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Abstract— Previously, the noise characteristics obtained with
penalized likelihood reconstruction (or maximum-a-posteriori,
MAP) have been compared to those obtained with post-smoothed
maximum-likelihood (ML) reconstruction, for applications requir-
ing uniform resolution. It was found that penalized-likelihood
reconstruction was not superior to post-smoothed ML. In this
study a similar comparison is made, but now for applications
where the noise suppression is tuned with anatomical information.
Our simulations reveal that “straightforward” post-processing
of the ML reconstruction results in inferior performance. It is
hypothesized that this is due to the noise correlations between
neighboring pixels, and an approximate prewhitening filter is
derived. The efficacy of the prewhitening filter is illustrated with
simulations. When this prewhitening filter was incorporated in the
post-processing method, the performance became similar to that
of MAP.

I. INTRODUCTION

N previous studies, the noise performance of post-smoothed

maximum-likelihood (ML) reconstruction has been com-
pared to that of penalized-likelihood (PL) reconstruction, for
emission tomography applications requiring “uniform” spatial
resolution [1], [2]. Here, resolution is considered uniform if
the local impulse response has spherical symmetry and is
independent of the object and of the position in the image.
The results indicated that noise suppression with PL is not
superior to that with post-smoothed ML for these applications;
a theoretical argument is given in [2].

There is an increasing interest in the combination of anatom-
ical and functional information. Promising results have been
obtained with maximum-a-posteriori (MAP) reconstruction, by
using the anatomical information to modify the prior as a
function of position. In such images, the resolution is strongly
position and orientation dependent, and therefor, the conclu-
sions of the studies mentioned above may not apply. In this
work, we study the noise characteristics obtained with MAP
reconstruction using anatomical priors, with those obtained with
post-processing the unconstrained ML reconstruction.

The following section describes the MAP and post-
processing methods, designed to improve the reconstruction by
using anatomical information. Then, an approximate prewhiten-
ing filter is derived, and it is shown how the post-processing
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method can be improved to deal with noise correlations, by
incorporation of this filter. In the third section, two simula-
tion experiments are described. The first experiment validates
the prewhitening filter, by showing that the numerical non-
prewhitening observer performs better when the images have
been filtered. The second experiment compares MAP recon-
struction with the two post-processing methods (the “straight-
forward” method and the method with prewhitening). The
methods are compared by applying a numerical observer to
detect cold lesions. The findings are discussed in section four.

Il. THEORY

To study MAP reconstruction with an anatomy-based prior,
we consider a phantom consisting of 3 different tissue classes
and one background class. The classes are known from an
anatomical image, the activity has to be reconstructed from
noisy sinogram data. This phantom is inspired by ongoing work
on brain imaging with PET in epilepsy [3], where the three
classes are gray matter, white matter and cerebrospinal fluid
(CSF). The three classes will be denoted accordingly as G for
gray matter, W for white matter and C for CSF. Lesions of
reduced tracer uptake are only expected in G. The expected
tracer uptake for C is zero, the tracer uptake in T is expected
to be uniform, but with unknown mean. Extension to objects
with different number of classes and different class features is
straightforward.

A. Reconstruction

An unconstrained maximum-likelihood reconstruction can be
obtained by searching the activity A = {;} that maximizes the
logarithm of the likelihood, L(Y, A):

LY,A) =Yy aihy +6) — O aihy +4), (1)

where y; is the count level in detector 4, A; is the activity in
pixel j, a;; is the probability that activity in j contributes to
the count level in detector 4, ¢; is the expected contribution due
to e.g. randoms or scatter, and terms independent of \; have
been omitted. As argued in [1], [2], a post-smoothed version
of the maximume-likelihood image has excellent resolution and
noise characteristics, which can be obtained by applying a high
number of iterations of the EM [4] or OS-EM algorithm [5].



It is assumed that available anatomical knowledge can be
represented with a single label in every pixel j, partial volume
effects [3] will not be considered here. The anatomical infor-
mation is exploited by combining the likelihood with a prior.
The logarithm of the prior equals Mg + Mw + Mc:
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where G, W and C are the classes, and (g, Bw and B¢ are
parameters determining the prior strength for each class. The
weight o, defines the neighborhood; we used o, = 1
for horizontal and vertical neighbors j and k, and «;_; = 0
otherwise. The function meany returns the mean value over
the class W. M is a prior favoring smoothness by penalizing
relative differences between pixels [6]. My, favors smoothness
by penalizing the deviations from the mean of class W, and
M penalizes differences from zero. The reconstruction A is
obtained by maximizing L(Y, A)+Mq(A)+Mw (A)+Mc(A).
In the experiments described below, this is done with the
gradient ascent algorithm described in [6].

B. Post-processing the ML-image

The simplest way to incorporate the anatomical information
into the unconstrained ML-reconstruction would be to smooth
the image with a low pass filter, restricting the support of the
filter to a single class. However, it would be difficult to obtain
a similar smoothing effect as that of the prior in the MAP
approach, and performance comparisons would not be obvious.
To avoid these problems, the smoothing in the post-processing
approach has been implemented with the same prior as in the
MAP method. For that purpose, an artificial likelihood term
Q1(X, A) is introduced, which penalizes deviations between
the unconstrained ML-reconstruction X and the processed
image A:

Q1(A) = =B Y (z; — \)?, ®)
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where x; € X represents the unconstrained ML-image, \; €
A is the final, post-processed image and (¢ is a parameter
defining the strength of the “likelihood”. The post-processed
image A is found by maximizing the objective function @ +
Mg+ My + M. To obtain a similar smoothing effect as with
MAP-reconstruction, the relative strength of the prior should
be the same in both methods. It is not clear how 3g can be
chosen to ensure this. Instead, the relative strength of the prior
is varied for both methods in the experiments, and the maxima
of the resulting performance curves are compared.

The objective function (Q; can be improved by taking into
account the noise correlations in the ML-image. A similar
problem arises in the implementation of numerical observers,
described in the next section.

C. Numerical observers

Assume that the observer exactly knows the noiseless images
A, and Ay, which are the images with and without the signal
respectively. The task is to decide if the signal is present in a
noisy image A. Assume also that the noise covariance matrix
Cy is known and independent of the signal. In this situation,
the ideal (prewhitening) observer computes the statistic

gpw = (A1 —Ag)Cy A (6)
= (Cy PNy — PRy O PA. @

The signal-to-noise ratio (SNR) of gpw can be computed from
Monte Carlo simulations, and is a measure of the performance
of the ideal observer [7]. Equation (7) states that the ideal
observer first applies the prewhitening (PW) filter ' '/?, and
then applies a matched filter to detect the signal [7].

In the experiments described below, the nonprewhitening ob-
server has been used to evaluate lesion detection performance.
It is identical to the ideal observer, under the assumption that
the noise is uniform and uncorrelated:

gnpw = (A1 — Ao)’A. (8)

D. Approximate prewhitening

Because MLEM is not an efficient estimator, the inverse of
the covariance matrix does not equal the Fisher information
matrix [8], [9], [10]. Several authors have simply used the
Fisher information matrix as an approximation for the inverse
covariance matrix, with good results [1], [11], [12], [13].

With this approximation, (7) becomes:

apw =~ (FY2Ay — FY20g)' F1/2A, 9)

where F' is the Fisher information matrix. F' is positive semi-
definite, so F''/2 exists. We propose two different additional
approximations to obtain a filter that is tractable in practice.

1) Local optimisation (filter F1): If the position of the lesion
is approximately known a-priori, we can attempt to achieve
good local performance by computing a shift invariant filter
Fy, that is (nearly) identical to F' at that particular position in
the image. This is obtained by replacing all rows (or columns)
of the matrix F* with shifted versions of the row (or column) j,
where j is the pixel index corresponding to the lesion position.
Then, Ff/2 can be computed using the Fourier transform, since
Fiy is shift invariant [12].

The elements of the Fisher information matrix for ML-
reconstruction equal [8], [9]:

. Q45 Ak
PGk =30 =0

(10)
where 3; is the expectation of y;. For a fixed point j = ~,
F(j,k) is an image with the same size as the reconstruction
image. The filter F; is then obtained as

Py =FT Y FT(F—,), (11)

where the squareroot is applied on a pixel basis and FT denotes
2D Fourier transform. F; is a low-pass filter kernel, with an
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Fig. 1. Radial profile of the 2D convolution kernel of the shift invariant and
data independent prewhitening kernel F». The FWHM is 1.5 pixels.

approximate shape of 1/|f|*/2 in the frequency domain, but the
exact shape depends on the tracer distribution, the attenuation
and the detector resolution. In practice, it suffices to extract a
small convolution mask centered about the maximum.

2) Shift invariant and data independent approximation (fil-
ter F5): In clinical practice, the position of the lesion is
usually unknown. In addition, for some applications it may
be preferable to have a predictable, object-independent and
circularly symmetrical point spread function. For that purpose,
we calculate the shape of the filter in absence of attenuation
and in the center of a uniform object. In that case g; becomes
an irrelevant constant in (10). The computation is the same
as above, but without the division by y;, and without position
dependencies (attenuation, position dependent blurring) in the
system matrix [a;;]. A profile through the resulting filter kernel
F3 in the spatial domain is shown in figure 1 for a projector
with ideal resolution: it is sharp in the center, but decays only
slowly to zero. The full width at half maximum (FWHM) is
about 1.5 pixels.

E. Post-processing with prewhitening

The “likelihood” of expression (5) ignores the correlations
between neighboring pixels. A more accurate measure for
similarity with the ML-reconstruction is:

QA) = —fo(X — A)CF (X — A).

Approximating the inverse of the covariance with the Fisher
information matrix yields

@A) = —Bo(X —A)F(X - A)
= —Bo(F'(X —N)FV2(X —A). (13)

(12)

It is interesting to see the relation between Q- and the likeli-
hood L(Y, A). With A the system matrix and C'y- the covariance
matrix of the sinogram data Y, we have:

Q) = —f(X — AYA'CyTA(X — A)
= —Bo(AX — AN)CyHAX — AN), (14)
which is the Gaussian approximation of the Poisson likelihood

L(Y,A), if we can assume that Y ~ AX. Note that this
interpretation does not require that F' ~ C;(l.

The final image A is obtained by applying a gradient ascent
algorithm to maximize Q2 + My + Mw + Mc.

I1l. EXPERIMENTS
A. Experiment 1: approximate prewhitening

In this experiment, the efficacy of the approximate
prewhitening filter is evaluated for unconstrained MLEM with
postsmoothing. The approximate prewhitening filters described
above are compared to Gaussian smoothing in a lesion detection
experiment. Detection was done with the nonprewhitening
numerical observer of eq (8).

In a first simulation, the Shepp-Logan phantom shown in
figure 2 was used. The image contains 100 x 100 pixels, the
three different activities were set to 4, 2 and 1 (figure 2). In the
signal-present image, the activities in a small square region (16
pixels) were reduced with 20% (from 4 to 3.2). A noiseless
sinogram was computed using 144 angles over 180 degrees,
without attenuation and without blurring. Five thousand dif-
ferent Poisson noise realizations were computed, and each of
those was reconstructed with the MLEM algorithm, accelerated
with ordered subsets. A decreasing number of subsets was used
to avoid convergence to a limit cycle: the scheme was (main
iterations x number of subsets): 2 x 36,2 x 24,1 x 16,1 x
12,1x8,1x4,1x1, which is roughly equivalent to 161 regular
MLEM iterations. Each reconstruction was post-smoothed with
different filters, including a series of two dimensional Gaussian
kernels, the filter £y (based on the Fisher information image
for the center of the region), and the filter F5, both of them
with a mask size of 21 x 21. To evaluate the importance of the
wide “tails” of the filter, we have also reduced the mask size
for Frt0 11 x 11 and 7 x 7.

In a second simulation, the same object was used, but a
different region was studied (figure 2), and photon attenuation
and finite resolution were included in the simulation and
reconstruction. We used the attenuation of water at 511 keV
(0.095 cm~1!), assuming a pixel size of 2.5 mm. Detector
resolution was simulated by smoothing the projections with a
Gaussian of 3 pixels FWHM. A larger (78 pixels), rectangular
region was placed at the bottom of the phantom. Because of the
excentric position, the filter F is expected to be asymmetrical
for this region, making it very different from the symmetrical
F5 kernel. Two thousand Poisson realizations were generated,
reconstructed and analysed in the same way as for the first
experiment. In the computation of the £} and F kernels, the
blurring was modeled in the detetion probabilities. As a result,
the filters are wider than the one shown in figure 1.

B. Experiment 2: MAP and post-processed ML

This experiment compared MAP with post-processed ML.
The same object as before was used. The relative activity in
the three classes equals 3, 1 and 0. The effect of the algorithm
on lesion detection was studied, where the lesion was a 20%
decrease of activity in one of the four regions shown in fig
3. Five sinograms were computed: one with normal activity,



Fig. 2. The simulation objects with the signal (rectangular “lesion” of
decreased perfusion) present. Left: simulation 1, right simulation 2.

Fig. 3. Shepp-Logan phantom, consisting of 3 different anatomical compo-
nents. In one of these, four regions are used to measure the signal-to-noise
ratio for the detection of a 20% decrease in tracer uptake.

and four ones with a lesion (100 detectors x 144 angles, no
attenuation, ideal point spread function). For each of those, 100
noise realizations were computed. For each noise realization,
the output of the ideal observer was calculated, and images were
reconstructed with the following algorithms: 1) unconstrained
MLEM post-smoothed with a Gaussian kernel; 2) MAP; 3)
post-processed MLEM using the “likelihood” @1 of eq (5); 4)
post-processed MLEM using the “likelihood” @5 of eq (13),
where F'/2 was estimated using the approximate filter F.
For ML, the width of the Gaussian kernel was varied. For the
algorithms using the prior, the weight of the prior was varied. A
wide range of the parameters was chosen such that an estimate
of the maximum SNR for each algorithm could be obtained.
For each region, and for each reconstruction algorithm (and for
each of its parameters), the statistic for the nonprewhitening
observer was computed using the reconstructions of the noise-
free sinograms with and without signal to estimate A; and A,
in (8). The SNR was computed from the mean and variance of
the observer output for the 100 noise realizations.

IV. RESULTS
A. Experiment 1: approximate prewhitening

Figure 4 shows surface plots of the filter convolution kernels
Fy and F, for simulation 2. As expected, F; is markedly
asymmetrical for this experiment. The FWHM of F; was 4.4
pixels horizontally, and 2.9 pixels vertically. In this experiment,
a finite resolution of 3 pixels FWHM was used during simula-
tion and reconstruction. The MLEM algorithm has attempted to
correct for the blurring, causing stronger correlations between
neighboring pixel values than in the first simulation. These
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Fig. 4. The masks F; (left) and F» (right) for the second experiment.
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Fig. 5. The signal-to-noise ratios obtained for both simulations as a function
of the FWHM of the filters. The SNR of the ideal observer is indicated as
well. The solid line is for Gaussian postsmoothing. The dashed curve shows
the SNR obtained with the F; mask, F> mask, and the F» masks with reduced
size (11 x 11 and 7 x 7).

correpond to a higher noise amplification for high spatial
frequencies. As a result, the prewhitening filter has to smooth
more, and the convolution kernel is wider (see figure 1).

Figure 5 plots the SNR for the ideal observer and for the
combination of MLEM with different post-smoothing filters,
as a function of the FWHM of the filters. As expected, the
SNR of the ideal observer is superior to that of post-smoothed
MLEM. If Gaussian smoothing is applied, the nonprewhitening
observer performs best with moderate smoothing. For both
experiments, the nonprewhitening observer performs better
after post-smoothing with F; than with any of the Gaussian
filters. Approximating F; with the position independent kernel
Fy reduces the SNR, but for these experiments, it was still
superior to that of any Gaussian filter. As mentioned before,
Fy was more asymmetrical in simulation 2 (fig. 4) than in
simulation 1. As a result, £, was a poorer approximation of
Fy in simulation 2, and yielded a stronger loss of detection
performance. Finally, decreasing the mask size of Fy further
reduced the SNR.



TABLE |
THE MAXIMUM SNR FOR THE FOUR REGIONS FOR POST-SMOOTHED ML,
FOR MAP AND FOR ML WITH POST-PROCESSING BASED ON THE PRIOR.

ROI ideal | ML | MAP | ML and @Q; | ML and Q2
0 6.4 6.0 6.0 4.9 5.8
1 5.9 53 5.4 4.1 5.3
2 6.0 5.1 5.1 4.8 5.2
3 7.5 6.7 6.8 5.6 6.5

B. Experiment 2: MAP and post-processed ML

The estimate for the maximum SNR for each of the algo-
rithms is tabulated in table I. With 100 noise realizations, the
error on the standard deviation is about 15%. The ideal observer
is obviously superior. The post-processing method using @, is
outperformed by the three other algorithms.

V. DISCUSSION

A straightforward way to incorporate anatomical information
into the unconstrained MLEM image is to smooth the image,
restricting the low pass filter to within object boundaries. This
was implemented by combining the prior of eq. (2)-(4) with the
similarity measure of (5). This approach ignores the correlations
between neighboring pixels. Apparently, discarding information
present in neighboring pixels at the other side of anatomical
boundaries leads to a decreased signal to noise ratio (table I).
Post-smoothed MLEM avoids the problem by smoothing over
organ boundaries, but then the anatomical information remains
unused. The MAP-algorithm avoids the problem by evaluating
the current reconstruction in the sinogram space, where the
noise is uncorrelated. Table | reveals no difference in signal-
to-noise ratio between postsmoothed MLEM and MAP. This
could be expected, because the knowledge of the image classes
provides no direct information about the lesions (since the
lesions only affected a few pixels from a single class). It seems
also in line with [1], [2], where similar noise performance
was found for post-smoothed MLEM and MAP for the case
of matched spatial resolution.

The loss of information present in neighboring pixels is ef-
fectively reduced or eliminated with the prewhitening measure
Q2. Apparently, the information present in the unconstrained
MLEM image is very similar to that present in the original
sinogram data, and it can be recovered if the noise covariance
is taken into account. Unfortunately, the method involves the
application of a shift variant filter, making the implementation
more complicated than that of MAP.

It has been found that both humans and nonprewhitening
observers perform better with moderate smoothing [11], [15],
[16], [17]. Our experiment illustrates that the low pass filter acts
as an approximation of the ideal prewhitening filter. Figure 5
shows that when the approximate prewhitening filter becomes
wider, the optimal Gaussian kernel is wider as well. The
approximate prewhitening filter can be used to implement
numerical observers with (partial) prewhitening, such as the
channelized Hoteling observer [15], as shown (for both MLEM
and MAP) by Bonetto et al [14].

Although good agreement between human observers and
nonprewhitening observers has been reported [7], [18], recent
studies indicate that human performance is better predicted
by the channelized Hoteling observer [15], [16], [19], which
has limited prewhitening capabilities. Consequently, results
obtained with the nonprewhitening observer cannot be extrap-
olated to humans without additional experiments. However,
in the case of smoothing within anatomical boundaries, high
frequency noise is strongly suppressed. As it is unlikely that
humans detect (very) low frequency noise correlations, it is
expected that human performance will show similar trends as
the nonprewhitening observer for this application.
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