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“The true logic of this world

is in the calculus of probabilities”

James Clerk Maxwell
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Abstracts

Iterative reconstruction for reduction of metal arti-
facts in computed tomography

Metal artifacts are a major problem in computed tomography (CT). They are due
to the presence of strongly attenuating objects in the scanning plane. Based on
simulations and measurements, the most important causes of metal artifacts were
determined: noise, beam hardening, the non-linear partial volume effect, and scat-
ter. In order to develop new algorithms for reduction of metal artifacts, we hy-
pothesize that artifacts are due to deviations of the acquisition model assumed by
the reconstruction from the true acquisition process. Consequently, improving the
acquisition model should reduce artifacts. We developed algorithms modeling noise,
beam hardening, and the non-linear partial volume effect. Excellent results were ob-
tained. The scatter model requires further research. All algorithms were combined
resulting in one global approach for reduction of metal artifacts.

Iteratieve reconstructie voor reductie van metaal-
artefacten in computertomografie

Metaalartefacten vormen een belangrijk probleem in computertomografie (CT). Ze
zijn het gevolg van de aanwezigheid van sterk attenuerende objecten in het gescande
vlak. Aan de hand van simulaties en metingen werden de belangrijkste oorzaken van
metaalartefacten bepaald: ruis, beam hardening, het niet-lineair partieel-volume
effect en scatter. Voor de ontwikkeling van nieuwe algoritmes ter reductie van me-
taalartefacten vertrekken we van de hypothese dat artefacten het gevolg zijn van
afwijkingen van het acquisitie-model gebruikt in de reconstructie ten opzichte van
de werkelijke acquisitie. Bijgevolg moet een verbeterd acquisitie-model resulteren
in verminderde artefacten. We ontwikkelden algoritmes met modellen voor ruis,
beam hardening, en het niet-lineair partieel-volume effect. Uitstekende resultaten
werden bekomen. Het model voor scatter vereist verder onderzoek. Alle model-
len werden samengebracht resulterend in één globaal algoritme voor reductie van
metaalartefacten.
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Iteratieve Reconstructie voor
Reductie van
Metaalartefacten in
Computertomografie

Computertomografie

De ontdekking van X-stralen door Wilhelm Conrad Röntgen in 1895 luidde een
nieuw tijdperk in voor de geneeskunde: dit was het begin van de medische beeld-
vorming. Röntgen had aangetoond dat het mogelijk is om het skelet in beeld te
brengen door de hand van zijn echtgenote te bestralen. Tot op heden blijft radio-
grafie één van de belangrijkste medische beeldvormingsmodaliteiten. Inmiddels zijn
een aantal nieuwere modaliteiten uitgevonden. In echografie gebruikt men ultrasone
golven om de akoestische eigenschappen van het lichaam in beeld te brengen. In
nucleaire geneeskunde wordt een radio-actieve stof ingespoten, en detecteert men
de gamma-stralen uitgezonden binnenin het menselijk lichaam. In MRI gebruikt
men magnetische pulsen om de verdeling van magnetische spins in het menselijk
lichaam te bepalen. Computertomografie (CT) is gebaseerd op hetzelfde fysische
principe als radiografie. Gebruikmakend van een externe Röntgen-buis meet men
de attenuatie van X-stralen door weefsel. In tegenstelling tot radiografie laat CT
toe om de attenuatie op iedere plaats in het lichaam afzonderlijk te bepalen. In
radiografie wordt een volledig volume geprojecteerd op één beeld, en iedere pixel
stelt de integraal van de attenuatie langs de overeenkomstige scan-lijn voor. In CT
zorgt een reconstructie-algoritme ervoor dat men virtuele sneden van het menselijk
lichaam kan maken.

Gefilterde terugprojectie

Kort na de uitvinding van de CT-scanner door Godfrey N. Hounsfield in 1972
[62] werd reconstructie op basis van gefilterde terugprojectie (FBP) – ontwikkeld
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voor astrofysische toepassingen [4] – ingevoerd. Tot op heden blijft FBP ver-
uit het meest gebruikte reconstructie-algoritme in CT. FBP is een zogenaamde
transformatie-methode: ze gaat uit van de veronderstelling dat de metingen de
Radon-transformatie [120] vormen van de verdeling van de lineaire attenuatie-
coëfficiënt die men wenst te reconstrueren. Analytische inversie van de Radon
transformatie geeft een directe oplossing voor het probleem. Toegepast op ideale
projecties – d.w.z. een oneindig aantal metingen met een oneindig dunne bundel-
breedte, zonder ruis, enz. – is deze oplossing ook de ideale oplossing.

Jammer genoeg is dit slechts bij benadering het geval. Ten eerste: een meting
bestaat uit een eindig aantal waarden gemeten met een X-stralen-bundel met ein-
dige breedte en gemeten over een eindig rotatie-interval. In de praktijk wordt FBP
gediscretiseerd om toe te laten een discreet beeld te berekenen uit een eindig aantal
projectie-metingen. Ten tweede: een Röntgen-buis zendt een continu spectrum uit,
hetgeen resulteert in het fenomeen ‘beam hardening’. Ten derde: de metingen zijn
onderhevig aan ruis en strooistraling (scatter). Er zijn nog talrijke andere mogelijke
verschilpunten tussen de Radon-transformatie en de eigenlijke data-acquisitie. Al
deze effecten resulteren in artefacten1 in de gereconstrueerde beelden. Gewoonlijk
zijn de fouten door deze benaderingen relatief klein en levert FBP bevredigende
resultaten. Maar onder extreme omstandigheden, bv. in de aanwezigheid van meta-
len, wordt de amplitude van de artefacten onaanvaardbaar en de corresponderende
beelden onbruikbaar.

Indien men gebruikmaakt van FBP, worden artefacten gereduceerd door eerst
de data te corrigeren en daarna FBP toe te passen (of omgekeerd). Ruis en ali-
asing worden meestal onderdrukt door een laagdoorlaatfilter toe te passen op de
metingen. Scatter en beam hardening worden gecompenseerd door de overeenkom-
stige fout af te trekken van de metingen. Er bestaan ook een aantal algoritmes
voor reductie van metaalartefacten. Metingen doorheen de metalen objecten wor-
den hierin ofwel genegeerd ofwel vervangen door interpolatie tussen aanliggende
metingen. Deze algoritmes resulteren in een sterke reductie van metaalartefacten,
maar ze veroorzaken bepaalde nieuwe artefacten. Er heerst dus een grote vraag
naar betere algoritmes voor reductie van metaalartefacten.

Iteratieve Reconstructie

Iteratieve reconstructie laat toe om expliciet rekening te houden met de ruiskarakte-
ristieken van de meting en om het acquisitie-model uit te breiden bv. met een model
voor scatter, een model voor beam hardening, enz. Men vertrekt meestal van een
discrete voorstelling van reconstructie en metingen. Een beeld wordt voorgesteld
door een set pixel-waarden {µj}Jj=1 genoteerd als vector �µ, de metingen door de
data-set {yi}Ii=1, sinogram genaamd. Op basis van deze voorstelling kan een dis-
creet voorwaarts model van de acquisitie worden opgesteld. Gegeven een beeld �µ,

1Een artefact is een kunstmatige verandering van uitzicht.
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kan de verwachte waarde voor transmissie-meting i geschreven worden als

ŷi = bi · exp(−
J∑
j=1

lijµj), (0.1)

waarbij bi het aantal fotonen is dat gemeten zou worden zonder patiënt of object,
en lij de effectieve weglengte van straal i doorheen pixel j.

Vervolgens wordt een criterium of kostfunctie gedefinieerd en probeert men een
beeld te vinden dat zo goed mogelijk beantwoordt aan dit criterium. Een voor-
beeld van zo een criterium is de maximum-likelihood benadering: zoek het meest
waarschijnlijke beeld, gegeven de metingen. Naast een criterium, moet men ook
een methode definiëren om dit criterium te optimaliseren, zoals bv. de methode
van de steilste helling. Meestal resulteert dit in een iteratief schema zoals in fi-
guur 4.1. Vertrekkende van een initiële schatting van het beeld wordt een sinogram
berekend. Dit wordt vergeleken met het gemeten sinogram, een maat voor de fout
wordt getransformeerd naar het beeld-domein, en het beeld wordt overeenkomstig
aangepast. Vervolgens wordt opnieuw een sinogram berekend, vergeleken met het
gemeten sinogram, enzovoort, totdat een goede reconstructie bekomen is.

Een gelijkaardige benadering is de maximum a posteriori (MAP) benadering.
Hier wordt naast de meting (ML) ook de a-priori waarschijnlijkheid van een be-
paalde verdeling �µ in rekening gebracht. Door gebruik te maken van Markov random
velden en een Gibbs-prior kan men bv. eisen dat naburige pixels ook gelijkaardige
attenuatie hebben, hetgeen ruis en andere artefacten onderdrukt.

Het grootste nadeel van iteratieve reconstructie is de lange rekentijd. Een mo-
gelijke manier om de rekentijd te verlagen is de methode van ordered subsets. Elke
iteratie wordt opgedeeld in een aantal sub-iteraties die telkens slechts een subset
van alle metingen gebruiken. Indien deze subsets representatief gekozen worden,
resulteert dit in een zeer sterke vermindering van de rekentijd.

ML-TR

In deze thesis gaan we uit van het ML-TR algoritme (maximum likelihood voor
transmissie). Door de ML benadering toe te passen op CT (m.a.w. op transmissie-
metingen) en uitgaande van een Poisson ruis-model, kan de volgende update-stap
berekend worden:

µn+1j = µnj +
∑I
i=1 lij · (ŷi − yi)∑I

i=1 lij ·
[∑J

h=1 lih
]
· ŷi

. (0.2)

De noemer bestaat uit de terugprojectie van het verschil tussen het berekende en
het gemeten sinogram (zie figuur 4.1). De teller bevat de terugprojectie van het
produkt van het berekende sinogram en de projectie van een beeld dat gelijk is
aan 1 binnen de FOV en 0 elders. Het gebruikte acquisitie model kan eenvoudig
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uitgebreid worden, bijvoorbeeld met een geschatte scatter-term Si:

ŷi = bi · exp(−
J∑
j=1

lijµj) + Si. (0.3)

We willen in de eerste plaats onderzoeken of het mogelijk is bepaalde artefacten
(en metaalartefacten in het bijzonder) te reduceren door het gebruikte acquisitie-
model te verbeteren. In een initiële studie werden verschillende reconstructie-
methodes toegepast op spiraal-CT en op 2D-CT met en zonder sterk attenuerende
objecten. Voor de iteratieve algoritmes werd het voorwaartse model uitgebreid naar
spiraal-CT, rekening houdend met het helicöıdale traject van de Röntgen-buis. Het
aantal vrijheidsgraden werd beperkt door gebruik te maken van Gaussiaanse axiale
basisfuncties. Dit werd vergeleken met de klassieke methodes waarbij eerst een 2D
data-set wordt gëınterpoleerd en vervolgens FBP toegepast. Uit deze studie bleek
dat de gebruikte axiale basisfuncties leiden tot ontoelaatbare Gibbs-overshoots aan
sterke axiale gradiënten. Mogelijk bieden niet-lineaire constraints zoals Gibbs-priors
een betere oplossing. In de aanwezigheid van sterk attenuerende objecten resulteer-
den de iteratieve algoritmes in aanzienlijk verminderde artefacten. Dit vormde de
aanleiding om het probleem van metaalartefacten meer in detail te onderzoeken.

Doelstellingen

Het doel van deze thesis is het probleem van metaalartefacten op fundamentele wijze
te onderzoeken. Eerst willen we de belangrijkste oorzaken van metaalartefacten be-
palen. Hiertoe ontwikkelden we een CT-simulator (hoofdstuk 3) en voerden we een
aantal simulaties en metingen uit. Vervolgens willen we metaalartefacten reduceren
(hoofdstuk 5), gebruik makende van iteratieve reconstructie (hoofdstuk 4) en door
rekening te houden met die belangrijkste oorzaken van metaalartefacten.

Simulator

De simulator is bedoeld om zo nauwkeurig mogelijk een echte CT-scanner na te
bootsen. De eindige breedte van de X-stralen-bundel wordt gesimuleerd door de fo-
cus op de Röntgen-buis en de detector-elementen te bemonsteren aan hoge resolutie.
Ook de continue rotatie wordt in rekening gehouden door te bemonsteren aan hoge
resolutie. Het continue spectrum van de Röntgen-buis wordt gemodelleerd door een
aantal monochromatische simulaties op te tellen. Software-fantomen worden gede-
finieerd als een superpositie van een aantal elementaire deelobjecten, elk met een
eigen vorm, grootte, positie, resolutie en compositie. De simulator is beperkt tot
een 2D fanbeam geometrie en gebruikt een sterk vereenvoudigde scattersimulatie.
Validatie gebeurde op basis van metingen van de PSF van de acquisitie en op basis
van fantoom-metingen. Zeer realistische simulaties zijn mogelijk, aangepast aan
verschillende types CT-scanners. Zo wordt de simulator bv. ook gebruikt in andere
onderzoeksgroepen voor het simuleren van micro-CT-scanners [12].
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Oorzaken van metaalartefacten

In de literatuur vindt men vele mogelijke oorzaken van artefacten: ruis [34], beam
hardening [33, 34, 72, 74, 100, 124], trans-axiaal niet-lineair partieel-volume (NLPV)
effect [75], axiaal NLPV-effect [45], scatter [43, 76], beweging [46], te weinig detector-
elementen [77] en te weinig views [73]. Om na te gaan welke van deze oorzaken
van artefacten het meest relevant zijn voor metaalartefacten werden een aantal
metingen en experimenten gedaan. Het grote voordeel van een CT-simulator is de
mogelijkheid om bepaalde eigenschappen te veranderen die in een echte scanner
moeilijk of onmogelijk te veranderen zijn. Meer in het bijzonder kan men alle
mogelijke oorzaken van artefacten afzonderlijk aan- of afzetten om te kijken hoe de
bijhorende artefacten eruitzien en wat hun belang is. We kwamen tot de bevinding
dat de belangrijkste oorzaken van metaalartefacten de volgende zijn: ruis, beam
hardening, het NLPV-effect en scatter.

Reductie van metaalartefacten: bestaande methodes

In de literatuur vindt men veel verschillende methodes voor reductie van metaalar-
tefacten. De meest voordehandliggende oplossing is metaalartefacten te voorkomen
door gebruik te maken van minder-attenuerende materialen (bv. titaan) of metalen
objecten met een kleinere doorsnede [50, 126, 147]. Een tweede mogelijkheid is de
acquisitie aan te passen. Ruis kan men reduceren door meer straling te gebruiken.
Beam hardening kan men verminderen door de X-stralen-bundel hardware-matig te
filteren om een smaller spectrum te bekomen. Haramati [50] toonde aan dat een
hogere nominale bron-spanning geen substantiële artefactreductie oplevert. Het
NLPV-effect kan men verminderen door smallere X-stralen-bundels te gebruiken.
Aliasing artefacten kan men verminderen door een groter aantal detector-elementen
en een groter aantal views te gebruiken. Jammer genoeg zijn al deze oplossingen in
tegenstrijd met een aantal beperkingen zoals patiënt-dosis, levensduur van de bron,
kostprijs, . . . . Robertson [125, 126] toonde aan dat het herberekenen van beelden in
vlakken loodrecht of schuin op het scan-vlak een betere visualisatie van bot oplevert
in aanwezigheid van metalen implantaten. Henrich [53] paste na reconstructie een
beeldverbeteringsalgoritme toe om streaks te verwijderen. De meest succesvolle me-
thodes bestaan evenwel uit een aangepast reconstructie-algoritme. Hierbij worden
metalen voorwerpen gewoonlijk als ondoorlatend beschouwd, en metingen overeen-
komend met scan-lijnen doorheen het metaal worden beschouwd als ‘ontbrekend’.
Deze methodes kan men onderverdelen in twee groepen:

• projectie-vervolledigingsmethodes: de ontbrekende metingen worden vervan-
gen door waarden berekend op basis van naburige metingen, hetzij door line-
aire of hogere-orde interpolatie [46, 61, 82, 91, 96, 101, 134, 135, 146], hetzij
door patroonherkenning [102], hetzij m.b.v. lineaire-predictie methodes [121].
De meeste van deze methodes passen vooraf beam hardening correctie toe.

• iteratieve methodes: bestaande iteratieve algoritmes worden aangepast zodat
ze de ontbrekende data negeren [117, 127, 148].
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Reductie van metaalartefacten: bijdrage van dit werk

Wij vertrekken van de hypothese dat artefacten het gevolg zijn van de afwijkingen
van het wiskundig acquisitie-model waar het reconstructie-algoritme op gebaseerd
is, t.o.v. het werkelijke acquisitie-model. Indien men het wiskundig acquisitie-model
verbetert, moeten bijgevolg ook de artefacten gereduceerd worden. De bedoeling
is dus om – vertrekkende van ML-TR, waarvan we weten dat het een Poisson ruis-
model omvat – algoritmes te ontwikkelen die een even goede beeldkwaliteit geven
als FBP maar met gereduceerde metaalartefacten.

1. Eerst werd een MAP-algoritme ontwikkeld [25]. Door gebruik te maken van
een Poisson ruis-model proberen we de ruis-artefacten te beperken. Dit ruis-
model maakt het algoritme ook robuust tegen andere oorzaken van artefac-
ten. Indien langs bepaalde scan-lijnen alle (of bijna alle) fotonen geabsor-
beerd worden, zijn de projectiemetingen onvolledig. We voerden een Markov
random veld Gibbs-prior in om deze ontbrekende informatie te compense-
ren. Daarnaast werd een verhoogd aantal reconstructie-pixels gebruikt om
het aantal vrijheidsgraden op te drijven. Goede resultaten werden bekomen
voor simulaties en metingen. Artefacten worden gereduceerd en kleine de-
tails blijven behouden. Dit MAP-algoritme werd vergeleken met de projectie-
vervolledigingsmethode, en met iteratieve methodes die de ‘ontbrekende’ me-
tingen negeren.

2. Vervolgens werd het acquisitie-model uitgebreid rekening houdend met het
de polychromaticiteit van het spectrum, voor reductie van beam hardening
artefacten [26]. Dit resulteerde in een nieuw iteratief maximum-likelihood po-
lychromatisch algoritme voor CT (IMPACT). Uitstekende resultaten werden
bekomen voor simulaties en metingen. Dit algoritme werd vergeleken met de
bestaande post-reconstructie benadering, en de graad van artefact-reductie
was vergelijkbaar voor beide algoritmes. In aanwezigheid van metalen voor-
werpen scoort IMPACT duidelijk beter, dankzij het nauwkeurige ruis-model.

3. Er werden drie algoritmes ontwikkeld voor reductie van het NLPV-effect [27],
rekening houdend zowel met de eindige rotatie-intervallen als met de grootte
van de focus en de detector-elementen. De eerste methode bestaat uit een
pre-correctie toegepast op de metingen, gecombineerd met bv. FBP. De twee
andere methodes zijn uitbreidingen van ML-TR door het acquisitie-model
aan te passen aan de eindige rotatie-intervallen en de eindige bundel-breedte.
Goede resultaten werden bekomen voor simulaties en een meting. De drie
methodes resulteren in een substantiële artefact-reductie. In aanwezigheid
van metalen voorwerpen, zijn de iteratieve algoritmes weerom superieur.

4. Tenslotte leidden we een globaal algoritme af, waarin alle belangrijke oorzaken
van metaalartefacten samen gemodelleerd worden. Alle voorgaande algorit-
mes worden herleid tot speciale gevallen van dit globale algoritme.
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Suggesties voor verder onderzoek

Van de vier belangrijke oorzaken van metaalartefacten hebben we er drie grondig on-
derzocht: ruis, beam hardening en het NLPV-effect. Scatter, de vierde belangrijke
oorzaak, vereist verder onderzoek. Een mogelijke aanpak bestaat erin de scatter-
bijdrage te schatten gebruik makende van een vereenvoudigde scatter-simulator.
Deze schatting kan dan als input dienen van een iteratief algoritme dat een gekende
scatter-term modelleert.

In deze thesis beperkten we ons tot 2D-simulaties en 2D-reconstructie-algoritmes.
In een werkelijke CT-scanner mag men de derde dimensie niet zomaar verwaarlozen:

1. De eindige snede-dikte is essentieel voor het axiaal NLPV-effect. Correctie van
het axiaal NLPV-effect vereist dan ook 3D iteratieve reconstructie, hetgeen
resulteert in lange rekentijden. Anderzijds kan men het NLPV-effect ook
beperken door een zo klein mogelijke snede-collimatie te gebruiken.

2. In spiraal-CT volgt de Röntgen-buis een helicöıdaal traject t.o.v. de patiënt.
In de praktijk wordt een 3D-dataset herrekend tot een reeks 2D-datasets
m.b.v. interpolatie. Een andere mogelijkheid bestaat erin iteratieve recontruc-
tie toe te passen uitgaande van een 3D-model van de acquisitie (sectie 4.9).
Met de komst van multi-slice CT is de longitudinale resolutie echter niet langer
een probleem.

3. De CT-scanner technologie evolueert zeer snel: binnen enkele jaren mag men
reeds commerciële cone-beam CT-scanners op de markt verwachten. Er wordt
momenteel veel onderzoek gedaan naar cone-beam reconstructie. Ook hier is
3D iteratieve reconstructie een mogelijke optie.

Op basis van voorgaande argumenten mag men concluderen dat zowel 3D als 2D
iteratieve reconstructie mogelijke toepassingen hebben. In beide gevallen zijn de
resultaten van deze thesis toepasbaar. Ruis, beam hardening, het NLPV-effect
en scatter zijn immers inherente fysische verschijnselen die gelden voor alle types
CT-scanners. In geval van 2D reconstructie kan men de algoritmes rechtstreeks
toepassen. In geval van 3D reconstructie kunnen de algoritmes uitgebreid worden
naar 3D.

Zodra het onderzoek naar scatter voltooid is, kan het globaal algoritme gëımple-
menteerd en gevalideerd worden. Eén aspect dat verdere aandacht zal vereisen is
het bepalen van de prior parameters (gewicht, type, . . . ) die de beste resultaten ge-
ven. Voor toepassing in de klinische praktijk is nog een sterke vermindering van de
rekentijd vereist. We hebben steeds gepoogd alle vraagstukken op een fundamentele
manier op te lossen, veeleer dan ons te bekommeren om lange rekentijden. Alle in dit
werk voorgestelde methodes zijn essentieel aanpassingen van de gebruikte kostfunc-
tie, terwijl we ons steeds beperkt hebben tot één en dezelfde optimalisatie-stap. We
zijn er van overtuigd dat andere optimalisatie-methodes, bijkomende versnellings-
methodes, meer efficiënt programmeren, snellere computers en hardware implemen-
tatie zullen toelaten om maximum-likelihood iteratieve reconstructie daadwerkelijk
te gebruiken in CT. We hopen dat de voorgestelde aanpak zal resulteren in een
reductie van metaalartefacten die veel beter is dan wat tot op heden mogelijk is.
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I intensity of an X-ray beam, this is either the energy detected per
unit time per unit area, or the number of photons detected per
detector element.

I0 intensity of an X-ray beam detected in the absence of absorber
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K total number of modeled energies

L objective function, usually the log-likelihood function (chapter 4)

lij effective intersection length [cm] between projection line i and
pixel j

Lr,θ projection line at distance r from the origin making an angle θ
with the y-axis

µ the linear attenuation coefficient [cm−1]

pi projection value in sinogram pixel i, obtained by log-converting
the measured intensity. Ideally pi equals the integral of the linear
attenuation coefficient along projection line i
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P (k, θ) 1D Fourier transform of p(r, θ) w.r.t. r

r, θ parallel beam coordinate system (section 2.4), or polar coordinates
corresponding to Cartesian coordinates x and y

r, s coordinate system obtained by rotating x, y over an angle θ (sec-
tion 2.4)

ρ mass density [g/cm3]

Si scatter contribution in sinogram pixel i

σ standard deviation

x, y, z Cartesian coordinate system. z is the longitudinal axis (in cran-
iocaudal direction). x, y is the trans-axial coordinate system (in
the scanning plane)

yi measured number of photons in sinogram pixel i

ŷi expected (or calculated) number of photons in sinogram pixel i
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The following table gives an overview of all phantoms used in this thesis. It contains
the following information:

• phantom number (nr)

• phantom type: hardware (H) or software (S)

• description

• number of the section where the phantom is defined (s)

• section in which the phantom is used

• page number where the phantom is defined (p)

nr H/S description s section p

1 H+S water bowl with iron rod 3.3.2 simulator 41

2 H+S plexiglas plate with 1, 2, or 3
amalgam fillings

3.3.2 simulator 41

3 S clinical 2D CT image of the tho-
rax

4.9.3 spiral CT study 68

4 S elliptical cylinder containing a
smaller circular cylinder

4.9.3 spiral CT study 68

5 S elliptical cylinder containing
multiple ellipsoids

4.9.3 spiral CT study 68

6 S clinical 2D CT image of the tho-
rax with a small region of high
attenuation

4.9.3 spiral CT study 68
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7 S circular plexiglas plate contain-
ing 12 line-shaped objects and 3
amalgam inserts

5.2.2 MAP algorithm 81

8 H circular plexiglas plate contain-
ing line-shaped objects and (op-
tionally) 3 amalgam inserts

5.2.3 MAP algorithm 82

9 S circular water phantom 5.3.4.1 IMPACT 96

10 S circular water phantom with 4
bone inserts

5.3.4.1 IMPACT 96

11 S circular water phantom with 8
circular regions of fat, aluminum,
plexiglas, lung, brain, bone,
blood, and soft tissue

5.3.4.1 IMPACT 96

12 S circular water phantom with 2
bone inserts and 2 iron inserts

5.3.4.1 IMPACT 96

13 H circular plexiglas plate contain-
ing 4 aluminum cylinders

5.3.4.2 IMPACT 97

14 H circular plexiglas plate contain-
ing 2 aluminum cylinders and 2
iron cylinders

5.3.4.2 IMPACT 97

15 H human skull, filled and sur-
rounded with plexiglas

5.3.4.2 IMPACT 97

16 S bone triangle surrounded with a
number of circular details

5.4.2 tNLPV effect 110

17 S inverse of phantom 16, obtained
by subtracting phantom 16 from
a circular bone object

5.4.2 tNLPV effect 110

18 S circular water phantom contain-
ing two iron inserts, two circular
bone inserts, a fat tissue region,
and a plexiglas region

5.4.2 tNLPV effect 110

19 H+S square plexiglas plate of 3 cm ×
3 cm

5.4.3 tNLPV effect 112
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Chapter 1

General introduction

1.1 Computed tomography

The discovery of X-rays by Wilhelm Conrad Röntgen in 1895 heralded a new era
in medicine: medical imaging was born. Röntgen had shown that bones could be
visualized, by X-raying his wife’s hand. Until today, radiography remains one of the
basic medical imaging modalities. Meanwhile, a number of other imaging modalities
have been invented. In echography, ultrasonic waves are used to image the acoustic
properties of the body. Nuclear medicine (gamma-camera, single photon emission
computed tomography (SPECT), positron emission tomography (PET)) is based
on the measurement of gamma-rays that are emitted inside the human body. This
allows to image specific functional properties (such as glucose uptake) of the body.
Magnetic resonance imaging (MRI) uses magnetic pulses to image the distribution
of magnetic spins inside the body. X-ray computed tomography (CT) is based on
the same physical principles as radiography. It uses an external X-ray source and
images the X-ray attenuation properties of the body. Unlike radiography, CT allows
to image thin slices of the human body. Whereas in radiography the attenuation
values along the path of each X-ray beam are superimposed resulting in line-integrals
of the attenuation, CT uses reconstruction algorithms to reconstruct the value in
each voxel separately, resulting in a 3D dataset. CT is described in chapter 2.

1.2 Filtered backprojection and artifacts in CT

Soon after the invention of CT [62] in 1972, reconstruction by filtered backprojec-
tion (FBP), originally developed for astrophysical applications [4], was introduced.
Until today, FBP remains the most widely used reconstruction method in CT. FBP
is a so-called transform method: it is based on the assumption that the measure-
ments are the Radon transform [120] of the distribution of the linear attenuation
coefficient to be recovered. Analytical inversion of the Radon transform gives a

3
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(a) (b)

Figure 1.1: CT scan of a patient with a hip prosthesis: (a) topogram or scout view,
obtained by translating the patient table while keeping the X-ray tube fixed, (b) CT
image of a slice through the prosthesis showing severe metal artifacts (courtesy of
prof. G. Marchal).

direct solution to the reconstruction problem. If applied to ideal projections – this
means an infinite number of measurements with infinitely thin X-ray beams, with-
out noise, etc. – then this solution equals the ideal solution. Unfortunately, this is
only approximately the case. Firstly, the measurements consist of a finite number
of detector read-outs using a finite beam-width and measured over a finite rotation
interval. Secondly, an X-ray tube emits a continuous spectrum resulting in a phe-
nomenon called beam hardening. Thirdly, the measurements are noisy and include
scattered radiation. Many other possible discrepancies exist between the actual
measurements and the Radon transform. All these effects result in artifacts1 in the
reconstructed images. Usually, the errors due to these approximations are relatively
small, and FBP gives satisfactory results. However, under extreme circumstances,
for instance in the presence of highly attenuating objects, artifacts become inadmis-
sibly strong. Figure 1.1 and figure 1.2 show examples of metal artifacts. Clearly,
these artifacts make the CT images unusable.

If FBP is used, artifacts are reduced by applying corrections before (or after)
applying FBP. Noise and aliasing artifacts are reduced by applying a low-pass filter
to the raw data. Scatter and beam hardening are compensated by subtracting
their estimated effect from the raw data. A number of dedicated algorithms for
metal artifact reduction exist. The measurements through the metal objects are
either ignored or replaced by interpolation between adjacent measurements. These
existing algorithms allow a strong reduction of metal artifacts, but they introduce

1An artifact is an artificially produced change in appearance.
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Figure 1.2: CT scans of human skulls containing amalgam dental fillings (courtesy
of prof. G. Marchal).

some new artifacts. Hence, there is great demand for more effective metal artifact
reduction.

1.3 Purpose of this work

The aim of this thesis is to study metal artifacts using a fundamental approach.
Firstly, we want to determine the most important causes of metal artifacts. For this
purpose we developed a high-resolution CT-simulator (chapter 3), and we performed
a number of simulations and measurements. The simulator allows to make very
realistic simulations, adapted to different scanner geometries. For illustration: the
simulator is currently also being used for simulating micro-CT-scanners by other
research groups [12]. The most important causes of metal artifacts were found to
be noise, beam hardening, the NLPV effect, and scatter [24].

Secondly, once the most important causes of metal artifacts are known, they
must be corrected. For this purpose we want to use iterative reconstruction
(chapter 4). Iterative reconstruction allows to incorporate a dedicated forward
model of the acquisition. More in particular, we can include a model for all impor-
tant causes of metal artifacts. We hypothesize that artifacts are due to deviations
of the acquisition model assumed by the reconstruction algorithm from the real
scanner. Consequently, using a more accurate acquisition model should result in
reduced artifacts. In chapter 5, we present new iterative reconstruction algorithms
incorporating models for noise, beam hardening, and the NLPV effect. Good results
are obtained for simulations and phantommeasurements, confirming that improving
the forward model results in reduced artifacts. The scatter model requires further
research. Finally, the different models are combined into one global algorithm for
reduction of metal artifacts.



. . . computed tomography . . .



Chapter 2

X-ray computed tomography

2.1 Introduction

This chapter describes the basics of CT. In section 2.2, we give a general overview
of CT. This is followed by a discussion of the physics of X-rays in section 2.3: X-
ray production, X-ray interactions and X-ray detectors. Section 2.4 describes the
data acquisition in CT, i.e. how an entire plane is scanned and how the data are
ordered. Section 2.5 takes up the important topic of image reconstruction, focusing
on analytic reconstruction methods. The description of CT imaging is extended
to three dimensions in section 2.6. Finally, section 2.7 elaborates on CT-scanner
technology, i.e. on scanner generations and scanner geometry.

2.2 Overview of X-ray computed tomography

X-ray computed tomography or CT (figure 2.1) is an imaging modality that produces
cross-sectional images representing the X-ray attenuation properties of the body.
The word tomography originates from the Greek words τoµoς (slice) and γραφειν
(to write). Image formation of a cross-section is represented in figure 2.2: using
a thin X-ray beam, a set of lines is scanned covering the entire field of view ((a)
for a parallel-beam geometry or (b) for a fan-beam geometry). This process is
repeated for a large number of angles, yielding line attenuation measurements for
all possible angles and for all possible distances from the center. Based on all
these measurements, the actual attenuation at each point of the scanned slice can
be reconstructed. Although there are other imaging modalities (MRI, ultrasound,
PET and SPECT) that represent a kind of computed tomography, the term CT
(originally CAT) is allocated for X-ray comput(eriz)ed (axial) tomography.

The history of CT begins in 1895, when Wilhelm Konrad Röntgen reported
the discovery of what he called ”a new kind of rays”. Röntgen received the first
Nobel prize in physics in 1901. Reconstruction of a function from its projections

7
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was first formulated by Johann Radon in 1917. The first CT-scanner (the EMI
scanner) was developed by Godfrey N. Hounsfield in 1972 [62]. His work was based
on mathematical and experimental methods developed by A. M. Cormack a decade
earlier [20, 21]. Hounsfield and Cormack shared the Noble prize in medicine and
physiology in 1979. Spiral CT and multi-slice CT (section 2.6) were introduced in
respectively 1989 and 1998.

(a) (b)

Figure 2.1: Schematic representation (a) and photograph (b) of a CT-scanner.

. . .

(a)

. . .

(b)

Figure 2.2: Basic scanning procedure in CT. A set of lines is scanned covering the
entire field of view: (a) parallel-beam geometry and (b) fan-beam geometry. This
process is repeated for a large number of angles.
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(a) (b)

Figure 2.3: CT-image of the chest with different window/level settings:(a) for the
lungs (window 1500 and level -500) and (b) for the soft tissues (window 350 and
level 50).

In modern CT-scanners, images consist of 512 × 512 pixels representing the CT-
number , which is expressed in Hounsfield Units (HU). The CT-number is defined
as

CT-number (in HU) =
µ− µH2O

µH2O
· 1000. (2.1)

µ is the linear attenuation coefficient. With this definition, air, water and bone have
a CT-number of respectively -1000 HU, 0 HU and 1000 HU. Because the dynamic
range is too high to be perceived in a single image, a suitable gray level transforma-
tion must be applied. In clinical practice this is done by a real-time window/level
operation. Assume a displaying interval [CTmin ; CTmax], then the level is defined
as the center of this interval: level = (CTmin+CTmax)/2, and the window is defined
as the total span of this interval: window = (CTmax - CTmin). Figure 2.3 shows an
example of a CT-image of the chest with two different window/level settings, the
first to visualize the lungs (a), the second to emphasize the soft tissues (b).

2.3 X-rays

X-rays are electromagnetic waves. Electromagnetic radiation consists of photons.
Each photon has an energy E, inversely proportional to its wavelength λ:

E =
hc

λ
= hν, (2.2)

where h = 6.6261 · 10−20Js is Planck’s constant, c = 3 · 108m/s is the speed of light,
and ν is the wave frequency. The wavelength for X-rays is in the order of Ångstrøm
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(10−10 m) and consequently, the corresponding photon energies are in the order
of 10 keV (1 eV = 1.602 10−19 J). CT typically uses X-rays with photon energies
between 30 keV and 140 keV.

2.3.1 Production of X-rays

X-rays are generated in an X-ray tube, which consists of a vacuum tube with a
cathode and an anode (figure 2.4 (a)). The cathode current (typically about 5 A)
releases electrons at the cathode by thermal excitation. These electrons are accel-
erated towards the anode by a tube voltage U between the cathode and the anode.
U varies typically between 80 kV and 140 kV. The resulting tube current from an-
ode to cathode is in the order of 100 mA. When the electrons hit the anode, they
loose their excess energy in essentially three possible ways:

1. An electron can collide with an outer shell electron. A part of its energy is
then transfered to this secondary electron and is finally dissipated into heat.
This explains the necessity of cooling the anode.

2. An electron can interact with a nucleus. It slides around the nucleus and
releases its energy by producing so-called Bremsstrahlung. The energy (ex-
pressed in eV) of the Bremsstrahlung photons is bounded by

E ≤ Emax = qU, (2.3)

where q is the electric charge of an electron. For example, if U = 100 kV then
Emax = 100 keV. Bremsstrahlung yields a continuous X-ray spectrum.

3. An electron can collide with an inner shell electron (e.g. from the K-shell)
and eject it, leaving a hole. This hole is refilled when an electron of higher
energy (e.g. from the L-shell) drops into the hole while emitting a photon of
a very specific energy. The energy of this photon is the difference between
the energies of the two electron states, e.g. when an electron from the L-shell
(with energy EL) drops into the K-shell (getting energy EK), a photon of
energy

E = EL −EK (2.4)

is emitted. Such transitions therefore yield characteristic peaks in the X-ray
spectrum, superimposed onto the continuous Bremsstrahlung spectrum. This
radiation is called characteristic radiation.

Some tungsten spectra are shown in figure 2.4 (b). The number of photons emitted
per unit time is controlled by the cathode current. The energy of the emitted
photons (expressed in keV) is controlled by the tube voltage (expressed in kV).
Finally, X-ray beams are usually pre-filtered before leaving the X-ray tube, using
thin metal sheets (Al, Cu, . . . ). This has the advantage that the spectrum shifts
toward higher energy, resulting in reduced beam hardening effect inside the patient
(see section 3.4.2). More details on the production of X-rays are found in [69].
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(a) (b)

Figure 2.4: (a) Picture of an X-ray tube (Courtesy Machlett Laboratories, Inc.).
(b) Intensity distribution of the X-ray spectrum of tungsten for nominal tube voltages
of 80 kV, 120 kV, and 140 kV.

2.3.2 Interaction of X-rays with matter

X-ray photons can interact with matter in several ways:

• An X-ray photon can be absorbed by ejecting a so-called photo-electron from
an inner shell (e.g. the K-shell). The electron escapes from the atom in the
same direction the incoming photon was traveling. This mechanism is called
the photo-electric effect .

• An X-ray photon can also interact with an outer electron. The electron is
recoiled and is made vibrating. Only a part of the photon energy is transfered
to the electron. A photon with the remaining energy is emitted in a direction
deviating from the direction of the incoming photon with an angle α. The
electron is recoiled in a direction making an angle γ with the direction of
the incoming photon. The angles α and γ are related through the law of
conservation of momentum. This process is called Compton scattering. A
limiting case of Compton scatter is coherent scatter or Thomson scatter. Here,
the electron is not recoiled but is only made vibrating, and the photon doesn’t
loose any of its energy.

• At higher energies, pair production occurs. The photon interacts with the
nucleus and creates an electron-positron pair.

• At still higher energies photons may cause nuclear reactions.

Only the first two types of interactions are important in CT.
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I+dI

s+ds

s

µ

I

(a) (b)

Figure 2.5: (a) X-ray beam traveling through a thin slab of material with linear
attenuation coefficient µ. (b) The energy-dependent linear attenuation coefficient
for bone and water.

Consider an X-ray beam traveling through an infinitesimally thin slab of ma-
terial with thickness ds (figure 2.5 (a)). This beam is attenuated by the processes
mentioned above. The in-going intensity is I and the out-coming intensity is I+dI,
Intensity is defined as the energy transmitted per unit time per unit area, the energy
being proportional to the number of photons. The linear attenuation coefficient µ
is then defined as

µ = −
dI
ds

I
, (2.5)

or ‘the fraction of the X-ray beam that is attenuated per unit distance’. Integration
gives

I(s) = I(0) · exp
(
−
∫ s

0

µ(s′) · ds′
)
. (2.6)

This is a basic equation in CT. Although the individual interactions are of statistical
nature, the macroscopic intensity of the beam follows a deterministic exponential
law. In fact, the intensity and the attenuation also depend on the photon energy,
and we should write

I(s) =
∫ Emax

0

I(0, E) · exp
(
−
∫ s

0

µ(s′, E) · ds′
)
· dE. (2.7)

Figure 2.5 (b) shows the linear attenuation coefficient µ(E) for bone and water.
It decreases with the energy E and it increases with the atomic number Z. More
information on interaction of X-rays with matter is found in [69].
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2.3.3 X-ray detectors

In order to produce an image from the attenuated X-ray beams, the X-rays must
be captured and converted to an electric signal. Three types of X-ray detectors are
used in CT.

The first CT-scanners used scintillator crystals with photo-multiplier tubes
(PMT). The scintillator material converts X-rays into visible light (scintillations),
which then falls onto the PMT that produces an electric current. These detectors
have a high quantum efficiency and a fast response time, a disadvantage is their
low packing density. Scintillation crystals with PMT’s were used in the earliest
CT-scanners, but today they have been replaced by newer types of detectors, such
as xenon gas ionization detectors.

A gas ionization detector element consists of a pressurized gas chamber with two
or three electrodes. Some of the incident X-rays are absorbed: this is the photo-
electric effect. The resulting free electrons and gas ions drift towards the anode
and cathode respectively, giving rise to a measurable electric signal. Typically,
pressures between 10 and 30 bar are used, as a compromise between absorption
efficiency and ionic mobility. Gas ionization detectors have a low quantum efficiency
(about 60%) and a slow response time (about 700 µs). An advantage compared to
photo-multiplier tubes is their high packing density.

Modern scanners are provided with solid state detectors, combining scintillator
crystals with photodiodes. A solid-state detector consists of a scintillation crystals
(CsI) coupled to a photo-diode. The latter converts scintillations into a measurable
electric current. The newest solid-state detectors have a very fast response time, a
high quantum efficiency (over 98%), a high packing density, a good stability over
time and a good reliability.

All types of CT detectors give an estimate of the total detected energy, compared
to the number of photons in nuclear medicine. The relationship between the detector
output signal and the detected photon energy is characteristic for every detector
type. Ideally the output signal should be proportional to the detected energy. More
information on X-ray detectors is found in [108].

2.4 Data acquisition

Consider the 2D parallel-beam geometry in figure 2.6 (a). µ(x, y) represents the
distribution of the linear attenuation coefficient in the xy-plane. It is assumed that
the patient lies along the z-axis and that µ(x, y) is zero outside a circular field of
view with diameter FOV. The X-ray beams make an angle θ with the y-axis. The
unattenuated intensity of the X-ray beams is I0. A new coordinate system (r, s) is
defined by rotating (x, y) over the angle θ. This gives the following transformation
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Figure 2.6: (a) Parallel beam geometry with coordinate systems. The X-ray beams
make an angle θ with the y-axis and are at distance r from the origin. (b) An
intensity profile Iθ(r) is measured for every view (defined by an angle θ). I0 is
the unattenuated intensity. (c) The attenuation profiles pθ(r) are obtained by log-
converting the intensity profiles Iθ(r) and are the projections of the function µ(x, y)
along the angle θ.

formulas: [
r

s

]
=
[
cos θ sin θ
− sin θ cos θ

][
x

y

]
[
x

y

]
=
[
cos θ − sin θ
sin θ cos θ

] [
r

s

] (2.8)

and the Jacobian is

J =
∣∣∣∣ cos θ − sin θ
sin θ cos θ

∣∣∣∣ = 1. (2.9)

For a fixed angle θ, the measured intensity profile as a function of r is shown in
figure 2.6 (b) and is given by

Iθ(r) = I0 · e
−
R

Lr,θ
µ(r·cos θ−s·sin θ,r·sinθ+s·cos θ)·ds

. (2.10)
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Figure 2.7: A parallel beam sinogram obtained by stacking together a number of
1D projections at different angles θ (from 0 to 2π).

Lr,θ is the line that makes an angle θ with the y-axis at distance r from the origin.
Actually, the spectrum of the X-ray tube is continuous, yielding

Iθ(r) =
∫ Emax

0

I0(E) · e
−
R

Lr,θ
µE(r·cos θ−s·sin θ,r·sin θ+s·cos θ)ds

dE, (2.11)

where Emax is the maximum photon energy, which is equal to the tube voltage.
However, usually it is assumed that the X-rays are mono-chromatic and eq.(2.10)
is used. Each intensity profile is transformed into an attenuation profile:

pθ(r) = − ln Iθ(r)
I0

=
∫
Lr,θ

µ(r · cos θ − s · sin θ, r · sin θ + s · cos θ)ds. (2.12)

pθ(r) is the projection of the function µ(x, y) along the angle θ (figure 2.6 (c)). Note
that pθ(r) is zero for |r| � FOV/2.

pθ(r) can be measured for θ ranging from 0 to 2π. As concurrent beams coming
from opposite sides yield identical measurements, attenuation profiles acquired at
opposite sides contain redundant information. Therefore, as far as parallel-beam
geometry is concerned, it is sufficient to measure pθ(r) for θ ranging from 0 to π.

Stacking all these projections pθ(r) for varying θ (for instance from 0 to 2π)
results in a 2D data set p(r, θ), called sinogram (see figure 2.7).

Assume a distribution µ(x, y) containing a single dot as in Figure 2.8 (a-b).
The corresponding projection function p(r, θ) (figure 2.8 (c)) has a sinusoidal shape,
which explains the origin of the name sinogram. In mathematics, the transformation
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Figure 2.8: (a-b) Image and surface plot of a distribution µ(x, y) containing one sin-
gle dot. The arrows indicate four example projection directions. (c) 360◦-sinogram
obtained by projecting µ(x, y). The arrows indicate the views that correspond to
the projection directions indicated in (a). (d) Back-projection of the four views
indicated in (c). (e-f) Surface plot and image of the backprojection of the entire
sinogram in (c).

of any function f(x, y) into its parallel beam projections p(r, θ) is called the Radon
transform:

p(r, θ) = R
{
f(x, y)

}
=
∫ ∞

−∞
f(r · cos θ − s · sin θ, r · sin θ + s · cos θ) ds. (2.13)

The Radon transform has the following properties:

• p(r, θ) is periodic in θ with period 2π

p(r, θ) = p(r, θ + 2π). (2.14)

• p(r, θ) is symmetric in θ with period π

p(r, θ) = p(−r, θ ± π). (2.15)
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Until now, we have assumed that data are available for all possible angles θ and
distances r. In practice, we have a limited number M of projections or views and a
limited number N of detector samples (e.g. 1056 views and 768 detector samples).
The sinogram p(r, θ) becomes a matrix p[n,m] = p(n∆r,m∆θ) with M rows and
N columns. ∆r is the detector sampling distance and ∆θ is the rotation interval
between subsequent views. Both must be sufficiently small in order to prevent
aliasing artifacts.

2.5 Image reconstruction

2.5.1 Backprojection

Given the sinogram p(r, θ), the question is how to reconstruct the distribution
µ(x, y) (or – generically – the function f(x, y)). Intuitively, one could think of
the following procedure. For a particular line (r, θ), assign the value p(r, θ) to all
points (x, y) along that line. Repeat this (i.e. integrate) for θ varying from 0 to π.
This procedure is called backprojection and is given by

b(x, y) = B
{
p(r, θ)

}
=
∫ π

0

p(x · cos θ + y · sin θ, θ) dθ. (2.16)

Figure 2.8 (d-f) illustrates the backprojection for a dot. By backprojecting only a
few projections the image in figure 2.8 (d) is obtained. The backprojection of all
the projections is shown in figure 2.8 (e-f). The image is blurred when compared
to the original. The narrow peak of the original dot has a cone-like shape after
reconstruction. From this example, it is clear that a backprojection as such is not
a good reconstruction method.

The discrete version of the backprojection becomes

b(xi, yj) =
M∑
m=1

p(xi · cos θm + yj · sin θm, θm) ∆θ. (2.17)

The discrete positions rn generally do not coincide with the discrete values
(xi cos θm + yj sin θm). Interpolation is therefore required. Figure 2.9 illustrates
this. For each view, a projection line through each pixel is drawn. The intersection
of this line with the detector array is computed and the corresponding projection
value is calculated by interpolation between its neighboring measured values.

2.5.2 Projection theorem

Instead of this intuitive solution, we need a mathematical answer to the question:
given the sinogram p(r, θ), what is the original function f(x, y)? This means that
we need a mathematical expression for the inverse Radon transform

f(x, y) = R−1{p(r, θ)}. (2.18)
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Figure 2.9: Discrete backprojection with interpolation. For each view, a projection
line through each pixel is drawn. The intersection of this line with the detector array
is computed and the corresponding projection value is calculated by interpolation
between its neighboring measured values.

The projection theorem, also called the central slice theorem, gives an answer to this
question. Let F (kx, ky) be the 2D Fourier transform (FT) of f(x, y):

F (kx, ky) =
∫ ∞

−∞

∫ ∞

−∞
f(x, y) e−2πi(kxx+kyy) dx dy, (2.19)

where i =
√
−1, and let P (k, θ) be the 1D FT of p(r, θ) with respect to the first

variable:

P (k, θ) =
∫ ∞

−∞
p(r, θ) e−2πi(k·r) dr. (2.20)

The projection theorem now states that

P (k, θ) = F (kx, ky) (2.21)

with
{

kx = k · cos θ
ky = k · sin θ. (2.22)

I.e., the 1D FT w.r.t. variable r of the Radon transform of a 2D function is the
2D FT of that function. Hence, it is possible to calculate f(x, y) for each point
(x, y) based on all its projections pθ(r), θ varying between 0 and π. A proof of the
projection theorem is given in appendix A.1.

2.5.3 Direct Fourier reconstruction

Based on the projection theorem, we can use the following algorithm to calculate
f(x, y):
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Figure 2.10: (a) The function P (k, θ) is sampled on a polar grid. (b) Samples of
the function F (kx, ky) on a Cartesian grid are required.

(1) calculate the 1D FT F1 of p(r, θ) with respect to r:

F1
{
p(r, θ)

}
= P (k, θ) (2.23)

(2) and calculate the 2D inverse FT F−1
2 of F (kx, ky) = P (k, θ):

F−1
2

{
F (kx, ky)

}
= f(x, y). (2.24)

Taking into account the discrete nature of the data, this becomes:

(1) for all θm (varying from 0 to π), calculate the 1D discrete FT F1 of p(rn, θm)
with respect to rn:

F1
{
p(rn, θm)

}
= P (kn′ , θm), (2.25)

(2) for every θm, put the values of P (kn′ , θm) on a polar grid,

(3) Calculate F (kxi′ , kyj′ ) (sampled on a Cartesian grid) from P (kn′ , θm), using
bilinear interpolation,

(4) and calculate the 2D inverse discrete FT F−1
2 of F (kxi′ , kyj′ ):

F−1
2

{
F (kxi′ , kyj′ )

}
= f(xi, yj). (2.26)

The interpolation step (3) makes direct Fourier reconstruction less popular than
reconstruction by filtered backprojection, discussed below.
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2.5.4 Filtered backprojection

The polar version of the 2D inverse FT avoids interpolation:

f(x, y) =
∫ π

0

∫ ∞

−∞
P (k, θ) |k| ei2πkr dk dθ, with r = x cos θ + y sin θ

=
∫ π

0

∫ ∞

−∞
P ∗(k, θ) ei2πkr dk dθ, with r = x cos θ + y sin θ

=
∫ π

0

p∗(r, θ) dθ, with r = x cos θ + y sin θ,

(2.27)

where |k| is the absolute value of the Jacobian of the polar transformation. By
definition

p∗(r, θ) =
∫ +∞

−∞
P ∗(k, θ) ei2πkrdk (2.28)

and

P ∗(k, θ) = P (k, θ) · |k|. (2.29)

Hence, the function f(x, y) can be reconstructed by backprojecting p∗(r, θ), which is
the inverse one-dimensional FT w.r.t. k of P ∗(k, θ). P ∗(k, θ) is obtained by multi-
plying P (k, θ) by the ramp filter |k|. This explains the name filtered backprojection
(FBP) [4]. It can be seen from eq.(2.27) that data must be available for an angular
range from 0 to π only. Since a multiplication in the Fourier domain can be written
as a convolution in the spatial domain, p∗(r, θ) can also be written as:

p∗(r, θ) =
∫ +∞

−∞
p(r′, θ) q(r − r′) dr′ (2.30)

with q(r) = F−1{|k|}
=
∫ +∞

−∞
|k| ei2πkr dk.

(2.31)

q(r) is called the convolution kernel. This yields the following reconstruction scheme:

(1) filter the sinogram p(r, θ):

∀θ : p∗(r, θ) = p(r, θ)⊗ q(r) or P ∗(k, θ) = P (k, θ) · |k| (2.32)

(2) and backproject the filtered sinogram p∗(r, θ):

f(x, y) =
∫ π

0

p∗(x cos θ + y sin θ, θ) dθ. (2.33)
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(a) (b) (c)

Figure 2.11: (a) For a discrete implementation, the ramp filter |k| is cut off at
frequency kMAX . The resulting filter is the difference of a block function (b) and a
triangular function (c).

Due to its divergent nature, the continuous filter |k| is not useful in practice.
For discrete projection data the useful Fourier content is limited to frequencies
smaller than kMAX = 1/2∆r, where ∆r is the sampling distance. Therefore,
the filter |k| can be limited to these frequencies and is cut off at kMAX (fig-
ure 2.11 (a)). This filter, called the Ram-Lak filter after its inventors Ramachandran
and Lakshiminarayanan, can be written as the difference of a block and a triangle
(figure 2.11 (b-c)). Their inverse FT yield

q(r) =
kMAX sin(2πkMAXr)

πr
− 1− cos(2πkMAXr)

2π2r2
. (2.34)

Usually, frequencies slightly below kMAX are unreliable due to aliasing and noise.
Application of a smoothing window (Hanning, Hamming, Shepp-Logan, Butter-
worth, . . . ) suppresses the highest spatial frequencies and reduces these artifacts.
For example the window

H(k) =

{
α+ (1− α) cos( πk

kMAX
) for |k| < kMAX

0 for |k| � kMAX .
(2.35)

with α = 0.54 is the Hamming window and with α = 0.5 the Hanning window
(figure 2.12 (a)). Figure 2.12 (b) shows the products of a ramp-filter and a Ham-
ming/Hanning window.

2.5.5 Fan-beam filtered backprojection

In the previous sections we assumed a parallel-beam geometry. In modern CT scan-
ners, the acquired data are not ordered in parallel subsets but in fans (figure 2.2).
Figure 2.13 (a) shows the coordinates used in parallel-beam geometries (r,θ), to-
gether with those used in fan-beam geometries (α,β). β is the angle between the
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(a) (b)

Figure 2.12: (a) Hamming window with α = 0.54 and Hanning window (dashed)
with α = 0.5. (b) Ramp filter and its products with a Hamming window and a
Hanning window (dashed).
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Figure 2.13: (a) Fan-beam geometry. β is the angle between the center line of a
fan and the y-axis. α is the angle between a particular ray and the center line. ∆α
is the total fan-angle. (b) With the fan-beam geometry a measurement range from
β = 0 to (π +∆α) is required to acquire all the projection lines.

top of the fan and the y-axis. α is the angle between a particular ray and the center
line of the corresponding fan. The total fan-angle is given by ∆α. Using the coor-
dinates (α, β) for a fan-beam geometry (figure 2.13 (a)), the following coordinate
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transformations are derived: {
θ = α+ β

r = R sinα.
(2.36)

As can be seen in figure 2.13 (b), using a fan-beam geometry, measurements for β
varying from 0 to π no longer include all possible line measurements. Suppose the
X-ray tube starts above the patient (β = 0) and rotates clockwise over 180◦, then
most but not all lines have been measured, such as for example the vertical line
with accompanying question mark in figure 2.13 (b). Actually, a range from 0 to
(π + ∆α) is required in order to include all line measurements. For simplicity, we
will assume that data for β varying from 0 to 2π are available (360◦-acquisition).
Two possible reconstruction approaches exist:

• Rebinning: this is the reordering of the data into parallel data.

• An adapted fan-beam FBP algorithm can be used.

Reordering of the data into parallel data requires interpolation [58, 119]. Assum-
ing fan-beam measurements are available at projection lines (αn,βm) for n=1→N
and m=1→M, the corresponding parallel-beam measurement at a given (rn′ ,θm′)
can be calculated by

p(rn′ , θm′) =
1∑
i=0

1∑
j=0

ci · di · p(αn′+i, βm′+j), (2.37)

where αn′ and βm′ are the largest available values such that

αn′ <= α = asin(
rn′

R
)

βm′ <= β = θm′ − α, (2.38)

and where

c0 = (αn′+1 − α)/(αn′+1 − αn′)
c1 = 1− c0

d0 = (βm′+1 − β)/(βm′+1 − βm′)
d1 = 1− d0. (2.39)

A dedicated fan-beam FBP algorithm [56, 57] is obtained by using the coordi-
nates (α, β) for a fan-beam geometry (figure 2.13 (a)):

f(x, y) =
∫ 2π

0

1
v2

∫ +∆α
2

−∆α
2

[
1
2
R cosα p(α, β)]

( γ − α

sin(γ − α)
)2

q(γ − α) dα dβ. (2.40)

Note that this is a modified backprojection weighted with 1
v2 . The inner integral

is a convolution of p(α, β), weighted with 1
2R cosα, with a modified filter kernel(

α
sinα

)2
q(α). A derivation is given in appendix A.2.

All reconstruction methods discussed in the previous sessions are transform
methods: they are based on the analytic inversion of the Radon transform. For
a more detailed discussion, we refer to [4, 56, 57, 79, 94, 108, 136].
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Figure 2.14: Schematic views of a spiral CT-scanner showing gantry tilt and table
translation.

2.6 Imaging in three dimensions

The most straightforward way to image an entire volume is to scan a number of
consecutive slices by translating the table intermittently, also called sequential CT .
The gantry – this is the part of the CT-scanner that contains the rotating parts –
can be tilted over a limited angle for imaging oblique slices (figure 2.14).

A technique that is widely spread nowadays is spiral CT or helical CT [5, 23,
80, 83, 84]. The X-ray tube rotates continuously around the patient, just like in
2D CT. At the same time, the patient is slowly translated through the gantry
(figure 2.14). Hence, the tube describes a helical orbit w.r.t. to the patient. The
table feed is the axial distance over which the table translates during a complete
tube rotation of 360◦. The pitch ratio – or simply pitch – is the ratio between the
table feed and the collimated slice thickness. The pitch must be small enough in
order to avoid spiral artifacts, typically between 1.0 and 2.0. The most obvious
solution for reconstructing a 2D slice based on a 3D spiral acquisition is to use
measurements over a range of 360◦ and to ignore the table motion. This results
in longitudinal smoothing and spiral artifacts. More advanced methods synthesize
data for a particular reconstruction plane using linear or cubic interpolation between
data measured at the same angle β but at different axial positions (full-scan- or
360◦-interpolation). It is also possible to combine data measured from opposite
sides (half-scan- or 180◦-interpolation). A detailed analysis of spiral CT and spiral
interpolation is found in [5, 23, 80, 83, 84].

Since 1998, a number of manufacturers have commercialized multi-slice CT [66,
81, 90, 98]. This type of scanner allows to acquire multiple slices simultaneously
using adjacent detector arrays (figure 2.15), compared to one slice in a single-slice
CT-scanner. The number of detector arrays varies between 8 and 34, depending
on the manufacturer. By combining several detector arrays and using appropriate
z-collimation, different slice widths are obtained. Until now, all manufacturers have
in common that maximum 4 slices are scanned simultaneously. The main advantage
of multi-slice CT-scanners is the ability of faster scanning. With a 4-slice system
and a 0.5 second rotation, it is for instance possible to obtain a CT of the lungs
in a few seconds while the patient holds his/her breath. Faster scanning results in
reduced motion artifacts. Shorter scan times result in a longer tube lifetime and
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(a) (b)

Figure 2.15: (a) Single-slice CT versus (b) multi-slice CT: a multi-slice CT-scanner
can acquire four slices simultaneously by using four adjacent detector arrays (with
permission of RSNA).

Figure 2.16: A cone-beam geometry is based on a 2D detector array. An entire
volume is measured in one single orbit of the X-ray tube.

eliminate the need to wait for tube cooling between scans.

If the detector array is extended to a 2D array of detector elements, an entire
volume is measured in one single orbit of the X-ray tube. This is called cone-
beam CT (figure 2.16). Unfortunately, except for the central plane, the in-plane
data required for 2D reconstruction are not measured. A dedicated 3D cone-beam
approach is then needed. If the distance between the X-ray tube and the detector
array is large and/or the axial width of the detector is limited, all the projection
lines can be assumed to be parallel to the central plane. In this case, the problem
reduces to the reconstruction of a series of 2D images. This is what happens in
multi-slice CT, discussed above.



26 X-ray computed tomography

(a) (b)

(c) (d)

Figure 2.17: Subsequent scanner generations: (a) first generation, (b) second gen-
eration, (c) third generation and (d) fourth generation CT-scanner.

2.7 Equipment

Having discussed the theory of CT imaging, let us now have a closer look at the
technology of CT-scanners, i.e. the different scanner generations and the inter-
nal scanner geometry. Figure 2.17 shows subsequent scanner generations and the
corresponding modes of acquisition:

In first-generation scanners, also called “rotate-translate-type scanners”, the
tube-detector unit consists of an X-ray tube and one detector element. This unit is
moved along the field of view while measuring the line attenuation at equidistant
positions. This process is systematically repeated after rotation of the tube-detector
unit over a small angular interval, until a complete 180◦ rotation has been performed
(5 minutes/slice).

In second-generation scanners, the tube-detector unit consists of an X-ray
tube and multiple detector elements. Again, the unit is translated across the field
of view while measuring the attenuation at equidistant positions. Similar to the first
generation this process is systematically repeated. However, the multiple detector
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Figure 2.18: The basic internal geometry of a third generation spiral CT-scanner:
(a) schematic overview and (b) picture.

elements allow a larger rotation interval, resulting in a reduced acquisition time (20
seconds/slice).

In third-generation scanners, the tube-detector unit consists of an X-ray tube
and a detector array covering the entire field of view. The unit continuously rotates
around the scanned object. From now on, the data are arranged in fans, hence the
name fan-beam geometry instead of parallel-beam geometry (0.5 seconds/slice).

In fourth-generation scanners, the detector elements are positioned stationary
on a full circle around the scanned object. The X-ray tube rotates on a concentric
circle. Unlike for the other generations, each view is now made up of one detector
element and a large number of tube positions (gray background in figure 2.17 (d)).
The number of views is defined by the number of detectors and the sampling density
within each view depends on the frequency at which the detector elements are
sampled.

Nowadays the third-generation geometry is by far the most successful. This
has two important reasons. Firstly, fourth-generation scanners require a larger
number of detector elements. Secondly, the fixed detector geometry makes it more
difficult to prevent scattered radiation (see below). The basic geometry of a third-
generation spiral CT-scanner is shown in figure 2.18. In front of the X-ray tube is
a collimator, which limits the transmitted X-rays to the selected slice and prevents
useless irradiation of the patient. A post-patient collimator is used to limit the
detected scattered radiation. Additionally, solid state detectors in third generation
scanners have external septa in between the detector elements in order to prevent
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detection of scattered radiation. Scanners with gas detectors do not have such in-
plane collimators because they are self-collimating. In fourth generation scanners
in-plane septa are rare. The reason is that the orientation of the detectors with
respect to the rotating tube continuously changes, which requires the septa to rotate
as well. The circle inscribed by the tube-detector fan determines the field of view.
Data and power are transmitted from and to the rotating tube-detector unit through
slip rings (not shown). These are sliding contacts which eliminate the mechanical
problems that would be implied by cables connecting fixed and rotating parts.

To terminate this chapter we briefly mention one other type of CT-scanner:
electron beam tomography (EBT), also called ultrafast CT1. Here, the X-ray tube -
until now a compact unit - has become an integrated part of the system. Electrons,
produced by an electron gun, pass through an electromagnetic focusing coil and are
bent electro-magnetically onto one of four tungsten target rings lying in the gantry
below the patient. The impact of electrons on the target rings produces X-rays that
are directed onto a double ring of cadmium tungstate detector elements located
in the gantry above the patient. The X-rays are tightly collimated before passing
through the patient. Each sweep of a target ring requires 50 ms and there is an
8 ms delay to reset the beam. This provides a temporal resolution of 17 frames
per second. These features make the EBT-scanner useful to produce images of the
beating heart. Recently, also third generation scanners are used for cardiac imaging,
by combining multi-slice CT with ECG triggering [78, 116].

2.8 Conclusion

In this chapter, we have described the basics of CT. For a more complete reference
on different aspects of CT, we refer to the literature [18, 56, 79, 108, 144, 145].
We have selected the topics that are most relevant to this thesis. Two aspects are
particularly important. Firstly, a perfect understanding is required of how data are
acquired in CT, including the underlying physical processes. This allows to build
a CT-simulator and to find causes of artifacts. Secondly, image reconstruction by
FBP (for fan-beam geometry) is used as the reference reconstruction algorithm
throughout the remainder of this work.

1see http://www.imatron.com
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Chapter 3

Simulator and simulations

3.1 Introduction

This chapter is based on [24] and presents a simulator and a simulation study to
investigate the causes of metal artifacts.

Several researchers have tried to remove metal artifacts using various approaches,
which are usually based on the assumption that measured data affected by metal
objects are useless for the reconstruction. These ‘corrupt’ data are either ignored
[127, 148] or replaced by synthetic data [82, 127]. In our opinion, a complete
understanding of the streak generation processes is indispensable for a well-founded
solution to the metal streak artifact problem. In CT literature, several causes of
(more general) streak artifacts are found: beam hardening [33, 34, 72, 74, 100, 124],
scatter [43, 76], trans-axial nonlinear partial volume effect [75], axial nonlinear
partial volume effect [45], noise [34], object motion [46], detector under-sampling
[77] and view under-sampling [73]. To investigate which of these causes are relevant
to metal artifacts with modern CT-scanners, we developed a CT-simulator and
we performed a number of measurements and simulations. Section 3.2 describes
the simulator. Section 3.3 describes a number of experiments for validating the
simulator. In section 3.4, several causes of artifacts are simulated separately. This
allows to study specific types of artifacts qualitatively and to determine which are
the most important causes of metal artifacts.

3.2 Simulator

The simulator is developed in IDL (Interactive Data Language, Research Systems
Inc., Boulder, Colorado). It uses a projector which is implemented in C for fast
computation. The simulator is based on a 2D fan-beam geometry (figure 3.1 (a)).
The third dimension, perpendicular to the scanning plane, is not taken into account.
Spiral artifacts [5, 109, 149] are beyond the scope of this thesis. For the simula-

31



32 Simulator and simulations

focal spot

FOV

fan-angle

detectors
β

α
center of
rotation

50cm

0.0677o

57
cm

0.6mm/0.8mm

10
0.

5c
m

52o

(a) (b)

Figure 3.1: Fan-beam scanner geometry: (a) schematic overview and (b) dimensions
for a Siemens Somatom Plus 4 CT-scanner.

Table 3.1: Example of a simulator script containing the geometrical parameters.

geo ; script type

768 ; number of detector elements

1056 ; number of views

0.908073 ; fan angle (radian)

50. ; FOV [cm]

0. ; start angle [radian]

57. ; distance from source to center of rotation [cm]

100.5 ; distance from source to detector [cm]

0.25 ; detector offset (fraction of detector element width)

0.06 ; width of the focal spot [cm]

tions described below, all geometrical parameters were adjusted to the Siemens
Somatom Plus 4 CT-scanner (figure 3.1 (b)). All simulation parameters are defined
in scripts. An example of a geometry script is shown in table 3.1.

The simulator is based on the calculation of the attenuation for a single pro-
jection line at a particular energy. This calculation is repeated a large number of
times: projection lines are grouped into X-ray beams, monochromatic simulations
are grouped into polychromatic simulations, and the calculation of polychromatic
X-ray beams is repeated for all detector elements and for all views. The attenuation
of a particular projection line is calculated by summing all pixel attenuation values
µj along that line. This is called the projection. The projection is implemented
like in [71] (figure 3.2): for a projection line i that is more vertical than horizontal
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i

d1 d2

j
d3

Figure 3.2: Projector: the intersection of the projection line with each row is cal-
culated, linear interpolation is performed between the two adjacent columns, the
interpolated pixel values are summed for all rows, and this sum is multiplied with
the intersection length of the projection line with one single row.

(θ ∈ [−45◦; 45◦] or θ ∈ [135◦; 225◦]), the following steps are performed:

• the intersection with each row is calculated,
• linear interpolation is performed between the two adjacent columns,
• the interpolated pixel values are summed for all rows,
• and this sum is multiplied with the intersection length d3 of the projection
line with one single row.

For all other projection lines (|θ| ∈]45◦; 135◦[), the same steps are performed swap-
ping rows and columns. The projection value for projection line i can be written as
a summation:

pi =
J∑
j=1

lijµj , (3.1)

where lij represents an effective intersection length of projection line i with pixel
j. Using the projection method described above, this effective intersection length is
defined as the product of the row (or column) intersection length and the interpo-
lation coefficient between the two adjacent columns (or rows). Using the notation
defined in figure 3.2, we have:

lij = d3 ·
d2

d1 + d2
(3.2)
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Figure 3.3: Quarter-detector offset: the focal spot is shifted laterally over a small
distance, so that the line connecting the focal spot and the center of rotation in-
tersects the detector row at a distance from the middle equal to one quarter of a
detector element. The resulting projection lines are interleaved with the opposite
projection lines obtained after 180◦ rotation.

and lij is zero for all pixels j that are not adjacent to projection line i.

CT-scanners often use a principle called quarter detector offset (figure 3.3) (de-
tector offset = 0.25 in table 3.1). The focal spot is shifted laterally over a small
distance, so that the line connecting the focal spot and the center of rotation in-
tersects the detector row at one quarter of a detector element from the middle.
The resulting projection lines and the opposite projection lines (obtained after 180◦

rotation) will be perfectly interleaved in the center of the FOV (dotted line). This
removes the redundancy inherent to a standard 360◦ fan-beam acquisition, and the
increased sampling density reduces aliasing artifacts.

For ease of computation, the X-ray source is modeled as a uniformly radiating
straight line. The finite sizes of the focal spot and the detector elements are modeled
by sampling at high resolution (typically 0.1mm or 0.2mm) followed by a summa-
tion of the photon flux over focal spot width (0.6mm) and detector element width
(1.2mm). This is shown schematically in figure 3.4 (a). The resulting photon inten-
sity is shown in figure 3.4 (b). Detector cross-talk is taken into account by including
samples from neighboring detector elements (figure 3.5). Based on measurements of
the point spread function (PSF) on the Siemens Somatom Plus 4 (section 3.3), this
overlap was estimated to be about 1/6 at both sides. The manufacturer confirmed
that this is a good estimate.

The continuous rotation of the tube-detector unit is simulated by sampling at
small angular (or temporal) intervals followed by a summation of the photon flux
over the view angle (or time) interval. This is shown in figure 3.6 (a-b). Simulations
show that this finite integration time has a large influence on the PSF (see sec-
tion 3.3.1). The time for one 360◦ rotation (0.75 s) divided by the number of views
(1056) gives the expected integration time (710 µs). Measurements of the PSF
on the Siemens Somatom Plus 4 (section 3.3) indicate that this integration time
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(a) (b)

Figure 3.4: (a) The finite sizes of the focal spot and the detector elements are mod-
eled by sampling at high resolution followed by a summation of the photon flux over
focal spot width and detector element width. (b) The resulting intensity distribution.

samples (incl.
1/6 overlap at
each side)

1 detector
element

Figure 3.5: Detector cross-talk is taken into account by including samples from
neighboring detector elements.

0.34o
710ms Σ Σ

(a) (b) (c)

Figure 3.6: (a-b) The continuous rotation of the tube-detector unit is simulated
by sampling at small angular (or temporal) intervals followed by a summation of
the photon flux over the view angle (or time) interval. (c) The after-glow effect is
modeled by adding to each view an appropriate number of samples from the previous
view.
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Figure 3.7: Example of a software phantom consisting of a water bowl with an iron
rod. Software phantoms are defined as the superposition of a number of basic objects,
each with its own size, position, composition, and resolution.

is about 66% higher than this expected value. We attribute this excess integra-
tion time to the ion collection time, this is the time needed for the ions to drift
towards the measuring electrodes in the Xenon detectors used in the Siemens So-
matom Plus 4 (they are now replaced by solid state detectors, which don’t have this
effect). The estimated 66% is in good agreement with the theoretical ion collection
time of 600µs calculated as tcoll =

(∆x)2

k V where ∆x is the inter-electrode distance,
V the applied voltage and k = 0.015 cm

2

V ·s the ionic mobility taken from [32]. This so-
called ‘after-glow effect’ is modeled by adding to each view an appropriate number
of samples (66%) from the previous view (figure 3.6 (c)).

Software phantoms are defined as the superposition of a number of basic objects,
each with its own size, position, composition, and resolution. An example of a
phantom definition for a water bowl containing an iron rod is shown in figure 3.7.
Every phantom part is defined by a foreground and a background substance. The
actual attenuation of a phantom part is calculated by subtracting the background
attenuation from the foreground attenuation. This allows to define phantom parts
contained within other, larger phantom parts. This superposition principle has the
advantage that for instance small metal objects can be simulated very accurately,
while saving computation time by using only relatively few pixels for the background
objects. More importantly, it allows to increase the number of simulated energies
with only marginal increase in computation time (see below). An example of a
simulator script containing the phantom definition is shown in table 3.2. Phantom
part type 2 is a circular phantom part. Phantom part type 6 is the water bowl
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ph ; script type

2 ; number of phantom parts

;

; phantom part 1

;

6 ; phantom part type

water ; substance

no ; background substance

256 ; image size [pixels]

25. ; part size [cm]

0. ; horizontal offset [cm]

0. ; vertical offset [cm]

;

; phantom part 2

;

2 ; phantom part type

Fe ; substance

water ; background substance

50 ; image size [pixels]

1.16 ; part size [cm]

4.05 ; horizontal offset [cm]

0.05 ; vertical offset [cm]

Table 3.2: Example of a simulator script containing the phantom definition. All
distances are w.r.t. the center of rotation.

phantom part (shape only), which is stored in a normalized bitmap.

In our simulator, the spectrum of the X-ray tube is modeled by summing a
number of monochromatic simulations. The spectrum in figure 3.8 is divided into
a number K of regions Rk with equal area. For each region, a monochromatic
simulation is performed using attenuation coefficients µk. Every µk is calculated as
a weighted average of the linear attenuation coefficient µ(E) over the corresponding
part of the spectrum:

µk =

∫
Rk

I0(E)µ(E) dE∫
Rk

I0(E) dE
, (3.3)

where I0(E) represents the simulated spectrum. Simulated spectra were provided
by Siemens for different tube voltages (140 kV in figure 3.8). These spectra include
the effect of physical pre-filtration of the X-ray beam and the detector response as
a function of energy (section 2.3). Linear attenuation coefficients µ(E) are obtained
from [68]1.

1http://physics.nist.gov/PhysRefData/
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Figure 3.8: Simulated spectrum for a nominal tube voltage of 140 kV. The poly-
chromaticity is modeled by summing a number of monochromatic simulations. The
spectrum is divided into a number of regions with equal area, and for every region,
a weighted average of the linear attenuation coefficients is calculated.

The simulator can be summarized in one formula, giving the intensity Ii detected
at projection line i:

Ii =
1
S

1
D

1
V

1
K

S∑
s=1

D∑
d=1

V∑
v=1

K∑
k=1

I0 · exp
(
−

P∑
p=1

[
µkp ·

Jp∑
j=1

lijpsdv · ρjp
])

, (3.4)

where S, D, V and K are the number of source samples, detector samples, view
samples, and energy levels respectively. I0 is the detected intensity in the absence of
absorber. µpk is the linear attenuation coefficient of phantom part p at energy k. P
is the number of phantom parts p. Jp is the total number of pixels in phantom part
p. lijpsdv is the interpolation coefficient for projection line i and pixel j in phantom
part p for source sample s, detector sample d, and view sample v. ρjp is the fill
fraction of pixel j in phantom part p. For instance, a bone insert p has µpk = µbonek .
In this phantom part, a pixel that is entirely filled with bone has ρ = 1. A pixel
with air has ρ = 0. The inner summation

∑
lijsdvpρjp is the actual projection.

lijsdvp depends on p because resolution and position can be chosen differently for
different parts.

The modular phantom definition allows to bring the index k outside the projec-
tion. This reduces the number of projections by a factor K and makes computation
time essentially independent of the number of energy levels. Of course, the modular
approach also introduces a factor P . However, P is usually much smaller than K,
and also – as stated above – Jp can be made relatively small for some phantom
parts, resulting in much faster projections.

Scatter, noise, and non-linearities are added retrospectively. In accordance with
[43, 76] a constant scatter profile is used for the simulations further in this chapter.
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sp ; script type

2 ; number of source samples

4 ; number of detector samples

6 ; number of view samples

1 ; number of detector overlap samples

4 ; number of view overlap samples

1 ; perform summation after exponentiation

0. ; scatter level (fraction of I0)

1.e5 ; blank-scan I0 [number of photons] (determines the noise level)

0 ; non-linearity (OFF=0, ON=1)

50 ; number of simulated energy levels

140. ; nominal tube voltage [kV]

70. ; the energy used if the simulation is monochromatic [keV]

Table 3.3: Example of a simulator script containing the simulation parameters.

Real scatter profiles usually contain very little high frequencies, and therefore, a
constant scatter profile is expected to be a good approximation, at least for the
purpose of simulating scatter artifacts. Alternative scatter models are discussed in
chapter 6. Poisson noise is approximated as a Gaussian pseudo-random realization,
with variance equal to the mean. According to the manufacturers, all non-linearities
inherent to the detector are perfectly compensated for. Therefore, the detector
response is assumed to be linear. An example of a script containing the simulation
parameters is shown in table 3.3.

3.3 Validation

3.3.1 PSF experiments

Several experiments were performed, both for exploring the properties of the scanner
and for validating the simulator. An iron wire with diameter ø = 0.7 mm was posi-
tioned at different locations in – and perpendicular to – the scanning plane. Differ-
ent setups are shown in figure 3.9. Measurements and simulations were performed.
This allowed to estimate the PSF of the acquisition for both the real CT-scanner
and the simulator. This PSF is defined as the projection of a point in the scan-
ning plane. The full width at half maximum (FWHM) of the PSF is calculated by
fitting a Gaussian. The PSF and its FWHM appear to be very view- and position-
dependent. Good agreement is obtained between measured and simulated FWHM
of PSF as a function of view angle (figure 3.10) (a). A good Gaussian fit of the PSF
was obtained in most projections, except where the projection of the wire coincides
with the border of the patient table. This explains the peaks in the measured curve.
The typical cyclic behaviour has an easy intuitive explanation. The width of the
PSF depends mainly on three parameters (figure 3.10 (b)): the distance IF from
the iron wire to the focal spot, the distance IC from the iron wire to the center of
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Figure 3.9: Several experiments were performed using thin iron wires positioned
perpendicular to the scanning plane.
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Figure 3.10: (a) FWHM of the PSF versus view number: measured (black) and sim-
ulated (gray). (b) Schematic representation of the position of the iron wire relative
to the COR and the focal spot.

rotation and the angle γ between −→
IF and −→

IC. Distance IF determines the beam
aperture and the distance between two consecutive beams at that particular loca-
tion I. This gives a cyclic behaviour with a period of one rotation (360◦). Distance
IC and angle γ determine the speed at which a beam sweeps by at that particular
position: vsweep = vangular · IC · |cos(γ)|. This gives a cyclic behaviour with a
period of a half rotation (180◦). Superposition of both cyclic behaviors explains the
behaviour in figure 3.10 (a).
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(a) (b)

Figure 3.11: Reconstructions of artifact-free simulations: (a) phantom 1: water
bowl with iron rod and (b) phantom 2: plexi plate with 3 amalgam fillings.

3.3.2 Phantom experiments

A number of phantoms were measured and simulated. Phantom 1 consists of a
water bowl and a cylindrical iron rod (ø = 11.6mm) positioned eccentrically in
the water. Phantom 2 consists of a plexiglas plate with three cylindrical amalgam
fillings (ø=1 mm, 2 mm, and 3 mm). Reconstructions from artifact-free simulations
are shown in figure 3.11. Note that the images are actually not entirely artifact-free,
but contain some low-level aliasing artifacts. Other similar plexiglas phantoms with
one and two amalgam fillings were scanned.

Two reconstruction algorithms were applied (see section 2.5.5). The first is the
direct fan-beam filtered backprojection algorithm from Herman [56, 57]. The sec-
ond reconstruction algorithm consists of a rebinner (see section 2.5.5), followed by
a parallel beam FBP. This was used only for validation of the direct fan-beam re-
construction. The results were identical, except for some extra smoothing with the
rebinning approach (not shown). The backprojector from section 2.5.1 is imple-
mented in C for fast computation. In all cases, a Hamming window with a cutoff
frequency of half the maximum frequency was applied, and the windowing interval
is µ = [0.1; 0.3] cm−1.

Figure 3.12 compares the measurements (top) with the simulations (bottom).
Good agreement is obtained for both phantom 1 and phantom 2. The artifacts in the
simulations are similar to those in the measurements, both qualitatively (by visual
comparison) and quantitatively (by comparing the mean values and the standard
deviations). This indicates that we can use the simulator to study the appearance
of different artifacts, and compare their relative importance.

3.4 Artifact simulations

A major advantage of a CT-simulator is the possibility to change some specific
properties that are always present or difficult to change in a real CT-scanner. In
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(a) (b)

(c) (d)

Figure 3.12: Validation of the simulator by comparing simulations (bottom) and
measurements (top) for phantom 1 (left) and phantom 2 (right).

particular, we are able to switch on/off beam hardening, scatter, noise, . . . . This
allows to make quasi artifact-free simulations like in figure 3.11, or to investigate
what is the effect of each of these causes separately. In the following paragraphs, a
number of causes of artifacts are explained and illustrated with simulations.

3.4.1 Noise

It is usually assumed that the main source of uncertainty results from the quantum
nature of the X-ray photons (quantum noise), and therefore that the photon counts
are Poisson-distributed [48, 63]. Noise is decreased by increasing the tube current (at
the expense of increased patient dose) or by increasing the voxel size (at the expense
of decreased spatial resolution). The statistical fluctuations on the measurements
cause fine dark or bright streaks along the corresponding projection lines after
reconstruction with filtered backprojection. These fine streaks are most prominent
in directions of high attenuation, as the signal-to-noise (SNR) ratio of the detected
intensity is relatively low there:

n ∼
√
I SNRI ∼

I√
I
∼

√
I ∼ exp(−p/2), (3.5)
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(a) (b)

Figure 3.13: Simulations with noise: (a) phantom 1 and (b) phantom 2.

(a) (b)

Figure 3.14: Measurements of phantom 2: (a) reconstruction of the averaged sino-
grams and (b) reconstruction of one single sinogram.

where n is the noise level, I is the noise-free intensity, and p is the noise-free projec-
tion value. This shows that the degree of error is a non-linear function of the total
attenuation p [34]. Note that effects such as beam hardening and scatter also have
an influence on the severity of the noise artifacts, as they alter p and I.

The easiest way to study noise artifacts is using simulations, by switching the
noise on/off. I0 was chosen in the order of 105 photons per detector: under these
circumstances, both the standard deviations on the intensities and the degree of
artifact were comparable to those in the measured data. Figure 3.13 shows the
simulations with noise for phantom 1 and phantom 2. Streaks are seen in directions
of highest attenuation, and connecting metal objects more in particular. This type
of streaks is also distinguishable in figure 3.12. Comparison with the noise-free
simulations in figure 3.11 shows the net effect of noise.

In order to study noise artifacts using measurements, a phantom was scanned
multiple times under identical circumstances. Averaging N measurements allows
to reduce the standard deviation of the noise by a factor

√
N . Figure 3.14 shows

the results for phantom 2. Comparing the reconstruction of the averaged sinograms
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(a) with a regular reconstruction (b) allows to identify the noise artifacts. As
expected, the noise streaks are strongly reduced by the averaging effect. Note that
this averaging can not be applied to patient scans because of the increased dose.

3.4.2 Beam hardening

When a polychromatic X-ray beam passes through matter, low-energy photons are
preferentially absorbed, as the linear attenuation coefficient generally decreases with
energy. As a result, the beam gradually becomes harder, i.e. its mean energy in-
creases (figure 3.15). The harder a beam, the less it is further attenuated. Therefore,
the total attenuation is no longer a linear function of absorber thickness. This is
schematically depicted in figure 3.16 for a homogeneous circular phantom: (a) shows
an intensity profile and (b) shows a projection (or attenuation profile), both as a
function of r (the location on the detector array, see chapter 2). For rays with little
or no attenuation, the values are similar for the monochromatic and the polychro-
matic case. For rays with higher attenuation, the error becomes larger. (c) shows
the projection value as a function of path length s through the absorber mate-
rial. For the monochromatic case (gray line), the projection value increases linearly
with path length. For the polychromatic case (black line), the projection value is
a non-linear function of the path length. Neglecting this effect leads to various
well-known beam hardening artifacts such as cupping, the apical artifact, streaks,
and flares [7, 24, 31, 33, 34, 35, 40, 103, 122, 132, 152, 154]. Figure 3.17 gives a
schematic representation of a patient. Vertical X-ray beams have short path lengths
and therefore give small negative errors on p. Most horizontal X-ray beams have
longer path lengths and therefore give larger negative errors. More importantly, the
presence of materials that are much denser than water – such as bone – will give
larger errors. As a result, dark beam hardening streaks are seen along projection
lines that are attenuated most (horizontal dark band in figure 3.17). A distinct but
related phenomenon is the cupping effect. X-ray beams that go through central
pixels always have a relatively long path length, while beams that go through ec-
centric pixels can have both short and long path lengths. As a result, pixel values
will always be depressed toward the center of an object.

The effect of beam hardening was investigated by comparing polychromatic and
monochromatic simulations. For the latter, the simulated energy E0 was chosen so
that the resulting intensities were in the same order of magnitude as in the poly-
chromatic case. Figure 3.18 shows the polychromatic simulations for phantom 1
and 2. For phantom 1, we observe dark streaks in the directions of highest atten-
uation. There is also a cupping effect, but this can not be seen with the current
windowing. In the case of metal inserts (phantom 2), additional dark streaks are
seen connecting the metal objects, corresponding to the directions of highest atten-
uation. The artifacts in these results are undoubtedly due to beam hardening, as
beam hardening is the only source of artifacts that is included with respect to the
artifact-free simulations in section 3.3.2. The results show that beam hardening is
an important source of artifacts, and of metal artifacts in particular.
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Figure 3.15: When a polychromatic X-ray beam passes through matter (left), low-
energy photons are preferentially absorbed, and the beam gradually becomes harder,
i.e. its mean energy increases.
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Figure 3.16: Schematic representation of monochromatic and polychromatic mea-
surements: (a) intensity profile, (b) attenuation profile (projection), and (c) projec-
tion value as a function of path length.

Figure 3.17: Schematic representation of a patient. Vertical X-ray beams have short
path lengths and therefore give small negative errors on p. Most horizontal X-ray
beams have longer path lengths and therefore give larger negative errors.

(a) (b)

Figure 3.18: Polychromatic simulations: (a) phantom 1 and (b) phantom 2.

3.4.3 Partial volume effect

3.4.3.1 Linear partial volume effect

If the volume represented by a voxel is only partly filled with a certain substance,
the reconstructed attenuation is a fraction of the attenuation of that particular
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Figure 3.19: Schematic example of the axial partial volume effect. The longitudinal
view (left) shows three lesions. The upper lesion entirely fills the slice. The middle
lesion only partially fills the slice. The lower lesion is completely outside the slice.
In the trans-axial image (right), the contrast of these three lesions is seen to be
proportional to the filled fraction of the slice.

substance. Generally, in first order approximation (or ignoring the non-linearity
due to the exponent inherent to transmission measurements), the reconstructed
voxel attenuation represents the volume-weighted average of the attenuations of all
substances present in that voxel. This effect is most prominent for axial averaging
(because the axial resolution is usually lower than the in-plane resolution), using
thick slices, and in the presence of strong z-gradients. It is commonly known as the
partial volume effect [3, 6, 44, 88, 153]. A schematic example is shown in figure 3.19:
A lesion that only partially fills a given slice (in axial direction), has lower contrast
in the corresponding trans-axial image.

3.4.3.2 Non-linear partial volume effect

A related phenomenon, that is much more important within the scope of our work
on metal artifacts, is the non-linear partial volume effect (NLPV). Consider two
voxels with attenuation coefficients µ1 and µ2, as shown in figure 3.20. The in-
going intensity is I0 and the out-going intensities are I1 and I2. On the detector,
the out-going intensities are averaged, resulting in intensity I. The total attenuation
is usually estimated by taking the logarithm of I:

µ = − ln I

I0
= − ln

( I1
I0
+ I2
I0

2

)
. (3.6)



48 Simulator and simulations

µ2µ1

I1 I2

I

I0

Figure 3.20: Schematic depiction of the non-linear partial volume effect. Assume
two voxels with different attenuation coefficients µ1 and µ2. The in-going intensity is
I0 and the out-going intensities are I1 and I2. The measured attenuation calculated
from the average intensity I is always an underestimation of the average attenuation.

What most reconstruction algorithms expect as input, is the average attenuation:

µ1 + µ2
2

=
1
2
(
− ln I1

I0
− ln I2

I0

)
= − ln

√
I1
I0

I2
I0
. (3.7)

For any two positive numbers a and b, it can be proven that (a + b)/2 ≥
√
ab.

Therefore, if µ1 �= µ2, it follows from equations (3.6) and (3.7) that µ is an under-
estimation of (µ1 + µ2)/2.

Now consider an ideal attenuation profile p(�r) and a corresponding intensity
profile

I(�r) = I0 · exp(−p(�r)), (3.8)

both function of a position vector �r. It can then be shown (see appendix A.3) that,
if p(�r) is not constant over a region R, then

− ln Ī

I0
< p̄, (3.9)

where Ī and p̄ are the averages of I(�r) and p(�r) over the region R:

Ī =

∫∫
R
I(�r)d�r∫∫
R d�r

(3.10)

p̄ =

∫∫
R
p(�r)d�r∫∫
R d�r

. (3.11)

In practice, this means that a gradient perpendicular to the direction of an X-
ray beam causes a negative error in the corresponding estimated projection value.
These theoretical findings can be applied to both axial and trans-axial gradients.
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(a) (b)

Figure 3.21: Simulation with the NLPV effect: (a) phantom 1 and (b) phantom 2.

3.4.3.3 Transaxial non-linear partial volume effect

The trans-axial NLPV effect (tNLPV) [75, 138] results from averaging over the
beam width, or more in particular over the in-plane width of the focal spot, over
the in-plane width of the detector elements, and also – not to forget – over the
rotation interval corresponding to one single view. The tNLPV effect manifests
as dark streaks tangent to sharp edges, hence the names exponential edge-gradient
effect [75] and edge-induced streaking artifact [138]. In this thesis, the tNLPV
effect is investigated using two simulation modes. The standard simulation mode
performs summation of the beam samples after exponentiation, i.e. it uses intensity-
averaging. This is the most realistic simulation mode, and it includes the tNLPV
effect. Alternatively, the summation of the beam samples can be performed before
exponentiation, i.e. using attenuation-averaging. This eliminates the tNLPV effect.
The simulation formula from eq.3.4 becomes:

Ii =
1
K

K∑
k=1

I0 · exp
(
− 1

S

1
D

1
V

S∑
s=1

D∑
d=1

V∑
v=1

P∑
p=1

[
µkp ·

Jp∑
j=1

lijpsdv · ρjp
])

. (3.12)

Additionally, detector cross-talk and afterglow, which result in increased tNLPV
effect, can be taken into account by extending the summation intervals.

Figure 3.21 shows the simulations with the NLPV effect. For phantom 1, no
streaks are observed. For phantom 2, dark streaks are seen connecting edges with
equally-signed gradients, while bright streaks are seen connecting edges with oppo-
site gradients. Using different windowing, dark streaks are seen along the edges of
the plexi plate (not shown). Additionally, a number of streaks are seen radiating
from the metals.

3.4.3.4 Axial non-linear partial volume effect

The axial NLPV effect results from averaging over the slice width, or more in
particular over the axial width of the focal spot and over the axial width of the
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Figure 3.22: Schematic example of the axial non-linear partial volume effect. The
longitudinal view (left) shows two rods that partially intersect the scanned slice. The
trans-axial image (right) shows dark streaks connecting the rods.

detector. This is addressed in [45, 47, 60, 64, 131]. Figure 3.22 shows an example
of two rods that partially intersect the scanned slice. The strongest gradients occur
for projection lines that pass through both rods. The trans-axial image shows a
dark streak connecting both rods. Figure 3.23 shows an example of two rods that
partially intersect the scanned slice, but now from opposite sides. The gradients
will now compensate each other only along projection lines that pass through both
rods, while for all other projection lines the error is still present. The trans-axial
image shows a bright streak connecting both rods. This is the result of a negative
error over the entire image, except between the rods.

Some simple simulations (not shown) showed that axial gradients also cause
severe artifacts. We chose to focus on the tNLPV effect first; reduction of the axial
NLPV effect is beyond the scope of this thesis. Equivalently, we limited ourselves to
metal artifacts in the absence of axial gradients or using infinitely thin slices. The
axial NLPV effect is essentially very similar to the tNLPV effect, and we expect that
the extension to the axial NLPV effect will be relatively straightforward. However,
unlike the tNLPV effect, the axial NLPV effect requires 3D algorithms, resulting in
much larger computation times.

3.4.4 Scatter

Many photons that penetrate an object are subject to Compton scatter (see sec-
tion 2.3.2). They are deviated from their original direction. Obviously, these pho-
tons are useless for the reconstruction, and care must be taken that they don’t
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Figure 3.23: Schematic example of the axial non-linear partial volume effect. The
longitudinal view (left) shows two rods that partially intersect the scanned slice from
opposite sides. The trans-axial image (right) shows bright streaks connecting the
rods.
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Figure 3.24: Schematic representation of measurements with and without scatter:
(a) intensity profile, (b) attenuation profile (projection), and (c) projection value as
a function of path length.

contaminate the measurement. This is achieved by post-patient collimation and by
septa between the detector elements. Nevertheless, a portion of the measurement
will still be made up of scattered photons. As the directional information of these
photons is largely lost in the scattering process, scatter profiles will be relatively
smooth. Sometimes the scatter contribution is even approximated by a constant
[43]. Figure 3.24 depicts schematically what happens: (a) shows a measured inten-
sity profile and (b) shows a measured projection, both as a function of r. In the
intensity profile, the scatter contribution results in a simple addition of a constant
Isc. The relative error will of course be small for rays with little or no attenua-
tion, and large for rays with high attenuation. Accordingly, the (negative) error in
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(a) (b)

Figure 3.25: Simulations with scatter: (a) phantom 1 and (b) phantom 2.

the projection profile will be larger for high attenuation. (c) shows the projection
value as a function of path length s through the absorber material. Similar to beam
hardening, the projection value is a non-linear function of path length [43, 76]. This
curve even has an upper limit, as there is always a minimum number of (scattered)
photons reaching the detectors: pmax = ln(I0/Isc). Due to the non-linear behaviour,
the qualitative nature of the scatter artifacts is similar to beam hardening. Streaks
in the direction of highest attenuation and cupping are the most prominent artifacts.

The effect of scatter was investigated by choosing a constant scatter intensity
equal to 0.0001 times the blank scan I0. Assuming a blank scan value of 106

photons per detector element (t.i. the number of photons detected in the absence
of absorber), the number of scattered photons per detector element would be 100.
Figure 3.25 shows the simulations with added constant-level scatter. For phantom 1,
we observe dark streaks in the directions of highest attenuation. Again, also cupping
is present but not visible with the current windowing. For phantom 2, additional
streaks connecting the metal objects are seen. Even a very small scatter fraction
causes significant streaks. Also some bright streaks are present bordering the dark
streaks. They originate from the negative values in the reconstruction kernel, and
they compensate the negative values from the dark streaks.

3.4.5 Motion

Several types of object motion exist: continuous motion, pulsating motion, discrete
motion. All types of motion have in common that they cause inconsistencies in
the measurements, but different types of motion cause different types of artifact.
Motion artifacts were investigated, by combining two simulations of phantom 1.
The iron rod was positioned at two slightly different positions (1.4 mm apart). A
new sinogram was obtained by merging a subset of views from the first simulation
with a subset of views from the second simulation, as shown in figure 3.26 (a).
Figure 3.26 (b) shows the reconstruction for phantom 1. The indices 1, 2, 3, and 4
indicate the positions of the tube at the beginning and end of both subsets. Streaks
connect the moving object and the position of the focal spot at the moment of the
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Figure 3.26: (a) Object motion is simulated by merging sinogram parts from two
simulations, with the moving object at two slightly different positions. (b) Recon-
struction of phantom 1 with motion of the iron rod. Streaks connect the moving
object and the position of the focal spot at the moment of the object motion and at
the beginning (or end) of the scan.

object motion (between view 2 and view 3) and at the beginning (or end) of the
scan (between view 4 and view 1). These are the two places corresponding to an
inconsistency. For simulating a continuous object motion, this method could be
repeated a large number of times for slightly different object positions. A detailed
study of motion artifacts is beyond the scope of this work. Ever increasing acqui-
sition speed decreases the probability of motion artifacts. Therefore, we limited
ourselves to metal artifacts in the absence of motion.

3.4.6 Aliasing

When samples are taken from a continuous signal, care must be taken to avoid
aliasing. The Nyquist criterion states that the sampling frequency must be at least
twice the highest frequency in the continuous signal. In CT, it is not straightforward
to determine the minimum number of views and detector readouts. They depend on
several factors, such as the scanned object, the beam width, the used reconstruction
kernel, . . . [8, 9, 22, 41, 70, 73, 77, 133, 142, 150]. In practice, aliasing artifacts are
always present, at least at a very low level. Several approaches exist to reduce
aliasing artifacts: quarter detector offset (section 3.2), flying focal spot (the focal
spot is making a sinusoidal movement in order to improve sampling), or applying a
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nrdet = 768

nrviews = 1056

(a) (b)

Figure 3.27: Throwing away measurements from every second detector element (a)
results in severe detector aliasing streaks (b).

nrdet = 768

nrviews = 1056

(a) (b)

Figure 3.28: Throwing away measurements at every fourth view angle (a) results in
severe view aliasing streaks (b).

low-pass filter to the measurements before reconstruction.

We investigated aliasing artifacts by using only a subset of the data from an
artifact-free simulation and reconstructing this reduced data set. Figure 3.27 shows
a simulation of phantom 1 using only half of the detectors for the reconstruction.
Clearly, typical artifacts due to detector under-sampling (circular patterns tangent
to sharp edges) are seen. Similarly, figure 3.28 shows a simulation of phantom 1
using only a quarter of the views for the reconstruction. Again typical artifacts
due to view under-sampling (streaks starting at a certain distance from the center)
are observed. Note that even in the ‘artifact-free’ simulations (figure 3.11), aliasing
errors (such as Moiré patterns) are present, but they are hardly visible with the
current windowing. This allows to conclude that - with respect to metal artifacts -
aliasing is less important than beam hardening, noise, scatter, and the NLPV effect.
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3.5 Conclusion

In this chapter, a high-resolution 2D CT-simulator was presented and validated.
The simulator allowed us to estimate a number of parameters such as detector
cross-talk and afterglow. Very realistic simulations are obtained. We focussed on
one type of CT-scanner, but the simulator is easily applicable to different geometries,
for instance to micro-CT-scanners [12]. A number of artifacts were studied based on
measurements and simulations. Although we based ourselves on one specific scanner
type, the physical processes behind the studied artifacts are very general and the
conclusions apply to all modern CT-scanners. We have shown that all investigated
causes of streaks are effectively able to produce streaks. The most important causes
of metal artifacts were found to be noise, beam hardening, the NLPV effect, and
scatter. In the absence of metal objects all these effects still result in artifacts, but
to a lesser extent. Both motion artifacts and artifacts due to axial gradients need
further attention but are beyond the scope of this thesis.
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Chapter 4

Iterative reconstruction

4.1 Introduction

In section 2.5 we described direct Fourier reconstruction and reconstruction by fil-
tered backprojection. These are transform methods: they are based on an analytical
inversion of the Radon transform and give a one-step solution. If applied to ideal
projections, i.e. projections with an infinite number of samples, a vanishing X-ray
beam width, and without noise, beam hardening, scatter or other imperfections,
then these algorithms result in an ideal reconstruction. In practice, the continuous
formulation of these algorithms is discretized, allowing to calculate a discrete image
from a discrete set of projection values.

A totally different approach is used in iterative reconstruction. Here, we start
from discrete representations of both the image and the measurement. An image,
say µ(x, y), is written as a finite linear combination of base functions fj(x, y):

µ(x, y) =
J∑
j=1

µj · fj(x, y). (4.1)

The most obvious solution is to use a square pixel basis. In this case µj represents
the value of pixel j, and fj(x, y) = 1 within the support of pixel j and 0 elsewhere.
However, many other approaches exist, such as the method of sieves [139, 140],
spherically symmetric volume elements [95], and natural pixels [65]. We use the
vector �µ to denote the set of pixel values {µj}Jj=1, and �y to denote the measurements
{yi}Ii=1.

Based on this representation, we can define a discrete forward model of the
acquisition. Given an image �µ, the expected number of detected photons can be
written as

ŷi = bi · exp(−
J∑
j=1

lijµj), (4.2)

57
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Figure 4.1: General iterative reconstruction scheme. Starting from the current re-
construction, a sinogram is calculated. A measure for the sinogram error is trans-
formed to the image domain. The reconstruction is updated in a way that reduces
the sinogram error.

where bi is the number of photons that would be detected in the absence of absorber
(blank scan), and lij is the effective intersection length of projection line i with
pixel j (see section 3.2). bi is usually obtained by a calibration scan.

In reality, the measurements yi deviate from their expected values due to statis-
tical fluctuations (see section 3.4.1). We could neglect this error and approximate
ŷi by yi. �µ can then be estimated by solving eq.(4.2). This comes down to solving
a set of I equations in J unknowns. The most common approach to do this, is
to divide both sides of eq.(4.2) by bi, take the logarithm, and apply a transform
method (see section 2.5) to invert the Radon transform. Usually, an exact solution
does not exist or is not acceptable, for instance because it is too noisy. Transform
methods try to accommodate for this be filtering out the highest frequencies before
reconstruction (see chapter 2).

In iterative reconstruction, the deviation of yi from ŷi is really taken into ac-
count, usually by using a statistical model to describing yi as a function of ŷi. The
reconstruction problem is tackled in two steps. First, an objective function is de-
fined, and second, this objective function is optimized. Many different objective
functions exist (e.g. minimum least squares error, maximum likelihood, . . . ) and
many different ways to optimize these objective functions (steepest ascent, conju-
gate gradients, . . . ). Usually, this results in an iterative optimization algorithm
with an update scheme like in figure 4.1. Starting from an initial – often blank – im-
age, the corresponding sinogram is calculated. The calculated sinogram is compared
to the measured sinogram. The sinogram error is transformed back to the image
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domain and subtracted from the current reconstruction. This process is repeated a
number of times until a good reconstruction is obtained.

Although widely used in nuclear medicine (PET and SPECT), iterative recon-
struction has not yet penetrated in CT. The main reason for this is that data
sets in CT are much larger than in nuclear medicine, and iterative reconstruction
then becomes computationally very intensive. Compared to filtered backprojection,
which is currently the standard reconstruction method in CT, computation times
in iterative reconstruction are easily 10 to 1000 times higher. Furthermore, many
iterative algorithms have a statistical basis. Count rates are much lower in nuclear
medicine, resulting in increased noise. This explains the stronger need for a statis-
tical approach in nuclear medicine. However, iterative reconstruction is promising
for some specific topics in CT, such as artifact reduction and low dose CT, and ever
increasing computer capacity is bringing iterative reconstruction within reach.

In this chapter we discuss the aspects of the maximum likelihood approach in
transmission tomography that are most relevant for this thesis. Section 4.2 describes
the general approach. Section 4.3 describes the ML-TR algorithm, which forms the
base of all iterative reconstruction algorithms presented in chapter 5. Section 4.8
describes the implementation, and the projector-backprojector in particular. Fi-
nally, section 4.9 presents a simulation study (based on [109]) that investigates the
possible benefit of iterative methods for CT.

4.2 Maximum likelihood for transmission tomog-
raphy

The basic idea of the maximum a posteriori (MAP) approach is the following: given
a set of transmission measurements �y, find the distribution of linear attenuation
coefficients �µ that maximizes the probability P (�µ|�y). Bayes rule states:

P (�µ|�y) = P (�y|�µ) · P (�µ)
P (�y)

. (4.3)

The term P (�y) is independent of �µ and can therefore be omitted. The term P (�µ)
contains prior information about the image (see section 4.6). If no prior information
is available, the problem reduces to optimizing P (�y|�µ), which is called themaximum-
likelihood (ML) approach [92, 105, 128, 129, 137]. As the statistical variations on
the measurements yi are mutually independent, P can be factorized:

P (�y|�µ) =
I∏
i=1

P (yi|�µ). (4.4)

Instead of optimizing this expression, we can also optimize its logarithm, as the
logarithm is a monotonic function. This results in the log-likelihood (logarithm of
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the likelihood):

lnP (�y|�µ) =
I∑
i=1

lnP (yi|�µ). (4.5)

It is usually assumed that the main source of uncertainty results from the quantum
nature of the X-ray photons (quantum noise), and therefore that the photon counts
are Poisson-distributed [48, 63]. A Poisson distribution y with mean ŷ is described
by

P (y|ŷ) = ŷye−ŷ

y!
. (4.6)

As the probability of measuring yi depends only on its expected value ŷi based on
the image �µ, we have

P (yi|�µ) = P (yi|ŷi). (4.7)

Combining equations (4.5), (4.6) and (4.7), and omitting the constant term, we
obtain the following objective function:

L =
I∑
i=1

(
yi · ln ŷi − ŷi

)
. (4.8)

Given a distribution �µ of the linear attenuation coefficient, we need a model
of the acquisition to calculate ŷi, the expected value of yi. A simple acquisition
model for transmission tomography is given by eq.(4.2). The aim is now to find a
distribution �µ that maximizes

L =
I∑
i=1

(
yi · ln

(
bi · exp(−

J∑
j=1

lijµj)
)
− bi · exp(−

J∑
j=1

lijµj)
)
. (4.9)

Unlike in emission tomography, the unknowns µj are inside an exponential,
which makes optimization less trivial. One possible solution is to apply the expec-
tation maximization method [30]. The maximization step leads to a transcendental
equation, which can be solved by approximation as a truncated series expansion [92].
This results in complex iterations and requires a dedicated projector/backprojector.
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4.3 ML-TR

A simple gradient ascent algorithmwas proposed by Nuyts et al [25, 109, 110]: Given
the current reconstruction �µn, L is approximated by a truncated series expansion:

L(�µ) = � T1(�µ; �µn)

= L(�µn) +
J∑
j=1

∂L

∂µj

∣∣∣
*µn
(µj − µnj )

+
J∑
j=1

J∑
h=1

1
2

∂2L

∂µj∂µh

∣∣∣
*µn
(µj − µnj )(µh − µnh). (4.10)

Because the second derivatives of L are always negative and because

2(µj − µnj )(µh − µnh) ≤ (µj − µnj )
2 + (µh − µnh)

2, (4.11)

it follows that
J∑
j=1

J∑
h=1

1
2

∂2L

∂µj∂µh

∣∣∣
*µn
(µj − µnj )(µh − µnh)

≥
J∑
j=1

J∑
h=1

1
2

∂2L

∂µj∂µh

∣∣∣
*µn
(µj − µnj )

2. (4.12)

This allows the introduction of a function T2 in which the variables are separated:

T1(�µ; �µn) ≥ T2(�µ; �µn)

= L(�µn) +
J∑
j=1

∂L

∂µj

∣∣∣
*µn
(µj − µnj )

+
J∑
j=1

J∑
h=1

1
2

∂2L

∂µj∂µh

∣∣∣
*µn
(µj − µnj )

2. (4.13)

Thus we obtain the following relations:

L(�µn) = T1(�µn; �µn) = T2(�µn; �µn)
L(�µ) � T1(�µ; �µn) ≥ T2(�µ; �µn). (4.14)

Consequently, an iteration that updates �µn to �µ by maximizing T2, increases T1
(unless �µ = �µn) and should increase L if the quadratic approximation (4.10) is
sufficiently accurate. Maximizing the quadratic function T2 is trivial since each
term depends on exactly one variable µj . Setting the derivatives with respect to µj
to zero yields:

µj = µnj −
∂L
∂µj

∣∣
*µn∑J

h=1
∂2L

∂µj∂µh

∣∣
*µn

. (4.15)
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Substituting eq.(4.8) in eq.(4.15) results in the following update step:

µn+1j = µnj +
∑I
i=1 lij · (ŷi − yi)∑I

i=1 lij ·
[∑J

h=1 lih
]
· ŷi

, (4.16)

where ŷi is given by eq.(4.2). The sinogram error (ŷi−yi) is backprojected, divided
by the backprojection of a scaled version of the calculated sinogram, and added
to the current reconstruction. This is called the ML-TR (Maximum-Likelihood
for TRansmission) algorithm. A very similar update step is obtained for emission
tomography [113]. ML-TR forms the basis of all iterative algorithms discussed
further in this work.

4.4 Alternative derivation

Fessler et al [38] have derived a class of algorithms that monotonically increase
the likelihood. The likelihood is optimized by using surrogate functions similar
to De Pierro [28, 29] and by applying Jensen’s inequality. ML-TR appears to be
a member of that class of algorithms, by omitting the scatter term, omitting the
prior, updating all pixels simultaneously, and choosing αij = lij/

∑J
h=1 lih (see

section IV.A of [38]). Note that in [38], the calculated sinogram ŷi is approximated
by the measured sinogram yi in the denominator. The advantage is that one can
then precompute the denominator prior to iterating. In the neighborhood of the
optimum, both formulas are equivalent. If however the initial estimate is far from
the optimal solution, the approximation leads to slower convergence. We have not
applied this approximation.

In what follows we repeat the derivation of [38], using our particular assump-
tions. First define hi(p) as

hi(p) = yi ln
(
bie

−p)− bie
−p (4.17)

so that the objective function eq.(4.9) can be written as

L =
I∑
i=1

hi(
J∑
j=1

lijµj). (4.18)

The key step is to note that

J∑
j=1

lijµj =
J∑
j=1

lij∑J
h=1 lih

·
[
(
J∑
h=1

lih)(µj − µnj ) +
J∑
h=1

lihµ
n
h

]
. (4.19)

Jensen’s inequality states that for a function f(x) which is convex over a region R,
and a set of values {xi|xi ∈ R}:

E{f(xi)} ≤ f(E{xi}), (4.20)
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or the mean of the function f is smaller than or equal to the function f of the
mean. Substituting eq.(4.19) in eq.(4.18), and applying Jensen’s inequality (as hi
is convex), gives

L(�µ) ≥ Q(�µ; �µn)

=
J∑
j=1

I∑
i=1

lij∑J
h=1 lih

· hi
(
(
J∑
h=1

lih)(µj − µnj ) +
J∑
h=1

lihµ
n
h

)
(4.21)

and

L(�µn) = Q(�µn; �µn). (4.22)

According to De Pierro’s optimization transfer idea [28, 29], we can now maximize
the surrogate function Q(�µ; �µn) in order to try to maximize L(�µ). This is a 1D
optimization problem, which is solved numerically using Newton-Raphson’s method:

µn+1j = µnj +
∂Q(*µ;*µn)
∂µj

∣∣
*µn

−∂2Q(*µ;*µn)
∂µ2

j

∣∣
*µn

. (4.23)

Comparing ∂Q(*µ;*µn)
∂µj

∣∣
*µn and

∂2Q(*µ;*µn)
∂µ2

j

∣∣
*µn with

∂L(*µ)
∂µj

∣∣
*µn and

∂2L(*µ)
∂µ2

j

∣∣
*µn respectively

shows that eq.(4.23) and eq.(4.15) are equivalent.

4.5 Scatter

Iterative reconstruction algorithms can easily be adapted to take into account scat-
ter. If a scatter estimate is available (from a measurement or a simulation), instead
of subtracting it from the measurements, it can be used as an input of the recon-
struction algorithm. This approach is routinely used in nuclear medicine, where the
scatter can be estimated more easily thanks to the energy-discriminating detectors.
It has the advantage that the noise characteristics of the scatter itself are taken into
account. We now show how ML-TR is adapted to take into account scatter. The
acquisition model of eq.(4.2) is extended with a known scatter term Si:

ŷi = bi · exp(−
J∑
j=1

lijµj) + Si. (4.24)

Following the same derivation as in section 4.3, the following update formula is
obtained

µn+1j = µnj +

∑I
i=1 lij ·

ŷi−Si

ŷi
· (ŷi − yi)∑I

i=1 lij ·
[∑J

h=1 lih
]
· (ŷi − Si) ·

(
1− yiSi

ŷ2i

) , (4.25)

where ŷi is now given by eq.(4.24). Note that eq.(4.16) can be seen as a special case
of eq.(4.25), by assuming Si ≡ 0.
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4.6 Gibbs priors

The maximum-likelihood approach has the drawback that images become increas-
ingly non-smooth as the iteration number increases, in particular when the mea-
surements are very noisy. This can be solved by post-smoothing the image, at the
expense of spatial resolution. Other authors propose to initialize the algorithm with
a smooth estimate and to terminate the algorithm before convergence [97]. Another
solution consists in choosing smoother basis functions instead of square pixels (see
above). Many authors use a MAP approach based on Markov Random Field (MRF)
Gibbs priors [42, 51, 106]. We explain this method in more detail.

In section 4.2 it was assumed that no prior information is available, in which
case the MAP estimation reduces to ML estimation. We now consider the case were
the factor P (�µ) is not constant. We use the following MRF Gibbs prior

P (�µ) =
1
Z
exp

(
− β

J∑
j=1

J∑
h=1

wjhV (µh − µj)
)
, (4.26)

where β is a parameter that influences the degree of smoothness of the estimated
images and Z is a normalizing constant. V is the potential function. wjh is inversely
proportional to the Euclidean distance between pixels j and h, and is zero if h = j
or h /∈ Nj . Nj denotes the set of neighbors of pixel j. Several choices exist for the
potential function. The quadratic function

V (µ) = µ2 (4.27)

penalizes large differences. Geman and McClure [42] proposed the function

V (µ) =
µ2

δ2 + µ2
, (4.28)

where δ is a positive constant. This function goes asymptotically to 1 and prevents
that large differences (which are likely to occur around edges) are considered too
unlikely. This function is not convex and therefore can lead to local maxima. Others
prefer to use the Huber function [106, 112]

V (µ) =

{
µ2

2δ2 for |µ| � δ
|µ|−δ/2
δ for |µ| � δ,

(4.29)

where δ is a positive constant. This function becomes linear in µ for |µ| � δ and
is a compromise between the two previous choices. It is relatively edge-preserving
(like the Geman prior) and it is convex (like the quadratic prior). Convexity has
the advantage that the prior does not introduce local maxima [37].

Substituting eq.(4.26) in eq.(4.3) leads to the following objective function:

L =
I∑
i=1

(
yi · ln ŷi − ŷi

)
− β

J∑
j=1

J∑
h=1

wjhV (µh − µj). (4.30)
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Applying update step (4.15), the following MAP algorithm is obtained:

µn+1j = µnj +

∑I
i=1 lij · (ŷi − yi) + β

∑J
h=1

∂V
∂µ (µh − µj)∑I

i=1 lij ·
[∑J

h=1 lih
]
· ŷi

. (4.31)

A more conservative update step is given by

µn+1j = µnj +

∑I
i=1 lij · (ŷi − yi) + β

∑J
h=1

∂V
∂µ (µh − µj)∑I

i=1 lij ·
[∑J

h=1 lih
]
· ŷi + β

∑J
h=1

∂2V
∂µ2 (µh − µj)

. (4.32)

If the prior term is relatively important (e.g. large β), than this version is more
stable.

4.7 Ordered subsets

Hudson and Larkin invented the method of ordered subsets (OS) [67], which dra-
matically increases the speed of the ML-EM (maximum likelihood expectation max-
imization) algorithm [137]. A very similar approach is formed by the block-iterative
versions [13, 14, 15] of the simultaneous multiplicative algebraic reconstruction tech-
nique (MART) and ML-EM.

The OS method groups projection data into an ordered sequence of subsets.
An iteration of ordered subsets is defined as a single pass through all the subsets,
in each subset using the current reconstruction to calculate the update step with
that data subset. The convergence of OS is guaranteed only if an exact solution
exists (a reconstruction so that ŷi ≡ yi). If no exact solution exists, OS results in
a limit cycle [14]. Convergence can be enforced by using under-relaxation [11] or
by adapting the projection data once a limit cycle is reached [14]. Several authors
have adapted the OS method for transmission tomography [36, 85]. We apply it to
ML-TR, yielding ML-OSTR [109].

One important parameter in OS is the choice of subsets. Hudson and Larkin
[67] make a distinction between:

non-overlapping subsets: all subsets are mutually exclusive and their union
equals the complete set of projection data.

cumulative subsets: every subset is contained within the following subset.

standard: there is only one subset containing all the projection data, this is equiv-
alent to not using OS.

In this work we always use the following guidelines for defining subsets:

• The subsets are non-overlapping.
• The number of subsets is decreased as iteration number increases (for im-
proved convergence).
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• The views within one subset are equally spaced.
• Consecutive subsets are mutually as different as possible (e.g. by choosing the
views midway between these in the previous subset).

4.8 Practical implementation

All reconstruction algorithms discussed in this work are implemented in IDL. The
projection and backprojection, which form the core of all iterative algorithms, are
implemented in C for faster computation. A parallel-beam projector-backprojector
is available [111], which was developed for nuclear medicine (PET, SPECT). How-
ever, in modern CT-scanners, the acquired data are not ordered in parallel subsets
but in fans. Therefore, two approaches were followed:

• A rebinner was implemented to convert fan-beam data into parallel-beam data
(and vice versa) (see section 2.5.5). This allowed us to re-use the parallel-beam
projector-backprojector and all inherently parallel-beam algorithms.

• A fan-beam projector-backprojector was implemented, allowing to use dedi-
cated fan-beam reconstruction algorithms.

Both methods gave comparable results for FBP. In the remainder of this thesis, the
second approach is used, unless where stated differently. A pixel-driven backpro-
jector – used for FBP – is described in section 2.5.1. The fan-beam projector and
backprojector used in iterative reconstruction are ray-driven: the (back-)projection
of one single line is performed for all sinogram pixels. The projection is described
in section 3.2. The corresponding ray-driven backprojector (figure 4.2) performs
the transpose operation. The backprojected value is added to all pixels that are
adjacent to projection line i, using a multiplication with lij .

4.9 Iterative reconstruction for CT

4.9.1 Introduction

This section is based on [109] and presents a simulation study that investigates the
possible benefit of iterative methods for spiral CT (see section 2.6), regardless of
any speed considerations. In current clinical systems, the 3D sinogram is converted
using linear interpolation (see section 2.6) to a set of approximate 2D sinograms,
which are reconstructed with filtered backprojection (FBP). If rays coming from
opposite directions are also used, this is called 180◦-interpolation. However, the in-
terpolation reduces the axial resolution. Moreover, this method is only approximate,
and artifacts may be produced in regions with high axial gradients. In this section,
iterative reconstruction algorithms for helical CT are derived from two-dimensional
reconstruction algorithms, by adapting the projector/backprojector to the helical
orbit of the source, and by constraining the axial frequencies with a Gaussian sieve
[139, 140].
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Figure 4.2: The ray-driven backprojector performs the transpose operation of the
ray-driven projector described in chapter 3. The backprojected value is multiplied
with the row/column intersection length and added to all pixels that are adjacent to
the (back)projection line, using linear interpolation.

4.9.2 Reconstruction algorithms

The following algorithms have been included in this study:

• NN180: 180◦ nearest neighbor interpolation FBP

• LIN180: 180◦ linear interpolation FBP

• ILIN180: iterated 180◦ linear interpolation FBP

• ML-EM

• ML-TR

The first two methods are included for comparison. LIN180 is the current stan-
dard in clinical practice. NN180 produces better axial resolution, but at the cost
of more severe reconstruction artifacts near axial gradients. ILIN180 is a heuristic
algorithm based on iterative filtered backprojection [123], which is expected to con-
verge faster than the maximum likelihood methods. ML-TR treats the transmission
data as realizations from a Poisson distribution. ML-EM, on the other hand, is de-
signed for emission tomography, and treats the log-converted sinograms as Poisson
data. This assumption is wrong. However, ML-EM is known to be a robust al-
gorithm (at least at low iterations numbers): it is less sensitive to inconsistencies
in the sinograms than e.g. FBP. Comparison between ML-TR and ML-EM is of
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interest, since it helps to find out whether the power of the ML-method is in its
robustness or in its accurate noise model.

In the FBP-based methods (NN180, LIN180, ILIN180), the high frequency noise
is suppressed by convolving the reconstructed slices with a 2D Gaussian convolution
mask. In the iterative methods (ILIN180, ML-EM, ML-TR), noise is suppressed
by stopping the iterations before convergence is obtained. For NN180 and LIN180,
the standard deviation of the Gaussian smoothing is varied from 0 to 3 pixels. For
ML-EM and ML-TR, the number of iterations is varied. For ILIN180, both the
number of iterations and the width of the Gaussian mask are varied.

Because of the helical orbit and because of the finite slice thickness, the mea-
surement has a limited axial resolution. As the number of reconstructed planes is
arbitrary, axial constraining is required. Therefore, we use the method of sieves
[139, 140]. We defined an axial sieve S according to

S = {µ : µ(x, y, z) =
∫
z

K(z)µ′(x, y, z)dz}, (4.33)

where K(z) is the Gaussian sieve kernel. In practice, prior to each projection
and after each backprojection, a convolution with the sieve kernel is applied. The
resulting reconstruction must be convolved with the sieve to produce the final image.
In this study, the full width at half maximum of the sieve was set equal to the width
of the rectangular axial point spread function of the simulated scanner. Another
option would be to use ellipsoidally symmetric volume elements as in [95].

In the iterative reconstruction algorithms, the axial point spread function (PSF)
is taken into account in an approximate way. In each iteration, the reconstructed
images are convolved with the axial PSF (before projection and after backprojec-
tion). This is an approximation: because in reality, axial blurring occurs during
detection of the photons.

Evaluation is done qualitatively by visual inspection, and quantitatively by com-
puting bias-noise curves for each algorithm. Bias and noise in a region R are com-
puted as:

Bias:

√∑
j∈R(µ

nonoise
j − µidealj )2

M
noise:

√∑
j∈R(µ

noise
j − µnonoisej )2

M
(4.34)

where M is the number of pixels in region R, �µnonoise is the reconstruction of a
noise-free simulation, �µideal is the reference image, and �µnoise is a reconstruction of
noisy data. Lower bias for the same noise (and lower noise for the same bias) is
suggestive for more accurate reconstruction.

4.9.3 Simulations

Four software phantoms have been simulated:

1. Phantom 3 (figure 4.3) is a clinical 2D CT image of the thorax, in which the
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Figure 4.3: Phantom 3 is a clinical 2D CT image of the thorax, in which the gray
values were replaced by typical attenuation coefficients. Using this 2D simulation is
equivalent to testing the algorithms in the case of a phantom that is constant in the
z-direction.

Figure 4.4: Phantom 4 (figure 4.4) consists of an elliptical attenuating cylinder.
This cylinder contains a smaller circular cylinder with 10 % higher attenuation
coefficient. The smaller cylinder occupies only half of the axial field of view, thus
producing a sharp axial gradient. This phantom is used to study performance near
axial gradients, since axial gradients are the dominant source of artifacts in helical
CT.

gray values were replaced by typical attenuation coefficients. Using this 2D
simulation is equivalent to testing the algorithms in the case of a phantom
that is constant in the z-direction. The image contained 300x300 pixels, there
were 300 detectors per angle and 400 projection angles were simulated. For
this phantom, NN180 and LIN180 reduce to FBP and ILIN180 to iterative
FBP. Projections were computed at twice the resolution as compared to the
projection/backprojection in the reconstruction programs (i.e. two projection
lines were computed per detector pixel, using twice the number of points per
projection line). Finite spatial resolution was simulated by convolving the
computed counts with the mask [.25, .5, .25].

2. Phantom 4 (figure 4.4) consists of an elliptical attenuating cylinder. This
cylinder contains a smaller circular cylinder with 10 % higher attenuation co-
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efficient. The smaller cylinder occupies only half of the axial field of view, thus
producing a sharp axial gradient. This phantom is used to study performance
near axial gradients, since axial gradients are the dominant source of artifacts
in helical CT. Projections were computed analytically as line integrals and
finite resolution was simulated with the same convolution mask. Here, the
axial PSF was simulated by computing for every angle and every detector
10 projections at different axial position (uniformly sampling the rectangular
PSF) and adding the “detected” counts. In the reported results, the axial
increment per 180◦ was 0.9 times the axial (rectangular) PSF-width.

3. Phantom 5 consists of an elliptical attenuating cylinder containing multiple
ellipsoids with different attenuation coefficient. The purpose is to verify the
findings obtained on the previous two phantoms. Six slices were reconstructed
for phantom 4 and 15 for phantom 5, using a slice separation of 0.5 times
the axial PSF-width, 150 angles per 180 ◦ and 120 detectors. Simulation
parameters were the same as for phantom 4.

4. Phantom 6 is identical to phantom 3 except for the inclusion of a small re-
gion with high attenuation. This phantom is included to study the potential
application of iterative algorithms for metal artifact reduction. Simulation
parameters were the same as for phantom 3.

For all phantoms, Poisson noise was simulated assuming 106 photons per detector
prior to attenuation. Poisson noise was approximated as a Gaussian pseudo-random
realization, with variance equal to the mean.

4.9.4 Results and discussion

Figure 4.5 (a) shows the resulting bias-noise curves for phantom 3. Note that
in the 2D case NN180 and LIN180 both turn into FBP, and ILIN180 turns into
iterative FBP. For iterative FBP, one curve per iteration is shown, where the curve
is produced using different smoothing masks. Initially, iteration increases noise
and decreases bias. At 10 iterations, however, increased bias is observed. For
the other algorithms, bias decreases monotonically with iteration number. The
bias-noise curves of iterative FBP and FBP overlap, but iterative FBP allows to
reach lower bias-values at the cost of increased noise. The maximum likelihood
algorithms both produce very similar bias-noise curves, which are slightly better
than those of (iterative) FBP. At higher iteration numbers, all images are of high
quality and approximately equivalent. These findings suggest that the ML methods
perform at least as well as the FBP-methods for nearly ideal data (in the absence
of axial gradients or objects with high attenuation). Figure 4.5 (b) illustrates the
most common bias-noise behaviour: smoothing decreases the noise but increases
the bias, iterations decrease the bias but increase the noise.

Figure 4.6 shows five central reconstructed slices of phantom 4 at similar noise
level for each of the algorithms. Figure 4.7 (a) presents the bias-noise curves for a
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Figure 4.5: Phantom 3: (a) bias-noise curves using Gaussian smoothing with σ = 0,
0.5, 1, 1.5, 2 and 3 pixels for FBP (solid line) and iterative FBP (triangles, dotted
line). For iterative FBP, iterations 1, 2, 3, 5, 10, and 15 are shown as independent
dashed lines. The points for 15 iterations are connected with a dotted line. Iteration
1 is identical to FBP, shown as a plane line. For ML-EM, iterations 1, 3, 6, 10, 20,
30, 50, 70, 100, and 200 are shown, and for ML-TR also iterations 400, 600, and
1000. (b) Schematic representation of the general bias-noise behaviour. Smoothing
decreases the noise but increases the bias. Iterations decrease the bias but increase
the noise.

central region enclosing the central cylinder. When the region encloses the entire el-
liptical cylinder, the curves of the ML-algorithms shift towards lower bias and lower
noise, relative to the other curves (data not shown). Figure 4.7 (b) shows axial pro-
files, computed as the mean of a region in the center of the small cylinder (shown
on top left slice in figure 4.6) as a function of plane position. NN180 has somewhat
better axial resolution than LIN180 (figure 4.7 (b)), but with severe artifacts near
the gradient (figure 4.6). LIN180 reduces these artifacts at the cost of poorer axial
resolution. The iterative methods produce an axial resolution superior to that of
NN180 combined with strong artifact reduction. However, a new artifact is intro-
duced: noticeable axial Gibbs undershoots and overshoots show up in slices adjacent
to the gradient. The ML-methods also produce in-plane Gibbs overshoots (ringing)
at the edges of the outer cylinder. The axial Gibbs over- and undershoots are due
to reconstruction of strong gradients without incorporating the highest frequencies.
In the transaxial direction, the highest frequencies are not yet fully converged, even
at high iteration numbers. Snyder et al [140] argue that the Gibbs artifact is due
to the ill-posedness of the reconstruction problem (high spatial frequencies are lost
during detection) and they show that post-smoothing reduces the artifact. With-
out smoothing, the Gibbs artifact also appears in ILIN180 reconstructions, but it
is suppressed by the 2D Gaussian post-filtering. In the axial direction, the high
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Figure 4.6: Phantom 4: five reconstructed transaxial slices, from top to bottom:
reference image, NN180, LIN180, ILIN180, ML-EM, ML-TR. For ML-EM and
ML-TR, images at highest iteration number are shown, for ILIN180, it is the image
at 20 iterations, smoothed with σ = 1.
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(a) (b)

Figure 4.7: Phantom 4: (a) bias-noise curves for a region around the central cylin-
der. Gaussian smoothing with sigma = 0 up to 2.5 pixels was applied. For iterative
FBP, iterations 5, 10 and 20 are shown, as independent lines. For ML, iterations
5, 10, 15, 30, 50, 75, 100, 150 are shown. (b) Mean value of the circular region as
a function of axial position for the reference image, NN180, LIN180, ILIN180 and
ML-TR.

frequencies are suppressed by the sieve. Omitting the sieve, however, results in still
stronger artifacts (data not shown), because only few projection angles are actually
acquired for every reconstructed slice. In the gradient region, the bias noise curves
of the iterative methods are superior to those of the non-iterative methods, which
is attributed to the artifact reduction and recovery of axial resolution. All three
iterative methods perform equivalently near the gradient. When the entire region is
considered, we found that the ML-methods produce better bias-noise curves. Visual
inspection reveals that in homogeneous regions, ILIN180 tends to produce higher
noise than the ML-methods.

Figure 4.8 shows five transaxial slices for phantom 5, and figure 4.9 shows a
profile intersecting two ellipsoids (position shown on top left slice of figure 4.8). For
this simulation, the bias-noise curves of ILIN180 overlapped those of NN180 and
LIN180, while those of the two ML-methods had about 20% lower bias for the same
noise level (not shown). Figures 4.8 and 4.9 confirm that the iterative algorithm
yields better axial resolution than LIN180, resulting in a better contrast. The axial
Gibbs effect produces shadows of opposite contrast in slices adjacent to objects with
strong axial gradients.

Figure 4.10 shows the results for phantom 6. FBP (a) and IFBP (b) result in
severe streak artifacts. Both ML-EM and ML-TR yield strong reduction of the
streak artifacts. These results are confirmed by the corresponding bias-noise curves
(not shown). The robustness of the maximum-likelihood algorithms clearly plays an
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Figure 4.8: Phantom 5: five reconstructed transaxial slices, from top to bottom:
reference image, LIN180 and ML-TR.

Figure 4.9: Phantom 5: an axial profile (position shown on top left slice) for the
reference image (solid line), LIN180, and ML-TR.
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(a) (b)

(c) (d)

Figure 4.10: Phantom 6: (a) FBP, (b) IFBP, (c) ML-EM, (d) ML-TR.
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important role. On the other hand, comparing ML-TR with ML-EM also indicates
that the correct noise model results in a further reduction of the streak artifacts.

4.9.5 Conclusion for the simulation study

In this exploratory study, we hoped to find evidence that iterative reconstruction
based on a superior mathematical model of the acquisition, would produce a clear
improvement in image quality, as compared to the classical approach.

We conclude that iterative ML reconstruction allows improvement of the axial
resolution beyond that of nearest neighbor interpolation (NN180) without introduc-
ing the in-plane distortions seen in NN180 and without excessive noise amplification.
Iterative FBP (ILIN180) can produce lower bias than LIN180 or NN180, but for
the same bias, noise was equivalent or higher than for the ML-methods, depending
on the region studied. Performance of ML-EM and ML-TR was rather similar in
this study. This suggests that, at least in these simulations, the exactness of the
noise model was less important than the robustness of the numerical procedures
and the more accurate geometrical modeling. Constraining axial resolution is nec-
essary, and the current sieve-based constraint introduces unacceptable axial Gibbs
artifacts, which completely offset the advantage of improved axial resolution, in-
plane artifact reduction and noise suppression. A potential solution is the use of a
non-linear axial constraint, such as a Gibbs prior [42]. Preliminary results indicate
that, when small objects with very high attenuation are present, performance of
ML-EM, and ML-TR in particular, is significantly better.

4.10 Conclusion

In this chapter, we have given an overview of iterative reconstruction and of the
maximum-likelihood method ML-TR in particular. ML-TR forms the basis of this
thesis. All algorithms described in the next chapter are extensions of ML-TR. The
practical implementation of the projector and backprojector has been discussed.
Finally, we have presented our initial experience with iterative reconstruction ap-
plied to spiral CT. The most promising application appears to be the reduction of
metal artifacts. This brings us to chapter 5: applying iterative reconstruction for
reduction of metal artifacts.
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Chapter 5

Reduction of metal artifacts

5.1 Introduction

In chapter 3, we have determined the most important causes of metal artifacts:
noise, beam hardening, the non-linear partial volume (NLPV) effect, and scatter.
In chapter 4, we have described the aspects of iterative reconstruction that are most
relevant for this thesis. In this chapter, iterative reconstruction is applied to reduce
metal artifacts, taking into account the causes determined in chapter 3.

Many different approaches for metal artifact reduction (MAR) are found in
literature. The most obvious solution is to prevent metal artifacts by using less-
attenuating materials (e.g. titanium) or devices with smaller cross-section [50, 126,
147]. A second possible approach is to reduce metal artifacts by adapting the ac-
quisition. Noise is reduced by using a higher tube current. Beam hardening is
minimized by using pre-filtering to obtain a narrower spectrum. Haramati [50]
showed that using a higher tube voltage gives no substantial artifact reduction.
The NLPV effect is reduced by using thinner X-ray beams. Aliasing is reduced
by using a higher number of detector elements and views. Unfortunately, all these
measures are in direct conflict with other concerns such as low patient dose, tube
life, low cost, etc . . . . Robertson [125, 126] showed that multi-planar reforma-
tion1 allows a better visualization of bone in the presence of metallic orthopedic
implants. Henrich [53] applied a post-reconstruction image processing algorithm
for removing metal artifacts. The majority of MAR-methods consist of a modified
reconstruction algorithm, in which metal objects are usually considered opaque and
data corresponding to projection lines through metal objects are defined as missing
data. These methods can be divided into two groups:

• Projection completion methods: missing data are replaced by synthetic data,
obtained by polynomial or linear interpolation [46, 61, 82, 91, 96, 101, 134,

1Multi-planar reformation is the calculation of images in planes perpendicular or oblique to the
scan planes

79
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135, 146], pattern recognition [102], or linear prediction methods [121]. Many
of these methods apply beam hardening correction as a pre-processing step.

• Iterative methods: existing iterative methods, such as the maximum like-
lihood expectation maximization (ML-EM) algorithm and the algebraic re-
construction technique (ART), are modified in order to ignore missing data
[117, 127, 148].

We hypothesize that artifacts are caused by deviations of the mathematical
model assumed by the reconstruction algorithm, from the true acquisition process.
Hence, improving the accuracy of the model should reduce or eliminate the arti-
facts. From the previous chapter, we know that ML-TR uses a Poisson noise model.
Section 5.2 investigates the usefulness of this noise model with respect to metal arti-
facts. In addition, the usefulness of including prior knowledge is investigated. Beam
hardening is addressed in section 5.3, by introducing a polychromatic acquisition
model. Section 5.4 addresses the NLPV effect, by introducing models for the finite
beamwidth and the continuous scanner rotation.

5.2 A maximum a posteriori algorithm

This section is based on [25] and presents a maximum a posteriori (MAP) algorithm
for reduction of metal artifacts. If along some projection lines all (or nearly all)
photons are attenuated, the projections are incomplete. We hypothesize that the
inclusion of some prior knowledge may compensate for this missing information.
The algorithm uses a Markov random field smoothness prior and applies increased
sampling in the reconstructed image. Good results are obtained for simulations and
phantom measurements. Streak artifacts are reduced while small line-shaped details
are preserved. Comparisons are included with the projection completion method,
and with iterative reconstruction ignoring the projections through metal objects.

5.2.1 Algorithm

The algorithm is based on ML-TR, described in chapter 4. ML-TR assumes that
the measured detector read-outs have a Poisson distribution. Therefore, projections
with high attenuation, which result in low detected intensities, are considered less
reliable, while projections with low attenuation, which result in high detected in-
tensities, are considered more reliable. We use this noise model because we want to
minimize noise artifacts. Additionally, the properties of this noise model also make
the algorithm inherently robust against other sources of artifacts that are most
prominent in directions of high attenuation, such as beam hardening, the NLPV
effect, and scatter.

Two extensions are introduced:

1. A Markov random field smoothness prior is used with a Huber potential func-
tion [106, 112], given by eq.(4.29). The Huber function has the advantage of
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being convex and more or less edge-preserving. The reconstruction in parts of
the image for which many high-count measurements are available, is mainly
steered by the measured data, while the prior dominates in under-determined
parts of the image.

2. Iterations are performed using a reconstruction image at double resolution.
After the last iteration, the image is re-sampled to normal resolution. This
higher resolution provides a better model for sharp transitions in the image.
The increased number of degrees of freedom allows a better handling of other
sources of artifacts, such as the NLPV effect and beam hardening, and it
makes the algorithm more robust.

As described in section 4.6, the logarithm of the posterior probability is given
by

L =
I∑
i=1

(
yi · ln ŷi − ŷi

)
− β

J∑
j=1

J∑
h=1

wjhV (µh − µj), (5.1)

where yi and ŷi represent the measured and calculated counts in detector read-out i,
µj is the linear attenuation coefficient in pixel j, wjk = 1 for adjacent pixels j and
k, wjk = 0 elsewhere and V (µ) is the potential function. The actual update step is
given by

µn+1j = µnj +

∑I
i=1 lij · (ŷi − yi) + β

∑J
h=1

∂V
∂µ (µh − µj)∑I

i=1 lij ·
[∑J

h=1 lih
]
· ŷi

. (5.2)

where n is the iteration number and lij is the effective intersection length of pro-
jection line i with pixel j. The ray-driven projector and backprojector described in
section 3.2 and section 4.8 respectively are used.

5.2.2 Simulations

Our CT-simulator is described and validated in chapter 3. Parameters were adjusted
to the Siemens Somatom Plus 4 scanner as truthfully as possible. The simulations
include beam hardening (summing 5 discrete energy levels), noise (using Poisson
noise and a blank scan of 105 photons), scatter (using a constant scatter level and
a scatter fraction of 0.0001), and the trans-axial NLPV effect.

Phantom 7 is a circular plexiglas phantom (figure 5.1 (a) with a diameter of
9.5 cm and containing 3 amalgam inserts (ø = 1 mm, 2 mm and 3 mm) and 12 line-
shaped objects (length = 8 mm, width = 1 or 2 mm, µ=±40%,±20%,±10% or±5%
compared to the attenuation of plexiglas ; the effective linear attenuation coefficient
of plexiglas is about 0.2 cm−1). We chose a circular phantom in order to exclude
most non-metal-artifacts and to concentrate on pure metal-artifacts. Figure 5.1 (b)
shows an uncorrected FBP reconstruction of the simulation. All simulation results
are shown using a windowing interval µ = [0.0 ; 0.4] cm−1 (centered at µplexiglas),
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Figure 5.1: Phantom 7: (a) reference image and (b) FBP reconstruction.

which corresponds to a window of 2000 HU and a level of 0 HU. The images are
10 cm× 10 cm and 102× 102 pixels.

Figure 5.2 shows ML-TR reconstructions of the simulation, computed at normal
resolution (top) and at double resolution followed by re-sampling (bottom), without
prior (left) and with a Huber prior (right).

All ML-TR reconstructions in figure 5.2 exhibit fewer streaks than the FBP
reconstruction in figure 5.1 (b). This illustrates the robustness of the ML-TR al-
gorithm and the importance of the correct acquisition model. Comparison of the
images at the left to those at the right shows the importance of the prior for a
good convergence. Comparison of top and bottom images shows the importance
of the double resolution reconstruction. ML-TR with prior at double resolution
(figure 5.2 (d) gives the best result: the streaks are removed and the line-shaped
objects are conserved. However, the use of the prior introduces a certain amount of
smoothing.

5.2.3 Measurements

Phantom 8 is a circular plexiglas phantom (figure 5.3 (a)) with thickness 1 cm and
a diameter of 9.5 cm, similar to phantom 7 (software phantom) from the previous
section. A number of small plexiglas cylinders, some of which contain amalgam
fillings or line-shaped objects (candle-grease, air, super glue and wall-filler), are
inserted in holes in the phantom. Figure 5.3 (b) shows the setup with amalgam
fillings. Alternatively, the cylinders with amalgam fillings were replaced by plain
plexiglas cylinders, yielding a setup without metal objects (not shown). Both setups
were scanned with a Siemens Somatom Plus 4 CT-scanner, using sequential scan
mode with fixed focal spot, a nominal tube voltage of 120 kV, a tube current of
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(a) (b)

(c) (d)

Figure 5.2: Simulation of phantom 7 reconstructed with ML-TR: at single (a, b)
and at double (c, d) resolution, without (a, c) and with (b, d) Huber prior.
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Figure 5.3: Phantom 8: (a) picture and (b) schematic representation.

130 mA, a slice thickness of 1.0 mm, and a 0.75 s rotation. All measurements include
standard first order beam hardening correction by the scanner. The raw data were
transfered to a PC for further processing using our own reconstruction software.
All measurement results are shown using a windowing interval µ = [0.0 ; 0.4] cm−1

(centered at µplexiglas), which corresponds to a window of 2000 HU and a level of
0 HU. The images are 10 cm× 10 cm and 102× 102 pixels.

Figure 5.4 shows the uncorrected FBP reconstructions of the measurements of
phantom 8 without (a) and with (b) amalgam fillings. Figure 5.5 and figure 5.6
show ML-TR reconstructions of the measurements of phantom 8 with and without
amalgam fillings, computed at normal resolution (top) and at double resolution fol-
lowed by re-sampling (bottom), without prior (left) and with a Huber prior (right).

The results in figure 5.5 are similar to the simulations. All ML-TR reconstruc-
tions exhibit less streaks than the FBP reconstruction in figure 5.4 (b). Comparison
of the images at the left to those at the right shows the importance of the prior for
a good convergence. Comparison of top and bottom images shows the importance
of the double resolution reconstruction. ML-TR with prior at double resolution (fig-
ure 5.5 (d)) gives the best result: streaks are reduced and the line-shaped objects
are conserved. Again, some smoothing is introduced by using the prior. Also, there
are some remaining streaks in the vicinity of the amalgam fillings. Close inves-
tigation has shown that these remaining streaks are due to a slight misalignment
of the detector elements. This explains why these streaks are not present in the
simulations. We found out later that the scanner itself allows to correct for this
effect, but that this correction was probably switched off during the measurement
of phantom 8. In all subsequent measurements we made sure that this correction
was switched on. For the measurements without amalgam fillings (figure 5.6), the
double resolution has little effect, and the prior only introduces some smoothing.
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(a) (b)

Figure 5.4: Phantom 8: (a) FBP without amalgam fillings, (b) FBP with amalgam
fillings.

5.2.4 Other algorithms

For comparison, the measurements were also reconstructed using the projection
completion method [82, 91] and using maxium-likelihood methods (ML-EM and
ML-TR) ignoring the missing data [148].

In our implementation of the projection completion method, the metal objects
are segmented from an FBP reconstruction using a threshold of µ = 2 cm−1. The
metal-only image is projected, resulting in a metal-only sinogram. Parts of the
original sinogram corresponding to non-zero values in the metal-only sinogram are
defined as missing data. These missing values are replaced by linear interpolation
on a view-by-view basis. The resulting synthetic sinogram is reconstructed using
FBP. Finally, the previously segmented metal image is added to the reconstruction.

For the maximum-likelihood methods ignoring the missing data, missing data are
defined in the same way as in the projection-completion method. In each iteration,
the error sinogram is made zero at the positions of missing data. At the end of the
iterations, the previously segmented metal image is added to the reconstruction.

Figure 5.7 (a) shows the FBP reconstruction after projection completion using
linear interpolation [82, 91]. Figure 5.7 (b) shows the ML-EM reconstruction ig-
noring missing data [148]. Figure 5.7 (c) shows the ML-TR reconstruction ignoring
missing data. Figure 5.7 (d) repeats the reconstruction obtained with ML-TR at
double resolution with Huber prior (figure 5.5 (d)).

For the three compared methods (a–c), the quality of the reconstruction in
the vicinity of the metals compares favorably with ML-TR at double resolution
with Huber prior. On the other hand new streaks are created at other locations
in the image. We cannot conclude that our method gives better results than the
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(a) (b)

(c) (d)

Figure 5.5: Measurement of phantom 8 with amalgam fillings reconstructed with
ML-TR : at single (a, b) and at double (c, d) resolution, without (a, c) and with
(b, d) Huber prior.
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(a) (b)

(c) (d)

Figure 5.6: Measurement of phantom 8 without amalgam fillings reconstructed with
ML-TR: at single (a, b) and at double (c, d) resolution, without (a, c) and with (b,
d) Huber prior.
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(a) (b)

(c) (d)

Figure 5.7: Measurement of phantom 8 with amalgam fillings reconstructed with (a)
FBP after projection completion, (b) ML-EM ignoring missing data, (c) ML-TR
ignoring missing data, and (d) ML-TR at double resolution with Huber prior.
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other methods. Nevertheless, the results confirm our hypothesis that improving
the accuracy of the acquisition model reduces metal artifacts. More investigation
is required to further improve the model of the scanner geometry and to include
explicit models for beam hardening, the NLPV effect, and scatter.

5.2.5 Conclusion for the MAP algorithm

Our simulations indicate that ML-TR reconstruction using a-priori knowledge and
using an increased number of degrees of freedom results in effective artifact reduc-
tion. The model of the scanner geometry must be improved in order to reduce
the remaining streaks. Including models for beam hardening, the NLPV effect, and
scatter may allow to reduce the weight of the prior, offering better artifact reduction
with less smoothing. For application in clinical routine, a strong reduction of the
computational cost of the algorithm is required.

5.3 A polychromatic algorithm

This section is based on [26] and presents a new iterative maximum likelihood
reconstruction algorithm for X-ray computed tomography. The algorithm prevents
beam hardening artifacts by incorporating a polychromatic acquisition model. The
continuous spectrum of the X-ray tube is modeled as a number of discrete energies.
The energy dependence of the attenuation is taken into account by decomposing
the linear attenuation coefficient into a photo-electric component and a Compton
scatter component. The relative weight of these components is constrained based
on prior material assumptions. Excellent results are obtained for simulations and
for phantom measurements. Beam hardening artifacts are effectively eliminated.
The relation with existing algorithms is discussed.

5.3.1 Existing beam hardening correction approaches

FBP is based on the assumption that every pixel can be characterized by a sin-
gle parameter µ, the linear attenuation coefficient, and that the logarithm of the
measurement is the line integral of µ. In reality, an X-ray tube emits a continuous
spectrum, and the attenuation in every pixel is energy-dependent. This results in
beam hardening, a phenomenon described in detail in section 3.4.2.

Many different solutions for beam hardening are found in the literature:
A first approach is to limit the amount of beam hardening by physically pre-

filtering the X-ray beams [7, 99] A second approach is to correct the measurements
based on certain material assumptions. The method of water correction or lin-
earization correction assumes that all substances in the scanning plane have the
same energy dependence and corrects the measurements prior to reconstruction
[7, 54, 99, 118]. The so-called post-reconstruction methods [39, 55, 59, 72, 74,
89, 100, 107, 124, 130] make a first reconstruction, from which a rough material
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distribution is estimated. This material distribution allows to estimate the mea-
surement error, based on either simulations or calibration measurements. A new
reconstruction is then calculated from the corrected measurements. This process
can be repeated several times. We implemented this approach for comparison with
our approach (see section 5.3.3). A third approach is the dual energy approach
[1, 2, 19, 33, 52, 118, 151]. Here, the linear attenuation coefficient is decomposed
into a photo-electric and a Compton scatter component. A drawback of this ap-
proach is that it requires either two scans at different tube voltages or special
detectors with two different energy windows.

Other approaches use image processing to remove beam hardening streaks from
the reconstructed images [104, 141]. A conceptual overview of beam hardening
correction approaches is given in [143].

5.3.2 Algorithm

We now introduce a polychromatic acquisition model, and we present a new algo-
rithm IMPACT (Iterative Maximum-likelihood Polychromatic Algorithm for CT).
IMPACT is an extension of ML-TR, described in chapter 4.

ML-TR uses the following acquisition model:

ŷi = bi · exp(−
J∑
j=1

lijµj), (5.3)

where bi is the number of photons that would be detected in the absence of absorber
(blank scan), and lij is the effective intersection length of projection line i with
pixel j. bi is measured by a calibration scan.

A more accurate acquisition model is given by:

ŷi =
K∑
k=1

bik · exp(−
J∑
j=1

lijµjk), (5.4)

where k is an energy index and K is the total number of energies. µjk is the linear
attenuation coefficient in pixel j at energy k and bik is the total energy that would
be detected by detector i in the absence of absorber for incident photons of energy
Ek. bik is given by

bik = Iik · Sk ·Ek, (5.5)

where Iik is the emitted source spectrum (number of photons), Sk is the detector
sensitivity (dimensionless), and Ek is the photon energy (keV). The third factor
is introduced because CT uses energy-counting detectors, compared to photon-
counting detectors in nuclear medicine. Consequently, the measured quantity is
not a number of photons but an energy, and it will not strictly follow a Poisson
distribution. This fact is usually ignored, because the Poisson model is still a good
approximation [48, 63]. Although in this work bik is independent of i, the index i
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Figure 5.8: Decomposition of the linear attenuation coefficient µ of bone into a
photo-electric component and a Compton scatter component. The dashed line rep-
resents a simulated spectrum bik (normalized) provided by Siemens.

could be exploited to incorporate source fluctuations and the effect of a bow-tie filter.
The number of unknowns µjk in eq.(5.4) is K × J , compared to J in eq.(5.3). This
higher number of degrees of freedom leads to poor convergence. Hence, constraints
must be introduced.

For any particular substance, the energy-dependent linear attenuation coefficient
µ(E) can be approximated by a linear combination of a number of basic functions:

µ(E) = a1f1(E) + a2f2(E) + . . .+ anfn(E). (5.6)

A good set of basic functions are the energy dependence Φ(E) of the photo-electric
effect and the energy dependence Θ(E) of Compton scatter [1, 118]. This results
in a decomposition of µ(E) into a photo-electric component and a Compton scatter
component:

µ(E) = φ · Φ(E) + θ ·Θ(E). (5.7)

Figure 5.8 illustrates this for the case of bone. We call φ the photo-electric coefficient
and θ the Compton coefficient. The energy dependence of the photo-electric effect
is approximated by

Φ(E) =
1/E3

1/E30
, (5.8)
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where E0 is a reference energy (e.g. E0 = 70 keV). This is a good approximation
except for substances that have a K-edge in the used spectral range, such as lead or
glass ([87] p.77).

The energy dependence of Compton scatter is approximated by

Θ(E) =
fKN(E)
fKN(E0)

, (5.9)

where fKN is the Klein-Nishina function, given by:

fKN(E) =
1 + α

α2
·
(
2 · (1 + α)
1 + 2α

− ln(1 + 2α)
α

)

+
ln(1 + 2α)

2α
− 1 + 3α
(1 + 2α)2

,

(5.10)

with α = E / 511 keV.

For any substance with known µ(E) (data from the National Institute of Stan-
dards and Technology2 based on [68] were used), φ and θ are calculated by applying
a least squares fit to eq.(5.7) and using the analytic formulations of Φ(E) and Θ(E)
(eq.(5.8), (5.9), and (5.10)). In practice, this fit is performed after discretization
into K energy levels. From eq. (5.7), (5.8), and (5.9), it can be seen that φ and
θ actually represent the photo-electric part and the Compton scatter part of the
attenuation at E0 = 70 keV. The calculated values of φ and θ and the values of
µ70keV are shown in table 5.1 for some common substances.

Discretization of eq.(5.7) gives:

µjk = φj ·Φk + θj ·Θk. (5.11)

Φk and Θk represent the energy dependence of µjk and are known, dimensionless
functions. φj and θj represent the material dependence and have dimension cm−1.
The acquisition model of eq.(5.4) becomes

ŷi =
K∑
k=1

bik · exp
(
−

J∑
j=1

lij ·
[
φj ·Φk + θj ·Θk

])
. (5.12)

The number of unknowns (φj and θj) is now 2J .

Figure 5.9 (a) shows a plot of φ versus θ, and figure 5.9 (b) is a zoomed plot for
the dashed region. Most substances lie in the neighborhood of the piecewise-linear
φ-θ-curve defined by the set of base substances [air, water, bone, iron] (solid line).
We now assume that all substances lie on this φ-θ-curve. This assumption implies
that the energy dependence of the attenuation is required to be a linear combination
of the energy dependences of two adjacent base substances.

Figure 5.9 (c) shows a plot of the monochromatic attenuation µ70 keV versus φ
and θ, and figure 5.9 (d) is a zoomed plot for the dashed region. Again, the set of

2http://physics.nist.gov/PhysRefData/
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Table 5.1: Photo-electric coefficient φ, Compton coefficient θ and monochromatic
linear attenuation coefficient µ70keV for a number of common substances.

θ (1/cm) φ (1/cm) µ70keV (1/cm)

air 0.0002 1.7e-05 0.0002

fat 0.1631 0.0080 0.1717

soft tissue 0.1777 0.0148 0.1935

blood 0.1778 0.0154 0.1942

breast 0.1818 0.0118 0.1945

water 0.1793 0.0144 0.1946

brain 0.1818 0.0155 0.2022

muscle 0.1793 0.0155 0.2032

lung 0.1857 0.0158 0.2036

ovary 0.1867 0.0156 0.2038

plexiglas 0.2072 0.0107 0.2187

bone 0.3109 0.1757 0.4974

Al 0.4274 0.2125 0.6523

Ti 0.7189 1.8201 2.6530

Fe 1.3904 5.32734 7.0748

base substances define a µ-φ-curve and a µ-θ-curve and all substances are assumed
to lie on them. For a given µ70 keV, these functions unambiguously determine the
values of φ and θ. This means that φj and θj in eq.(5.12) can be substituted by the
functions φ(µj) and θ(µj), resulting in the following acquisition model:

ŷi =
K∑
k=1

bik · exp
(
−

J∑
j=1

lij
[
φ(µj) ·Φk + θ(µj) ·Θk

])
, (5.13)

where φ(µj) and θ(µj) are known functions of µj , and µj now represents the
monochromatic linear attenuation coefficient at 70 keV in pixel j. The number of
unknowns µj in eq.(5.13) is now J . This equation is implemented more efficiently
by bringing Φk and Θk outside the summation over j (projection):

ŷi =
K∑
k=1

bik · exp
(
− Φk

J∑
j=1

lijφ(µj)−Θk
J∑
j=1

lijθ(µj)
)
, (5.14)

resulting in two projections instead of K. Substituting eq.(5.14) in eq.(4.8) and
applying eq.(4.15) results in the IMPACT algorithm:

µn+1j = µnj +
φ′
j ·
∑I
i=1 lijeiY

Φ
i + θ′j ·

∑I
i=1 lijeiY

Θ
i

φ′
j ·
∑I
i=1 lijMi + θ′j ·

∑I
i=1 lijNi

, (5.15)
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Figure 5.9: (a) Photo-electric coefficient φ versus Compton coefficient θ for the set
of base substances [air, water, bone, iron]. (b) Same as (a) but zoomed to the dashed
region and including the other substances from table 5.1. (c) Monochromatic linear
attenuation coefficient µ70keV versus φ and θ for the set of base substances [air,
water, bone, iron]. (d) Same as (c) but zoomed to the dashed region and including
the other substances from table 5.1.

where

φ′
j =

(∂φ
∂µ

)∣∣
µn

j

θ′j =
( ∂θ
∂µ

)∣∣
µn

j
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ei = 1−
yi
ŷi

Mi =
( J∑
h=1

lihφ
′
h

)
·
(
Y ΦΦi · ei +

yi · (Y Φi )2
ŷ2i

)

+
( J∑
h=1

lihθ
′
h

)
·
(
Y ΦΘi · ei +

yi · Y Φi · Y Θi
ŷ2i

)

Ni =
( J∑
h=1

lihφ
′
h

)
·
(
Y ΦΘi · ei +

yi · Y Φi · Y Θi
ŷ2i

)

+
( J∑
h=1

lihθ
′
h

)
·
(
Y ΘΘi · ei +

yi · (Y Θi )2
ŷ2i

)

Y Φi =
K∑
k=1

Φk · ŷik

Y Θi =
K∑
k=1

Θk · ŷik

Y ΦΦi =
K∑
k=1

Φk ·Φk · ŷik

Y ΦΘi =
K∑
k=1

Φk ·Θk · ŷik

Y ΘΘi =
K∑
k=1

Θk ·Θk · ŷik

ŷik = bik · exp
(
− Φk

J∑
j=1

lijφ(µnj )−Θk
J∑
j=1

lijθ(µnj )
)
,

Intermediate results are given in appendix A.4. At the points of inflection, φ′
j and

θ′j are defined as

φ′
j =

1
2
lim
ε→0

[(∂φ
∂µ

)∣∣
µn

j −ε +
(∂φ
∂µ

)∣∣
µn

j +ε

]
θ′j =

1
2
lim
ε→0

[( ∂θ
∂µ

)∣∣
µn

j −ε +
( ∂θ
∂µ

)∣∣
µn

j +ε

]
.

(5.16)
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Finally, the result is convolved with a Gaussian smoothing kernel with standard
deviation σ to suppress Gibbs overshoots at sharp edges [140].

The resulting image represents the monochromatic linear attenuation coefficient
at 70 keV. Applying the functions φ(µj) and θ(µj) to these images yields the photo-
electric and Compton scatter images at 70 keV. Using eq.(5.7), reconstructions at
other energies (even outside the used spectrum) are obtained.

Every iteration requires 4 projections (projection of φ, θ, φ′, and θ′), and 4
backprojections (backprojection of eiY Φi , eiY

Θ
i , Mi, and Ni).

5.3.3 Post-reconstruction approach

We implemented the post-reconstruction approach for comparison with IMPACT.
Our implementation is essentially the version of Fuchs et al [39]. All other methods
[55, 59, 72, 74, 89, 100, 107, 124, 130] are either limited to two or three substances,
or apply some extra approximations because of limited computational power at the
time they were invented. Similar to IMPACT, a set of base substances (e.g. [air,
water, bone, iron]) is chosen, assuming that every pixel contains a mixture of two
adjacent base substances. An initial FBP reconstruction is calculated from the
original sinogram. For every substance, an image containing the substance concen-
trations is segmented and each image is projected into a substance sinogram. Every
substance sinogram pixel contains the total amount of that substance along the
corresponding projection line. For every sinogram pixel, the monochromatic pro-
jections (at E0) and the polychromatic projections (based on a K-energy spectrum)
are calculated. The difference between the monochromatic and the polychromatic
sinogram is added to the original sinogram and a new FBP reconstruction is ob-
tained. This process is repeated N times. In the remainder, we refer to this method
as IBHC (iterative beam hardening correction). In our implementation, computa-
tion time increases linearly with the number of substances considered but is still
much lower than for maximum likelihood or related iterative algorithms.

5.3.4 Methods

5.3.4.1 Simulations

Our CT-simulator is described and validated in chapter 3. We defined 4 circular
water phantoms, each with a diameter of 19 cm. Phantom 9 consists of water only
and is used to study the cupping artifact in the presence of one single substance.
Phantom 10 contains 4 circular bone regions (ø = 3 cm and 1 cm) and is used to
study beam hardening in the presence of at least two different substances. Phan-
tom 11 contains 8 circular regions (ø = 3 cm) of fat, aluminum, plexiglas, lung,
brain, bone, blood, and soft tissue (in clockwise order and starting from the top).
This is used to investigate how critical is the set of base substances assumed by
IMPACT and IBHC. Phantom 12 is similar to phantom 10, but the two smallest
cylindrical inserts are now made of iron (ø = 1 cm). This phantom was designed to
study beam hardening in the presence of metal objects.
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Figure 5.10: Picture of the plexiglas phantom.

Simulation parameters were adjusted to the Siemens Somatom Plus 4 CT-
scanner with fixed focal spot and a 0.75 s rotation. Both monochromatic and
polychromatic (by summing photons at 50 discrete energy levels) simulations were
performed. A simulated spectrum bik provided by Siemens and corresponding to
a nominal tube voltage of 140 kV was used (figure 5.8). Generally, no noise or
scatter was included, because we want to focus on beam hardening artifacts. For
phantom 12, an extra simulation was performed with noise (bi = 105 photons) to
investigate the importance of the noise model in the presence of metal objects.

5.3.4.2 Measurements

Three phantoms were scanned on a Siemens Somatom Plus 4 CT-scanner. Phan-
tom 13 is a circular plexiglas phantom (figure 5.10) with thickness 1 cm, a diameter
of 19 cm, and containing 4 aluminum cylinders (ø = 1 cm and 3 cm). This phantom
is comparable to software phantom 10. We chose plexiglas and aluminum instead
of water and bone for practical reasons. This phantom is used to study beam hard-
ening in the absence of metal objects. Phantom 14 is similar to phantom 13, but
the two smallest cylindrical inserts are now made of iron (ø = 1 cm). This phan-
tom is comparable to software phantom 12 and it is used to study beam hardening
in the presence of metal objects. Phantom 15 is a skull phantom (borrowed from
Siemens): a human skull filled and surrounded by plexiglas. The skull phantom is
used to study beam hardening on a clinically more relevant phantom.

We used sequential scan mode with fixed focal spot, a nominal slice thickness
of 1.0 mm, a 0.75 s rotation, a nominal tube voltage of 140 kV or 120 kV (skull),
and a tube current of 206 mA or 240 mA (skull). The raw data were transfered to
a PC for further processing using our own reconstruction software.
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5.3.4.3 Reconstruction

All simulations and measurements were reconstructed with:

• FBP: using a Hamming window with a cutoff frequency of half the maximum
frequency.

• ML-TR: using 50 iterations of 100 subsets + 50 iterations of 10 subsets [67],
σ = 0.9 pixels. σ is the standard deviation of the Gaussian smoothing kernel
and was chosen so that ML-TR and IMPACT resulted in images with the
same degree of edge smoothing as the FBP and IBHC reconstructions.

• IMPACT: using 50 iterations of 100 subsets + 50 iterations of 10 subsets,
σ = 0.9 pixels, K = 20, E0 = 70 keV. Unless stated differently, [air, water,
bone, iron] was used as set of base substances for the simulations (solid line
in figure 5.9 (b)) and [air, plexiglas, aluminum, iron] was used as set of base
substances for the measurements (dotted line in figure 5.9 (b)).

• IBHC: N = 5, K = 20, E0 = 70 keV. The same sets of base substances were
used as for IMPACT.

A simulated spectrum bik provided by Siemens (figure 5.8) was used for both IM-
PACT and IBHC.

5.3.5 Results

5.3.5.1 Simulations

All simulation results are shown using a windowing interval µ = [0.175 ; 0.215] cm−1

(centered at µwater), which corresponds to a window of 200 HU and a level of 0 HU.
The images are 20 cm× 20 cm and 256× 256 pixels.

Figure 5.11 shows the reconstructions of phantom 9. The white curves represent
the middle rows of the respective images. The dotted white curves represent FBP
of the monochromatic simulation, which is used as reference. For the polychromatic
simulation, both FBP (a) and ML-TR (not shown) result in a substantial amount
of cupping: the values are depressed toward the center of the object. This cupping
is entirely eliminated both with IMPACT (b) and IBHC (not shown). The perfect
overlap of the white curves in (b) shows that the images are also quantitatively
correct.

Figure 5.12 shows the reconstructions of phantom 10. FBP of the monochro-
matic simulation (a) is used as reference. For the polychromatic simulation, both
FBP (b) and ML-TR (not shown) exhibit severe artifacts: the bone inserts are con-
nected by dark streaks. These streaks are effectively eliminated both with IMPACT
(c) and IBHC (d). IMPACT requires at least 50 iterations for convergence, IBHC
only 2.
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(a) (b)

Figure 5.11: Phantom 9 (simulation): (a) FBP, (b) IMPACT. The white curves
represent the middle rows of the respective images. The dotted white curves represent
FBP of the monochromatic simulation.

Figure 5.13 shows the reconstructions of phantom 11. FBP of the monochro-
matic simulation (a) is used as reference. For the polychromatic simulation, both
FBP (b) and ML-TR (not shown) exhibit severe artifacts: the bone and aluminum
inserts are connected by dark streaks. These streaks are reduced but not elimi-
nated both with IMPACT (c) and with IBHC (d). Using an extended set of base
substances [air, water, plexiglas, bone, aluminum, iron] beam hardening artifacts
are effectively eliminated both with IMPACT (e) and IBHC (f). It appears that
aluminum and plexiglas are too far separated from the φ-θ-curve defined by [air,
water, bone, iron], while all human tissues (fat, lung, brain, blood, soft tissue, . . . )
are sufficiently close to water.

Figure 5.14 shows the reconstructions of phantom 12. FBP of the monochro-
matic simulation (a) is used as reference. It shows some streak artifacts connecting
the metal and bone inserts. These streaks are not due to beam hardening, but to
other effects such as the NLPV effect [75] and aliasing [8, 22, 142]. For the polychro-
matic simulation, both FBP (b) and ML-TR (not shown) exhibit severe artifacts:
the bone and metal inserts are connected by dark streaks. The streaks that were
present in (b) but not in (a) are eliminated both with IMPACT (c) and IBHC (e).
The remaining streaks in (c) and (e) are similar to the streaks in (a), which indi-
cates that the beam hardening artifacts are effectively eliminated. (d) and (f) show
the IMPACT and IBHC results for the simulation with noise (bi = 105 photons).
In both images beam hardening artifacts are partially masked by noise artifacts.
Clearly, the IMPACT reconstruction benefits from the correct noise model result-
ing in less severe noise artifacts. This is shown quantitatively by calculating the
standard deviation in an excentric circular water region. This resulted in a standard
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(a) (b)

(c) (d)

Figure 5.12: Phantom 10 (simulation): (a) FBP (mono), (b) FBP, (c) IMPACT,
(d) IBHC.

deviation of 0.0028 cm−1 for IMPACT and 0.0039 cm−1 for IBHC.

5.3.5.2 Measurements

All measurement results are shown using a windowing interval µ = [0.20 ; 0.24] cm−1

(centered at µplexiglas), which corresponds to a window of 200 HU and a level of
125 HU. The images are 20 cm× 20 cm and 256× 256 pixels.

The left column of figure 5.15 shows the reconstructions of phantom 13. The
FBP reconstruction (a) exhibits a number of dark beam hardening streaks. The
streaks are strongly reduced both with IMPACT (c) and IBHC (e).
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(a) (b)

(c) (d)

(e) (f)

Figure 5.13: Phantom 11 (simulation): (a) FBP (mono), (b) FBP, (c) IMPACT,
(d) IBHC, (e) IMPACT with extended set of base substances, (f) IBHC with ex-
tended set of base substances.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.14: Phantom 12 (simulation): (a) FBP (mono), (b) FBP, (c) IMPACT,
(d) IMPACT (with noise), (e) IBHC, (f) IBHC (with noise).
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(a) (b)

(c) (d)

(e) (f)

Figure 5.15: Phantom 13 and phantom 14 (measurements): (a-b) FBP, (c-d) IM-
PACT, (e-f) IBHC.
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(a) (b)

(c) (d)

Figure 5.16: Phantom 15 (measurement): (a) FBP, (b) IMPACT, (c) substraction
of IMPACT and FBP, (d) IBHC.

The right column of figure 5.15 shows the reconstructions of phantom 14. The
FBP reconstruction (b) exhibits severe streak artifacts. The dark streaks are re-
duced both with IMPACT (d) and IBHC (f). Comparison with phantom 12 in-
dicates that the remaining streaks are mainly due to other effects, such as noise,
scatter, the NLPV effect, and aliasing. The remaining dark streak in (f) – probably
due to scatter – is more prominent than in (d). This also suggests that IMPACT
benefits from its correct noise model, which makes IMPACT robust against errors
corresponding to strongly attenuated measurements.

Figure 5.16 shows the reconstructions of phantom 15. The FBP reconstruction
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(a) exhibits dark beam hardening streaks. These streaks are effectively eliminated
with IMPACT (b) and IBHC (d). [air, plexiglas, bone, iron] was chosen as set of
base substances. Substracting IMPACT from FBP shows where the correction for
beam hardening artifacts is most prominent (c). It also shows a strong reduction
of the background noise. Note also that the bone regions are dark. This is mainly
due to the fact that the IMPACT reconstruction represents values at 70 keV, while
the FBP reconstruction represents averages over the entire spectrum.

5.3.6 Discussion

We have derived a new algorithm that combines three existing approaches. Firstly,
it is a maximum likelihood iterative algorithm, which allows to use a correct noise
model and an acquisition model that can be extended to other sources of artifacts,
in this case to polychromaticity. Secondly, similar to the dual energy approach, the
attenuation coefficient is decomposed into a photo-electric and a Compton scatter
component. This is a natural decomposition that strongly reduces the number
of degrees of freedom without loss of generality. And thirdly, similar to IBHC,
the domain of the linear attenuation coefficient is confined to mixtures of known
substances.

The quality of the IMPACT reconstructions is, in the absence of metal objects,
not better than the IBHC reconstructions: both result in effective beam hardening
correction. The results of phantom 12 and 13 indicate that, in the presence of metal
objects, IMPACT benefits from its correct noise model resulting in less severe noise
and other artifacts. A more extended evaluation of the algorithm with respect to
noise, spatial resolution, quantitative accuracy, and degree of artifacts is required
after including models for scatter and the NLPV effect.

One important parameter is the assumed set of base substances. The simulations
of phantom 11 show that this set is not very critical provided that the substances
in the scanning plane are not too far separated from the assumed φ-θ-relationship.
It is advisable to include in the φ-θ-relationship all substances that are known to
be present in the scanning plane. Unlike in IBHC, the number of these substances
can become large without increase in algorithmic complexity or computational load.
This also suggests a way of increasing the speed of IBHC: decomposing the linear
attenuation coefficient into a photo-electric and Compton scatter components – just
like in IMPACT – amounts in two projections per iteration instead of a projection
per iteration for each modeled substance.

Another important parameter is the used spectrum. As shown by the results,
the simulated spectrum provided by the manufacturer results in effective beam
hardening correction. The number of energy levels K can be increased with only
marginal increase in computation time. The results show that using K = 20 is
sufficient for an effective beam hardening correction. For larger objects it could
be opportune to take into account the non-uniformity of the spectrum due to the
bow-tie filter.

The main drawback of IMPACT is the high computation time. Therefore, it is
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probably advisable to use IBHC as long as no metal artifacts are present. As a first
order approximation we can write reconstruction time as

t ∼ nriter · nrdet · nrviews · imsize · nrslices · complexity
CPU

(5.17)

where nriter is the number of iterations, nrdet is the number of detector ele-
ments, nrviews is the number of views, imsize is the number of rows or columns
in the reconstruction, nrslices is the number of slices, complexity is the number of
(back)projections per iteration and CPU is the CPU-speed. The complexity is 1
for FBP, 3 for ML-TR (or 2 if the denominator is kept constant), 8 for IMPACT,
and (1+ number of materials+ 1/nriter) for IBHC. Typically, using a Pentium III-
800 Linux PC, computation time is a few hours for nrdet=768, nrviews=1056,
nriter=100, imsize=512, nrslices=1, and complexity=8. This may prevent IMPACT
from being used in clinical routine the next few years.

In our opinion, the main contribution of this work is the incorporation of a
polychromatic model into a maximum likelihood iterative reconstruction algorithm.
This allows to extend existing maximum likelihood approaches with beam harden-
ing correction. The method requires only one scan (in contrast with the dual energy
approach), and both the number of discrete energies and the number of substances
taken into account can be increased with only marginal increase in computation
time (in contrast with IBHC). We have shown in section 5.2 that ML-TR is promis-
ing for metal artifact reduction, mainly thanks to the noise model. We now have
extended this method with a model for polychromaticity. It is confirmed that im-
proving the acquisition model results in reduced artifacts. The algorithm can further
be extended by including other effects such as scatter and the NLPV effect in the
acquisition model. A common advantage of IMPACT and IBHC is that the mono-
chromatic reconstructions allow a direct quantitative interpretation, compared to
classical images, which are averages over the used spectrum. The difference between
IMPACT and other beam hardening correction approaches (IBHC in particular) can
be summarized as follows. Instead of correcting the data in order to obey certain
assumptions imposed by the reconstruction algorithm, the reconstruction process is
adapted to the data by incorporating a more accurate acquisition model. Polychro-
matic data are not transformed into monochromatic data, but the algorithm takes
into account that the measurements actually are polychromatic.

5.3.7 Conclusion for IMPACT

We have presented an iterative maximum likelihood algorithm for CT (IMPACT)
that prevents beam hardening artifacts. Excellent results were obtained on sim-
ulations and phantom measurements. The algorithm has been compared to the
post-reconstruction approach, and the degree of beam hardening correction was
comparable for both algorithms. In the presence of metal objects, IMPACT bene-
fits from its Poisson noise model, resulting in less severe noise and other artifacts.
This indicates that metal artifact reduction is a promising application for this new
algorithm. Section 5.2 has investigated the importance of the correct noise model.
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This section has addressed a second important cause of metal artifacts, namely beam
hardening. The algorithm should further be extended to include a prior, a model
for scatter, and a model for the NLPV effect. A strong reduction of computation
time is required before it can be used routinely.

5.4 Transaxial NLPV effect

This section is based on [27] and presents three algorithms for correction of the
tNLPV effect. The origin of the tNLPV effect is discussed in detail in section 3.4.3.3.
In [75] two possible correction methods for the tNLPV effect are proposed. The aver-
aging over the rotation interval is not taken into account and the correction methods
are limited by the assumption that a beam is made up of a set of parallel lines. In
[10] a maximum-likelihood algorithm using a simple finite beam-width model is pre-
sented, aiming at improved imaging of low-contrast tissue sub-structures, increased
spatial resolution, and low dose reconstruction. In this section, three new correction
methods are presented, taking into account both the finite rotation intervals and
the actual size of the focal spot and the detector elements. The first method con-
sists of a pre-correction step applied directly to the measured sinogram. The two
other methods are adaptations of ML-TR (section 4.3), and can be generalized for
other iterative algorithms. A number of software phantoms with sharp edges were
simulated and reconstructed using FBP and using the three presented correction
methods. All three methods result in substantial artifact reduction.

5.4.1 Algorithms

5.4.1.1 Algorithm 1

Consider the projections pi for all scanned X-ray beams i. Physically, these are
obtained by intensity-averaging the samples pis for all projection line samples s of
beam i:

pi = − ln 1/S
∑S
s=1 I0 · exp(−pis)

I0
, (5.18)

where S is the product of the number of source samples F , the number of detector
samples D, and the number of view or rotation samples V (see figures 3.4 and 3.6).
What we would like to have, are the attenuation-averaged projections p̄i:

p̄i = 1/S
S∑
s=1

pis. (5.19)

Assuming we knew pis, we could directly calculate p̄i. Unfortunately, pis is not
observable, but we can estimate it from pi, and iteratively update the estimate by
comparing the calculated measurement p̂i with the actual measurement pi. This is
schematically depicted in figure 5.17. We now redefine the samples s by assuming
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pi
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Figure 5.17: Algorithm 1: iteration scheme for estimating p′is.

that every detector elements is made up of D smaller detector elements, and that
every view is made up of V views with a fraction of the original rotation interval.
The finite size of the source is taken into account differently (see below). We explain
the steps in figure 5.17 in more detail:

1. The first estimate of p′is is obtained by sub-sampling the measured sinogram
pi using bilinear interpolation.

2. p′is is rebinned to p̂i by intensity-averaging the corresponding pixels. This
requires some more explanation. Going over to matrix notation, p̂i becomes
a matrix P̂ with M rows and N columns, and p′is becomes a matrix P ′ with
M · V rows and N ·D columns. P̂ is calculated from P ′ as follows:

P̂ = − ln
(
< exp(−P ′) >

)
, (5.20)

where <> is an averaging operation within the original sinogram pixels,
depicted more in detail in figure 5.18. Each row (or view) is obtained as an
average over all view samples. Each column ( detector element) is obtained
as a weighted average over all detector samples. Here we use a trapezoidal
weighting mask which is obtained as the convolution of two rectangular masks:
one for the width of the detector elements and one for the width of the focal
spot, taking into account the geometric magnification.

3. The error sinogram ∆pi = pi− p̂i is calculated and sub-sampled using bilinear
interpolation, giving ∆pis.

4. ∆pis is added to the current estimate p′is.

5. After a number of iterations, p′is is rebinned using attenuation-averaging, re-
sulting in a corrected sinogram p̄i. In matrix notation:

P̄ =< P ′ > . (5.21)
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views

detector elements

detector samples

view samples

Figure 5.18: The averaging operation used in algorithm 1. Each row (or view) is
obtained as an average over all view samples. Each column (detector element)is
obtained as a weighted average over all detector samples.

This method is actually an iterative deconvolution approach. There is not enough
information to recover the sub-sampled projections pis. In fact, the number of solu-
tions is infinite. However, assuming that the pis is a relatively smooth function, we
hypothesize that the bilinear interpolation approach results in a reasonable recovery
of pis,allowing to at least partially reduce the error pi − p̄i.

5.4.1.2 Algorithm 2

Algorithms 2 and 3 are extensions of ML-TR (section 4.3). We now replace the
calculation of ŷi in eq.(4.2) with a more correct calculation using the sub-sampled
projections:

ŷi =
S∑
s=1

bi
S

· exp(−
J∑
j=1

lijsµj), (5.22)

where lijs is the effective intersection length of projection line sample s in beam i
with pixel j. The number of pixels J is adjusted so that the pixel size is comparable
to the distance between the beam samples. After a number of iterations, the result
is convolved with a Gaussian smoothing kernel and rebinned to normal resolution.
The Gaussian smoothing is used as equivalent of the Hamming window used with
FBP.

5.4.1.3 Algorithm 3

A more fundamental approach is to start from the acquisition model in eq.(5.22),
and to repeat the derivation of ML-TR for this new acquisition model. Substituting
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eq.(5.22) in eq.(4.8) and applying eq.(4.15) results in

µn+1j = µnj +
∑I
i=1

∑S
s=1 lijs · ŷis(1− yi/ŷi)∑I

i=1

∑S
s=1 lijs ·

[∑J
h=1 lih

]
· ŷis

, (5.23)

where

ŷis =
bi
S

· exp(−
J∑
j=1

lijsµj).

Intermediate results are given in appendix A.5. Again, the number of pixels J is
adjusted so that the pixel size is comparable to the distance between the beam
samples, and after a number of iterations, the result is convolved with a Gaussian
smoothing kernel and rebinned to normal resolution.

5.4.2 Simulations

Our CT-simulator is described and validated in chapter 3. Three software phantoms
were simulated. Phantom 16 (figure 5.19 (a)) consists of a bone triangle (µbone =
0.4974 cm−1) surrounded with a number of circular details (µdetails = 0.0249 cm−1);
the background is air (µair ≈ 0.0 cm−1). Phantom 17 (figure 5.19 (c)) is the inverse
of phantom 16, obtained by subtracting phantom 16 from a circular bone object (ø =
4.8 cm). It is included to show that artifact reduction is not limited to regions of low
attenuation. Phantom 18 (figure 5.19 (e)) is a circular water phantom containing
two iron inserts (ø = 0.25 cm, µ = 7.0748 cm−1), two circular bone inserts (ø =
0.75 cm, µ = 0.4974 cm−1), and two details (ø = 0.25 cm, µplexiglas = 0.2187 cm−1,
and µfat = 0.1717 cm−1). This allows to evaluate the algorithms in the presence of
metal artifacts.

Simulations were performed with and without the tNLPV effect, by using intensity-
averaging and attenuation-averaging (see above). Monochromatic simulations were
performed. No noise or scatter was included. The simulations without the tNLPV
effect were reconstructed with FBP. The simulations with the tNLPV effect were
reconstructed with FBP and with the three proposed algorithms. Simulation pa-
rameters were adjusted to the Siemens Somatom Plus 4, but restricted to a FOV of
5 cm to save computation time. The number of detectors is 95 and the number of
views 402. The number of samples is 4 for the source, 8 for the detector elements
and 6 for the rotation interval. No cross-talk or afterglow were included.

FBP was performed using a Hamming window with a cutoff frequency of half
the sampling frequency. σ, the standard deviation of the Gaussian post-smoothing
kernel applied to the iterative methods, was chosen 1.185 pixels so that the images
had the same degree of edge smoothing as the FBP reconstructions (with Hamming
window). This was determined by visual comparison of profiles through the images.
Algorithms 2 and 3 were performed using 256 × 256 pixels. We used the following
iteration scheme: 400 × 10 + 400 × 6 + 400 × 3 + 400 × 2 + 400 × 1, where every
first number denotes the number of iterations and every second number denotes the
number of subsets. All shown results are 5 cm × 5 cm and 64 × 64 pixels, and use
a windowing interval of 0.02 cm−1, corresponding to circa 100 HU.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.19: Software phantoms (left) and FBP reconstructions of the simulations
without the tNLPV effect (right): (a-b) phantom 16 windowed in interval µ = [-0.01
; 0.01] cm−1, (c-d) phantom 17 windowed in interval µ = [0.4874 ; 0.5074] cm−1,
and (e-f) phantom 18 windowed in interval µ = [0.1846 ; 0.2046] cm−1.
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(a) (b)

Figure 5.20: FBP reconstructions of phantom 19 windowed in interval µ = [-0.01 ;
0.01] cm−1: (a) measurement and (b) simulation.

5.4.3 Measurements

Phantom 19, a square plexiglas plate with thickness 1 cm and sides of 3 cm, was
scanned on a Siemens Somatom Plus 4 CT-scanner. We used sequential scan mode
with fixed focal spot, a nominal slice thickness of 1.0 mm, a 0.75 s rotation, a
nominal tube voltage of 140 kV, and a tube current of 206 mA. The raw data were
transfered to a PC for further processing using our own reconstruction software.
For comparison we also simulated phantom 19 using the same parameters as for the
measurement. Both were reconstructed using FBP with a Hamming window with
a cutoff frequency of half the sampling frequency, a FOV of 6.7 cm, and 128 × 128
pixels. The results are shown in figure 5.20 using a windowing interval of 0.02 cm−1.
In addition to the NLPV artifacts, some low-level aliasing artifacts and ring artifacts
are seen. The latter are due to drift in sensitivity of the different detector elements.
This effect was also included in the simulations as random variations in detector
sensitivity with a standard deviation of 0.05 %.

In a first attempt to validate the proposed correction approach on measure-
ments, we applied algorithm 3 to the measurement of phantom 19. Recently, the
gas ionization detectors in the Somatom Plus 4 have been replaced by solid-state
detectors. Therefore, we can no longer use the amounts of detector crosstalk and
afterglow determined in chapter 3. For now, we assume that both are zero. Never-
theless, all described algorithms are very easily extended to accommodate for these
effects. A large number of iterations were performed using 512 × 512 pixels. A
Gaussian post-smoothing kernel with σ = 3 was applied so that the images had the
same degree of edge smoothing as the FBP reconstructions, and the images were
rebinned to 128 × 128 pixels.
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(a) (b)

(c) (d)

Figure 5.21: Results for phantom 16 windowed in interval µ = [-0.01 ; 0.01] cm−1:
(a) FBP, (b-d) algorithms 1 to 3.

5.4.4 Results and discussion

Figure 5.19 (b, d, f) shows the filtered backprojection reconstructions of the simula-
tion without the tNLPV effect. The only artifacts that are seen are due to aliasing
[8, 22, 77, 142, 150]. Aliasing is always present, but is usually not seen. In these
cases it is, due to the small windowing interval and due to the presence of strong
gradients.

Figure 5.21 shows the results for phantom 16. The uncorrected image (a) shows
dark streaks tangent to the edges of the triangle, as expected. With algorithm 1,
the streaks are partially reduced (b). Algorithms 2 and 3 offer the best results (c-d).
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phantom 16 min mean max

FBP - -1.4288 0.0602 1.5530

FBP + -6.0115 -0.5660 1.5311

alg 1 -3.7823 -0.0996 1.9691

alg 2 -0.6059 -0.0284 0.3584

alg 3 -1.2209 -0.0672 0.6880

Table 5.2: Normalized values of the ROI drawn in figure 5.19 (a), for the FBP
reconstruction without (FBP -) and with tNLPV effect (FBP +), and the results of
algorithms 1, 2, and 3.

The streaks are almost completely gone (taking into account the narrow window-
ing). Remarkably, the result for algorithm 2 is even better than for algorithm 3 for
the same number of iterations. We attribute this to the fact that the convergence
depends on the degree of smoothing in the backprojector. It is a well-established
fact that amplifying the high-frequencies (or equivalently, removing a smoothing
operation) in the backprojection results in increased convergence speed [114]. For a
preliminary quantitative evaluation, we calculated the minimum, mean and maxi-
mum value of the region of interest (ROI) drawn in figure 5.19 (a) for all algorithms.
The values were normalized for easier comparison: the mean value obtained for the
reference image was subtracted from all values followed by a multiplication by 1000:

valuetable = (valueorig −meanref) ∗ 1000. (5.24)

Table 5.2 shows the calculated values for the FBP reconstruction without (FBP -)
and with tNLPV effect (FBP +), and the results of algorithms 1, 2, and 3. The
mean values confirm that the tNLPV effect causes a negative error which is reduced
by the three proposed algorithms. The minimum and maximum values show that
the correction algorithms effectively modify all erroneous values toward the ideal
value. Moreover, they indicate that algorithms 2 and 3 offer a strongly reduced
variance.

Figure 5.22 shows the results for phantom 17. Again, the uncorrected image
(a) shows dark streaks tangent to the edges of the triangle, as expected. With
algorithm 1, the streaks are partially reduced (b). Algorithms 2 and 3 offer the best
results (c-d). The streaks are almost completely gone. The result with algorithm 2
is again slightly better than with algorithm 3. The minimum, mean and maximum
value of the ROI drawn in figure 5.19 (c) was calculated for all algorithms. Table 5.3
shows the normalized values, analogously to phantom 16. The conclusions are
identical to those for phantom 16.

Figure 5.23 shows the results for phantom 18. In the uncorrected image (a), the
artifacts due to the tNLPV effect are slightly masked by the aliasing artifacts. With
algorithm 1, the tNLPV streaks are partially reduced (b). Algorithms 2 and 3 not
only offer the best reduction of the tNLPV artifacts, but they also show a strong
reduction of the aliasing artifacts (c-d). These results still show some remaining
streaks, despite the large number of iterations. This indicates that, even without
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(a) (b)

(c) (d)

Figure 5.22: Results for phantom 17 windowed in interval µ = [0.4874 ;
0.5074] cm−1: (a) FBP, (b-d) algorithms 1 to 3.

noise, beam hardening and scatter, the inclusion of prior information (like in sec-
tion 5.2) will be required for a complete reduction of metal artifacts. The minimum,
mean and maximum value of the ROI drawn in figure 5.19 (e) was calculated for
all algorithms. Table 5.4 shows the normalized values. The results confirm that the
three proposed algorithms result in a substantial artifact reduction.

Figure 5.24 shows the results for phantom 19: (a) the reconstruction with al-
gorithm 3 and (b) the subtraction of the reconstruction with algorithm 3 from the
FBP reconstruction. The difference image shows that the NLPV is strongly re-
duced. Still, the NLPV effect is not entirely eliminated. Improved modeling of the
detector cross-talk and other geometrical factors, in combination with some prior
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phantom 17 min mean max

FBP - -2.6890 0.1920 2.6540

FBP + -6.7550 -1.6420 1.9780

alg 1 -5.0760 -0.5570 2.9280

alg 2 -0.0880 0.3970 1.4240

alg 3 -0.7270 0.2050 1.3120

Table 5.3: Normalized values of the ROI drawn in figure 5.19 (c), for the FBP
reconstruction without (FBP -) and with tNLPV effect (FBP +), and the results of
algorithms 1, 2, and 3.

phantom 18 min mean max

FBP - -6.3270 -1.3220 2.2900

FBP + -13.2390 -2.2720 17.6420

alg 1 -5.8780 -1.6890 5.1860

alg 2 -1.3060 -0.0380 2.5360

alg 3 -1.0950 -0.0250 2.9730

Table 5.4: Normalized values of the ROI drawn in figure 5.19 (e), for the FBP
reconstruction without (FBP -) and with tNLPV effect (FBP +), and the results of
algorithms 1, 2, and 3.

information, may improve these very preliminary results.

Although algorithms 2 and 3 are clearly superior to algorithm 1 with regard to
artifact reduction, a strong reduction of computation time is required before they
can be used routinely. Algorithm 1 offers only partial artifact correction, but has
the advantage that it can be used as a pre-processing step in combination with any
existing reconstruction algorithm. Finally, so far we have assumed that all beam
samples have equal weights. In particular, the focal spot is modeled as a uniformly
radiating straight line, and the detection sensitivity is independent of the beam
sample. However, both the simulations and the correction algorithms could easily
be made more realistic, for instance by using a Gaussian-shaped emission profile.

5.4.5 Conclusion for tNLPV correction

Three algorithms for correction of the tNLPV effect are presented. The algorithms
were applied to simulations. Until now, only algorithm 3 was applied to a mea-
surement. Algorithm 1 allows a substantial reduction of the tNLPV artifacts, and
consists of a pre-correction step applied directly to the measured sinogram. Algo-
rithms 2 and 3 give the best results at the expense of high computation time. In
the presence of metal objects, the tNLPV artifacts are accompanied by relatively
strong aliasing artifacts. In this case, algorithms 2 and 3 are clearly superior to
algorithm 1. Still, we expect that inclusion of prior information is required for
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(a) (b)

(c) (d)

Figure 5.23: Results for phantom 18 windowed in interval µ = [0.1846 ;
0.2046] cm−1: (a) FBP, (b-d) algorithms 1 to 3.

complete metal artifact reduction. Appropriate use of prior information may also
decrease the computation time of the iterative algorithms.

5.5 Conclusion

In this chapter we have addressed three out of four important causes of metal arti-
facts, as determined in chapter 3. In section 5.2 we showed that effective reduction
of metal artifacts is obtained by taking into account the Poisson noise characteristics
of the measurement, combined with a prior and increased resolution. In section 5.3
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(a) (b)

Figure 5.24: Results for phantom 19 windowed in interval µ = [-0.01 ; 0.01] cm−1:
(a) reconstruction with algorithm 3 and (b) subtraction of the reconstruction with
algorithm 3 from the FBP reconstruction.

the polychromatic nature of the measurements is taken into account resulting in
excellent beam hardening correction. In section 5.4 a strong reduction of the trans-
axial NLPV artifact is obtained, by incorporating the finite beam width and the
finite rotation interval in the acquisition model.

More research is required to implement methods for scatter estimation. Also, all
algorithms must be validated on clinical examples. To set the seal on this work, the
different correction approaches must be combined and the most appropriate prior
must be determined. A combined acquisition model, modeling both noise, beam
hardening, the NLPV effect, and scatter, is given by

ŷi =
S∑
s=1

K∑
k=1

bisk · exp
(
−

J∑
j=1

lijs
[
φ(µj) ·Φk + θ(µj) ·Θk

])
+ Si. (5.25)

Following the same derivation as in section 4.3 and including a prior, the following
update formula is obtained

µn+1j = µnj +
φ′
j ·
∑I
i=1

∑S
s=1 lijseiY

Φ
is + θ′j ·

∑I
i=1

∑S
s=1 lijseiY

Θ
is + P

φ′
j ·
∑I
i=1

∑S
s=1 lijsMis + θ′j ·

∑I
i=1

∑S
s=1 lijsNis

, (5.26)

where

φ′
j =

(∂φ
∂µ

)∣∣
µn

j

θ′j =
( ∂θ
∂µ

)∣∣
µn

j
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ei = 1−
yi
ŷi

P = β
J∑
h=1

∂V

∂µ
(µh − µj)

Mis =
( J∑
h=1

lihφ
′
h

)
·
(
Y ΦΦis · ei +

yi · Y Φis · Y Φi
ŷ2i

)

+
( J∑
h=1

lihθ
′
h

)
·
(
Y ΦΘis · ei +

yi · Y Φis · Y Θi
ŷ2i

)

Nis =
( J∑
h=1

lihφ
′
h

)
·
(
Y ΦΘis · ei +

yi · Y Θis · Y Φi
ŷ2i

)

+
( J∑
h=1

lihθ
′
h

)
·
(
Y ΘΘis · ei +

yi · Y Θis · Y Θi
ŷ2i

)

Y Φis =
K∑
k=1

Φk · ŷisk

Y Θis =
K∑
k=1

Θk · ŷisk

Y Φi =
S∑
s=1

Y Φis

Y Θi =
S∑
s=1

Y Θis

Y ΦΦis =
K∑
k=1

Φk ·Φk · ŷisk

Y ΦΘis =
K∑
k=1

Φk ·Θk · ŷisk
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Y ΘΘis =
K∑
k=1

Θk ·Θk · ŷisk

ŷisk = bisk · exp
(
− Φk

J∑
j=1

lijs · φ(µnj )−Θk
J∑
j=1

lijs · θ(µnj )
)
,

Intermediate results are given in appendix A.6. At the points of inflection, φ′
j and

θ′j are defined as

φ′
j =

1
2
lim
ε→0

[(∂φ
∂µ

)∣∣
µn

j −ε +
(∂φ
∂µ

)∣∣
µn

j +ε

]
θ′j =

1
2
lim
ε→0

[( ∂θ
∂µ

)∣∣
µn

j −ε +
( ∂θ
∂µ

)∣∣
µn

j +ε

]
.

(5.27)

Finally, the result must be convolved with a Gaussian smoothing kernel with stan-
dard deviation σ to suppress Gibbs overshoots at sharp edges [140]. All MLTR
algorithms presented in the previous sections are special cases of this global ap-
proach:

• The MAP algorithm from section 5.2 is obtained by choosing K = 1, S = 1,
and Si ≡ 0.

• IMPACT from section 5.3 is obtained by choosing β = 0, S = 1, and Si ≡ 0.

• The tNLPV algorithm from section 5.4.1.3 is obtained by choosing K = 1,
β = 0, and Si ≡ 0.

• Finally, the scatter algorithm from section 4.5 is obtained by choosing K = 1,
β = 0, and S = 0.







Chapter 6

General conclusions

6.1 Main contributions

In this thesis we have tried to contribute to the field of metal artifact reduction in
computed tomography

• by performing a profound investigation of metal artifacts and their origin,
• and by investigating the potential application of iterative reconstruction for
reduction of metal artifacts.

Our attention to metal artifacts was drawn in an explorative study on the use of
iterative reconstruction for spiral CT [109]. We decided to tackle the problem of
metal artifacts in a fundamental way. First of all, we needed to know the origin of
metal artifacts. Many causes of (non-metal) artifacts are found in the literature.
In order to determine which of those causes are most important for metal arti-
facts, a thorough analysis of the acquisition and reconstruction in CT was required,
including simulations and measurements.

We developed a high-resolution 2D CT-simulator [24], taking into account the
finite X-ray beam width, the continuous rotation of the scanner, and a realistic
X-ray spectrum. The simulator has proven to be very realistic. It allowed us to
estimate a number of technological parameters such as afterglow and detector cross-
talk. The simulator has two major limitations: it is limited to 2D, and it does not
include accurate scatter simulation. Although we concentrated on simulating the
Siemens Somatom Plus 4 CT-scanner, the simulator is applicable to any fan-beam
CT-scanner, including micro-CT-scanners.

In order to analyze measurements on a real CT-scanner, we had to figure out how
to transfer and decode raw data and images from a CT-scanner. We concentrated
on the Siemens Somatom Plus 4 CT-scanner, as this was the newest available CT-
scanner at the moment, and because Siemens was willing to provide us with the
necessary information. A number of existing reconstruction algorithms (FBP, ML-
EM, ML-TR, IBHC, . . . ) were implemented and – where necessary – adapted to

123
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a fan-beam geometry. This included writing a rebinner, as well as a fan-beam
projector-backprojector.

Simulations and measurements allowed us to understand the origin of the dif-
ferent types of artifacts. The most important causes of metal artifacts were found
to be noise, beam hardening, the NLPV effect, and scatter [24]. In the absence of
metal objects, all these effects still result in artifacts, but to a lesser extent. Conse-
quently, all algorithms designed to correct one of the causes of metal artifacts have
potentially a much broader range of application.

In a second part of this work, we have tried to develop algorithms for correcting
the different causes of metal artifacts. More in particular we have investigated the
use of iterative reconstruction for reduction of metal artifacts. We hypothesized
that using a more accurate acquisition model would result in reduced artifacts. We
based ourselves on the ML-TR algorithm [110], which uses a Poisson noise model.

1. We developed a MAP method [25]. By using a Poisson noise model, we try to
minimize the artifacts that are due to noise. This noise model also makes the
algorithm more robust against other sources of artifacts. We used a Markov
random field prior to take incorporate a-priori knowledge. And we applied
increased sampling in the reconstructed image to increase the number of de-
grees of freedom. Good results were obtained for simulations and phantom
measurements. Streak artifacts were reduced while small line-shaped details
were preserved. The MAP algorithm was compared with the projection com-
pletion method, and with iterative reconstruction ignoring the projections
through metal objects.

2. We extended the acquisition model to take into account the polychromatic
nature of CT, for reduction of beam hardening artifacts [26]. This resulted
in a new iterative maximum likelihood polychromatic algorithm for CT (IM-
PACT). Excellent results were obtained on simulations and phantom measure-
ments. The algorithm was compared to the post-reconstruction approach, and
the degree of beam hardening correction was comparable for both algorithms.
In the presence of metal objects, IMPACT performed clearly better, thanks
to the accurate noise model.

3. Three algorithms were developed for reduction of the NLPV effect [27], taking
into account both the finite rotation intervals and the actual size of the focal
spot and the detector elements. The first method consists of a pre-correction
step applied directly to the measured sinogram, combined for instance with
FBP. The two other methods are adaptations of ML-TR, modeling the finite
beam width and the finite rotation intervals. Good results were obtained for
simulations and for a measurement. All three methods result in substantial
artifact reduction. In the presence of metal objects, the iterative algorithms
were clearly superior.

4. Finally, we derived a global algorithm taking into account all causes of metal
artifacts. All proposed correction algorithms can be derived from it as special
cases.
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6.2 Suggestions for future work

6.2.1 Scatter

From the four most important causes of metal artifacts determined in chapter 3,
three have been addressed in chapter 5: noise, beam hardening, and the NLPV
effect. Scatter, the fourth important cause, requires further research. Iterative
algorithms taking into account scatter - like presented in section 4.5 - require an
estimate of the scatter contribution. We now give an overview of existing scat-
ter models, we propose a new scatter simulator, and we suggest a framework for
reduction of scatter artifacts.

In [43], it is shown that the scatter contribution can be well approximated by
a constant, i.e. independent of detector element or view number. This is justified
by recognizing that the scatter profiles are relatively smooth compared to the total
measured intensity profiles. Also in [43], an analytic formulation of the scatter is
presented, yet limited to cylindrical phantoms.

A slightly more complicated scatter model is derived in [49] and improved in
[115]. In [49], it is shown that scatter can be modeled as

Si ∼ S(Ii · pi), (6.1)

where Ii and pi are the detected intensity and attenuation respectively in sino-
gram pixel i, and S represents a smoothing operation where all sinogram rows are
convolved with a rectangular or trapezoidal kernel.

Even more reliable scatter estimates are obtained by Monte Carlo simulation
[16, 17, 86, 93]. A main drawback here is the high computation time.

We propose a simple scatter simulator in appendix A.7. It is more accurate
than the model proposed by [49] and [115], in the sense that it takes into account
the actual scatterer distribution. Consequently, we expect that the resulting scatter
profiles will be a better approximation than with the simpler methods. It is too
simple, in the sense that it does not take into account the energy-dependence of
the scatter fraction and of the scatter angle, and it is limited to 2D. This scatter
simulator will have to be validated using measurements and/or Monte Carlo simu-
lations. It can then be combined with the CT-simulator to provide a more realistic
scatter simulation. For reduction of scatter we propose to use the method presented
in section 4.5 and included in the global approach (section 5.5). For estimation of
the scatter contribution, the proposed scatter simulator can be used. This leads to
the following procedure:

1. perform a number of iterations without scatter correction or with a simplified
scatter estimation,

2. estimate the scatter contribution using the scatter simulator and based on the
intermediate reconstruction,

3. perform a number of iterations with scatter correction, and if necessary repeat
step 2.
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6.2.2 Extension to 3D

Most work presented in this thesis is limited to 2D. In real CT-scanners, the third
dimension can not be neglected:

1. The third dimension forms the basis of the axial NLPV effect (section 3.4.3.4).
The axial NLPV effect is essentially very similar to the tNLPV effect. Correc-
tion of the axial NLPV effect requires a 3D approach, resulting in much larger
computation times. But the axial NLPV effect can also be limited (although
not eliminated) by using narrower slice collimation, avoiding the requirement
of a 3D approach.

2. In spiral CT, as the patient shifts through the gantry, the X-ray tube follows
a helical orbit with respect to the patient. This 3D situation is reduced
to a 2D reconstruction problem using interpolation (see section 2.6), at the
expense of longitudinal smoothing and spiral artifacts. The spiral CT study
in section 4.9 indicated that iterative reconstruction might offer a solution
for these problems using non-linear constraints. However, with the advent of
multi-slice CT, longitudinal sampling and resolution are no longer a problem,
and a 3D approach is no longer necessary provided that the cone angle is small
enough.

3. CT-scanner technology is steadily evolving, and within a few years full cone-
beam scanners will probably be commercially available. A lot of research is
being done in cone-beam reconstruction. Here also, 3D iterative reconstruc-
tion is an option to consider.

The previous arguments allow to conclude that 3D iterative reconstruction might be
useful but is not necessary. In both cases, all work presented in this thesis remains
valid. Noise, beam hardening, the NLPV effect, and scatter are inherent physical
phenomena and apply to all types of CT-scanners. If the 3D acquisition is reduced
to a number of 2D reconstruction problems, the presented correction algorithms
can be applied directly. If 3D reconstruction is required, the presented correction
algorithms can be extended to 3D.

6.2.3 Global approach

Once the work on scatter estimation is completed, the global approach can be im-
plemented. One aspect that will need further investigation is the choice of prior
parameters (prior type, prior weight, . . . ) that give the best reconstructions. For
application in clinical routine, a strong reduction of the computational cost of the
proposed algorithms will be required. We have focussed on a fundamental solution
to the problem, rather than worrying about computation times. All reconstruction
algorithms presented in this thesis are essentially adaptations of the objective func-
tion (see chapter 4), and we have not tried to improve the optimization strategy.
We are convinced that improved optimization techniques, additional acceleration
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tricks, more efficient programming, faster computers and hardware implementation
will bring maximum likelihood iterative reconstruction in CT within reach. Our
hope and expectation is that the proposed global approach will allow reduction of
metal artifacts far beyond the point that is possible today.





Appendix A

Proofs and derivations

A.1 Proof of the projection theorem

By definition, the 2D FT of f(x, y) is:

F (kx, ky) =
∫ ∞

−∞

∫ ∞

−∞
f(x, y) e−2πi(kxx+kyy) dx dy.

Using eq.(2.22) this becomes

F (kx, ky) =
∫ ∞

−∞

∫ ∞

−∞
f(x, y) e−2πi(k·cos θ·x+k·sin θ·y) dx dy.

Using transformation formulas (2.8) and (2.9), the integration variables x and y can
be substituted by r and s:

F (kx, ky) =
∫ ∞

−∞

∫ ∞

−∞
f(r · cos θ − s · sin θ, s · cos θ + r · sin θ) ·

e−2πi(k·cos θ(r·cos θ−s·sin θ)+k·sin θ(s·cos θ+r·sinθ)) ds dr.

Since cos2 θ + sin2 θ = 1 this reduces to:

F (kx, ky) =
∫ ∞

−∞

∫ ∞

−∞
f(r · cos θ − s · sin θ, s · cos θ + r · sin θ) e−2πi(k·r) ds dr.

e−2πi(k·r) is independent of s and can be placed outside the inner integral:

F (kx, ky) =
∫ ∞

−∞
e−2πi(k·r)

[ ∫ ∞

−∞
f(r · cos θ − s · sin θ, s · cos θ + r · sin θ) ds

]
dr.
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From eq.(2.13) it is clear that the inner integral is the projection p(r, θ):

F (kx, ky) =
∫ ∞

−∞
p(r, θ) e−2πi(k·r) dr.

By definition the right hand side is the 1D FT of P (k, θ):

F (kx, ky) = P (k, θ).

A.2 Derivation of fan-beam FBP

Substituting eq.(2.30) in eq.(2.27) and limiting r in the integration to [-FOV/2 ; FOV/2]
yields

f(x, y) =
1
2

∫ 2π

0

∫ +FOV/2

−FOV/2
p(r, θ) q(x cos θ + y sin θ − r) dr dθ. (A.1)

The factor 1/2 compensates the modification of the integration limits from 0 to
2π. The transformation formulas 2.36 allow to switch to the fan-beam coordinates
(α, β). The Jacobian of this transformation is

J =
∣∣∣∣ 1 1
0 R cosα

∣∣∣∣ = R cosα.

Because α is always in the interval [−π/2, π/2], |R cosα| = R cosα. Introducing
these new coordinates in eq.(A.1) yields

f(x, y) =
1
2

∫ 2π

0

∫ +∆α
2

−∆α
2

(
p(α, β) q(x cos(α+ β) + y sin(α+ β)−R sinα)

·R · cosα dα dβ
)
.

(A.2)

Using the sum-equations

{
cos(α+ β) = cosα cosβ − sinα sinβ (a)
sin(α + β) = sinα cosβ + sinβ cosα, (b)

(A.3)

the argument of q(.) in eq.(A.2) becomes

arg
{
q(.)
}
= cosα · [x cos β + y sinβ] + sinα · [−x sinβ + y cosβ −R]. (A.4)

This equation looks very much like eq.(A.3) (b). Therefore, we define

{
v sin γ = x cosβ + y sinβ (a)
v cos γ = x sinβ − y cosβ +R. (b)

(A.5)
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We can then calculate γ and v as

γ = arctan(
(A.5 a)
(A.5 b)

) = arctan(
x cos β + y sinβ

x sinβ − y cosβ +R
)

v =
√
(A.5 a)2 + (A.5 b)2 =

√
(x cos β + y sinβ)2 + (x sinβ − y cosβ +R)2.

It can be seen that v represents the distance from the image point (x, y) to the top
of the fan and γ is the value of α for the projection line through the image point
(x, y). Substituting eq.(A.5) in eq.(A.4) yields

arg
{
q(.)
}
= v · (cosα · sin γ − sinα · cos γ)
= v · sin(γ − α).

Equation (A.2) then becomes

f(x, y) =
1
2

∫ 2π

0

∫ +∆α
2

−∆α
2

p(α, β) q(v sin(γ − α)) R cosα dα dβ. (A.6)

From eq.(2.31) we find

q(v sin(γ − α)) =
∫ +∞

−∞
|k| ei2πkv sin(γ−α) dk. (A.7)

If we define a new variable k′ given by

k′ = k · v sin(γ − α)
γ − α

k = k′ · γ − α

v sin(γ − α)

dk = dk′ · γ − α

v sin(γ − α)

and if we substitute it in eq.(A.7), we have

q(v sin(γ − α)) =
∫ +∞

−∞
|k′|
(

γ − α

v sin(γ − α)

)2
ei2πk

′(γ−α) dk′.

Finally, we have the following fan-beam reconstruction formula from eq.(A.6)

f(x, y) =
1
2

∫ 2π

0

1
v2

∫ +∆α
2

−∆α
2

[R cosα p(α, β)](
γ − α

sin(γ − α)
)2 q(γ − α) dα dβ

=
∫ 2π

0

W1(x, y, β)
∫ +∆α

2

−∆α
2

[W2(α) p(α, β)] g(γ − α) dα dβ,
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where

W1(x, y, β) =
1
v2

W2(α) =
1
2
R cosα

g(α) =
( α

sinα
)2 · q(α).

A.3 Mathematical demonstration of the NLPV ef-
fect

The following derivation is adapted from [75]. The left side of eq.(3.9) can be written
as:

− ln Ī

I0
= − ln

∫∫
R
I0 · exp(−p(�r)) · d�r
I0 ·

∫∫
R d�r

= − ln
∫∫
R exp(−p̄−∆p(�r)) · d�r∫∫

R
d�r

,

where

∆p(�r) = p(�r)− p̄.

The term p̄ is a constant and can be brought outside the logarithm:

− ln Ī

I0

= p̄− ln
∫∫
R
exp(−∆p(�r)) · d�r∫∫

R d�r

= p̄− ln
∫∫
R

(
1−∆p(�r) + F (∆p(�r))

)
· d�r∫∫

R d�r
,

where

F (x) = exp(x)− 1− x.

As the average of ∆p(�r) is zero, we have

− ln Ī

I0

= p̄− ln
(
1−

∫∫
R
F (∆p(�r)) · d�r∫∫

R d�r

)
.
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Because F (x) > 0 if x �= 0 and because

sign(ln(1 + x)) = sign(x),

we have

− ln Ī

I0
< p̄

if ∆p(�r)) �= 0 for at least some �r.

A.4 Derivation of IMPACT

From eq.(5.14) it follows that

∂ŷi
∂µj

= −lij
(
φ′
jY

Φ
i + θ′jY

Θ
i

)
,

and assuming φ′′
j ≡ 0 and θ′′j ≡ 0 we have

∂2ŷi
∂µj∂µh

= −lijlih
(
φ′
jφ

′
hY

ΦΦ
i + φjθ

′
hY

ΦΘ
i

+ θjφ
′
hY

ΦΘ
i + θ′jθ

′
hY

ΘΘ
i

)
.

From eq.(4.8) it follows that

∂L

∂µj
=

I∑
i=1

(ei)(−lij)
(
φ′
jY

Φ
i + θ′jY

Θ
i

)
and

∂2L

∂µj∂µh
= −

I∑
i=1

(lij)(lih)
[
ei
(
φ′
jφ

′
hY

ΦΦ
i + φjθ

′
hY

ΦΘ
i

+θjφ′
hY

ΦΘ
i + θ′jθ

′
hY

ΘΘ
i

)
− yi
ŷ2i

(
φ′
jY

Φ
i + θ′jY

Θ
i

)(
φ′
hY

Φ
i + θ′hY

Θ
i

)]
.

Substituting this in eq.(4.15) and reordering the terms results in eq.(5.15).

A.5 Derivation of NLPV algorithm 3

Taking the first derivative of eq.(5.22) gives

∂ŷi
∂µj

=
S∑
s=1

−lijsŷis.
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Taking the first derivative of eq.(4.8) gives

∂L

∂µj
=

I∑
i=1

S∑
s=1

lijs · ŷis · (1−
yi
ŷi
).

Summing the second derivative of eq.(4.8) and approximating
∑J
h=1 lihs by

∑J
h=1 lih,

results in
J∑
h=1

∂2L

∂µj∂µh
=

I∑
i=1

S∑
s=1

lijs · (
J∑
h=1

lih) · ŷis.

Substituting these results in eq.(4.15) and reordering the terms results in eq.(5.23).

A.6 Derivation of a global approach

From eq.(5.25) it follows that

∂ŷi
∂µj

= −φ′
j ·
( S∑
s=1

lijsY
Φ
is

)
− θ′j ·

( S∑
s=1

lijsY
Θ
is

)
,

and assuming φ′′
j ≡ 0 and θ′′j ≡ 0 we have

∂Y Φis
∂µh

= −lihs ·
[
φ′
h · Y ΦΦis + θ′h · Y ΦΘis

]
∂Y Θis
∂µh

= −lihs ·
[
φ′
h · Y ΦΘis + θ′h · Y ΘΘis

]
From eq.(4.8) it follows that

∂L

∂µj
= φ′

j

I∑
i=1

S∑
s=1

lijsY
Φ
is ei + θ′j

I∑
i=1

S∑
s=1

lijsY
Θ
is ei

and

∂2L

∂µj∂µh
= φ′

j ·
I∑
i=1

S∑
s=1

lijs

[(
− lihs

)(
φ′
hY

ΦΦ
is + θ′hY

ΦΘ
is

)
ei

+Y Φis
yi
ŷ2i

(
− φ′

h(
S∑
s′=1

lihs′Y
Φ
is′)− θ′h(

S∑
s′=1

lihs′Y
Θ
is′)
)]

+θ′j ·
I∑
i=1

S∑
s=1

lijs
[(

− lihs
)(
φ′
hY

ΦΘ
is + θ′hY

ΘΘ
is

)
ei

+Y Θis
yi
ŷ2i

(
− φ′

h(
S∑
s′=1

lihs′Y
Φ
is′)− θ′h(

S∑
s′=1

lihs′Y
Θ
is′)
)]

Substituting this in eq.(4.15), approximating
∑J
h=1 lihsφ

′
h by

∑J
h=1 lihφ

′
h and

∑J
h=1 lihsθ

′
h

by
∑J
h=1 lihθ

′
h, and reordering the terms results in eq.(5.26).
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Figure A.1: Scatter simulator: for every sinogram pixel i the scatter contribution
is calculated by summing the contributions over all image pixels j

A.7 Scatter simulator

The working of the scatter simulator is shown in figure A.1. For every sinogram
pixel i, the scatter contribution is calculated by summing the contributions over all
image pixels j. The scattered fraction depends on the scatter angle γij and on µj .
The scatter calculation is summarized by:

Si ∼
J∑
j=1

f(αj) · g(γij) · µj · exp(−
J∑
h=1

l1ijhµh) · exp(−
J∑
h=1

l2ijhµh), (A.8)

where f(αj) represents the angular non-uniformity of the X-ray tube, and g(γij) is
the dependence of the scatter fraction on the scatter angle. l1ijh and l2ijh are the
effective intersection lengths of lines L1 and L2 with pixel h, similar to lij defined
in section 3.2:

l1ijh = ∆s1 · c1ijh
l2ijh = ∆s2 · c2ijh,

(A.9)
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where c1ijh and c2ijh are the interpolation coefficients of L1 and L2 with pixel h.
l1ijh and l2ijh are zero at one side of pixel j (i.e. outside the intervals L1 and L2 in
figure A.1).
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