thereis no the-
ory supportingthe applicationof MLEM (or indeedary recon-
structionalgorithm)either Reconstructiorwithout attenuation
correctionis heuristicin itself, and only justified by the (re-
markable¥actthattheresultingimagescarryvaluablediagnos-
tic information. Allowing negative valuesincreaseshe degrees
of freedomavailableto the reconstructioralgorithm. This re-

Figure6: A radioactvering in a uniformattenuatinglisk.

CONCLUSIONS

A theoreticalanalysisof the attenuatiorartifactin PET is pre-
sented.Theanalysisvasconfirmedwith simplesimulationex-
perimentsandby findingsin clinical studiegeportedoy several
groups.Basedon this analysisa new dedicatedVL-algorithm
for the reconstructiorof whole body imageswithout attenua-
tion correctionis proposed.

ducesheinconsisteng of thedata(the computedunattenuated The analysisshavs that the attenuationartifact can increase

projectionsagreebetterwith the measurediata,andNEG-ML
produces higher“lik elihood”thanMLEM). Thus,moreinfor-

mationfrom thedatacanbeincorporatedn thereconstruction,

albeitin a severelydeformedway. FBP alsoallows negatives,
but becausef its differentdataweighting, its responseo the
remaininginconsisteng of the datadiffers from that of NEG-
ML, resultingin poorervisualquality.

Erlandssoretal. (17) proposecdanotherapproactto allow
inclusion of negative reconstructiorvalues(their application
wasthe unbiasedeconstructiorof precorrectedSPECTdata).
Theirwork is basednanalgorithmthatextendsMLEM with a
prior for thelower andupperboundson thereconstructegixel
values(18). This lower boundcanbe setto a negative value.
In contrast,our methodintroducesno bounds which allows a
simplerupdateexpressiorthanin (18). Thebehaior of oural-
gorithmis very similarto thatof regularMLEM with respecto
the computatiortime, the corvergencespeedandthe effective-
nessof accelerationwith orderedsubsetg19).

We have not carriedout a systematiccomparisorof tumor
detectionperformanceor the threealgorithms. However, an
earliercarefulcomparisorof filtered backprojectiorwith regu-
lar MLEM revealednodifferencefor tumordetectionn clinical
practice(15). Consequentlyit is expectedthattheintroduction
of NEG-ML, whichbeharesasacompromiséetweer-BPand
MLEM, will notyield a significantimprovementin tumor de-
tection. However, the physiciangeportthatthe anatomicalo-
calizationis easier andthat their confidencen the diagnosis
is increasedsinceMLEM wasreplacedoy NEG-ML for non-
attenuatiorcorrectedvholebody PET studies.

tumorto-backgroundatio, but simulationsillustrate that this
increasaloesnotimply improveddetection.

APPENDIX A

Consideran infinitely thin ring of uniform actvity concentri-
cally embeddedh anotherwisecold attenuatinglisk, asshavn
in figure 6. Assumethat R is theradiusof thering, R4 > R
is the radiusof the attenuatingdisk, A is the radioactvity per
unit lengthin thering andy is thelinearattenuatiorcoeficient.
The attenuategbrojectionacquiredalonga line with angleé at
a perpendiculadistancex from the centerof the disk canbe
writtenas

I(z,0) = M(z,0)A(z,0), (4)

whereM (z, 0) is thetotal attenuatiorand A(zx, 9) thetotal ac-
tivity alongtheline. Sincethediskis uniform, thetotal attenu-
ationvarieswith theintersectioriengthof theline:

M(z,0) = e Vi for|z| < R4 (5)
0 elsavhere
Theactvity canbewritten as
Az, 0) = / Ad(v/ 2 + 22 — R)ds, (6)

whered(x) is the Dirac deltafunctionands is the positionon
the projectionline. Substitutionof v = v/s? + z? andintegrat-
ing finally yields

.z 2AR
o —2 R2 —x2
I(xz,0) = e **V&a T forjz| <R (7)
= 0 for|z| > R.



Note that the singularityin z = R vanisheswith integration
over R whenaring of finite thicknessis considered.Because
of the symmetryof this problem,the sinograml(z, 9) is inde-
pendentof the angle. Consequentlyit is consistenunderthe
assumptiorof zeroattenuation20), andan exact solution ex-
ists. An integral expressioncanbe obtainedby directapplica-
tion of filteredbackprojectionAn elegantandfastalternatveis
to applyanoperatomwhich computeghe point spreadunction
from theline spreadunction(21), whichis themethodwe have
choserhere.

Sinceall projectionsareidentical,the reconstructiorof (7)
is radially symmetricandcanberepresenteds f (z2 + y?) =
f(2). Theprojectioncanberegardedasaline spreadunction,
the reconstructiorasthe correspondingpoint spreadfunction.
Thesolutionis givenby (21):

o) =22

A(v? d 8
S Aw (®)
wherez = 22 +y?, A(z?) = I(z,0) is theline spreadunction

andv is theintegrationvariable.lnserting(7) produces

—4A\R d

e dv.

f(z) =
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Substitutingw = v/+v/ R? — z andtaking the derivative under
theintegral signresultsin

f() 74)\R,u 72/,14/R2 —z— w2(R2fz\/—
zZ) =
@ 0 VR4 — 2z —w?(R? - 2)

(10)
whichis negativefor z < R andy > 0.

APPENDIX B

The logarithmof the likelihoodfor emissiontomographycan
bewritten as(22):

L) = (11)

Z hi(r:)
with h; (7‘1‘) =Y Inr; —r;

Z Cij)\j
J

wherey; is the measurectountin detectori, A; is the (un-
known) actvity in pixel j, ¢;; is the assumedletectionprob-
ability (ignoring attenuationandtermsindependenbf A have
beendropped.The MLEM algorithmcanbewrittenasagradi-
entascentlgorithm(10):

and r; =

Aj = (12)

E cz] r 7
i

17] T3

wherethe prime indicatesthe reconstructioravailable at the
currentiteration. As mentionedin the text, the disadwantage
of thisalgorithmis thatthe stepsizevanishesf A;. goesto zero.
To derive analternatve gradientascenglgorithmmaximiz-
ing L(X), we apply an approachsimilar to the surrogatefunc-
tions methodproposedby Fessleret al. (11). In that paper

the concaity of the likelihood was exploited to obtainsurro-
gatefunctionsin which the variablesare separated.The one-
dimensionaloptimization of the surrogatefunction was exe-
cutedbasedon a quadraticapproximation. Here, we first in-
troducea quadraticapproximatiorandusethe concaity of the
guadratidunctionto separat¢hevariables.Thisapproaclavoids
problemsrelatedto the nonneative supportof the logarithm.
(Thissameapproacltanbeusedo obtainanalternatie deriva-
tionfor ourML algorithmfor transmissiotomography(23,24).)

We assumehatin every iteration, . canbe well approxi-
matedby atruncatedseriesexpansion:

~

LX) =~ Ti(%X)

Do (h

i

ZZ

Here,the dot denoteghe derivative andthe primeindicateshe
currentreconstructiorvalue. Becauseh;c;; cL£ is negative and

+Zh

— N+

CZJ

CUC,g )\3-)()\5 - )\Ig) (13)

because@(\; — Nj)(Ae — Az) < (A = )% + (Ae — A3 it
followsthat
hl — M) (e — N
ZZ CZJCZ-S ) (e ¢)
VRS
hz
cZ]czg /\;)2. (14)

This allows theintroductionof afunctionT; in which thevari-
ablesareseparated:

(15)

TN N) = T(XN)
= > hi(r] Z (Zh cw> )
> D hiriey Y cie | (A = X))?
j i ¢
Thus,we obtainthefollowing relations:
L) = Ti(V;X) = T(V;X) (16)
L) ~ Ti(GXN) > Ta(xX). 17)

Consequentlyan iterationthatupdates\’ to A by maximizing
T> increased; (unlessh = \') andshouldincreaseL if the
guadraticapproximatior(13)is sufiiciently accurate Maximiz-
ing the quadratidunctionT5 is trivial sinceeachtermdepends
on exactly onevariable);. Settingthe derivativeswith respect
to \; to zeroyields:

)\j:)\;_ Zh()cu .
> hZ( ri)ci; Zg Cig

Thederivativesof h; arereadilycomputedrom (11). For sim-
plicity, we replacey; /r/* with 1/y; in the denominator(this

(18)



approximatiorshouldbe fairly accuratecloseto the solution).
This produces:

Aj =N+ (19)

et
i ? ‘
27, Cyj Zg Cig ! T‘;

Thefactorbetweersquaredracletsis thestepsize , whichdoes
not vanishwhen \; approachegero. To avoid zerodivisions
in (19), we replacel/y; or 1/r} with 1 wheneery; or r} are
smallerthanl. This stepsizeturnsoutto berelatively smallfor

positive pixel values. To improve the corvergencespeed,we

computealsothe MLEM stepsize(seeequation(12)) in every

pixel andapply the larger of thetwo. As a result,the corver

gencefor positive pixelsis expectedo be virtually identicalto

that obtainedwith MLEM, which is confirmedby our experi-

ence. Note that the stepsizein (19) doesnot dependon the

reconstructionConsequentlythe work donein every iteration
is identicalto thatof MLEM, resultingin identicalreconstruc-
tion times. As expectedfrom the similarity with MLEM, our

experienceshaws that also the acceleratiorachieved with or-

deredsubset419) is identicalto thatwith MLEM.

As shavn by De Pierroetal. (25), theMLEM algorithmcan
also be derived by introducingsurrogatefunctionswith sepa-
ratedvariables.The surrogatesisedby De Pierrohave a non-
negative support,andeachreconstructiorpixel is forcedto be
nonnegative. The quadraticsurrogatefunctionsusedheredo
allow negative values. However, in orderto coincidewith the
likelihoodup to thefirst derivate,the sumr; = Zj cij A will
still tendto benonngative. As mentionedabove, we forceit to
beatleastl to avoid numericalproblems.
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