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Abstracts

MicroSPECT Imaging of Small Laboratory Animals

Pinhole and also multipinhole SPECT imaging have gained increasing attention
in recent years for low cost high resolution emission tomography imaging of small
laboratory animals. This work develops both the underlying theory and a prac-
tical methodology to calibrate the pinhole sensitivity and the pinhole acquisition
geometry and it incorporates these results in the image reconstruction algorithm
for optimal reconstruction accuracy. For single pinhole imaging, the methodology
yields excellent results and it has successfully been applied in practice. The geomet-
rical calibration was further successfully extended to multipinhole situations. This
work also addresses the potential benefit of multipinhole SPECT over single pin-
hole imaging. The first results indicate that multipinhole imaging yields a superior
and more uniform accuracy of image reconstruction in comparison to single pinhole
imaging.

MicroSPECT Beeldvorming van Kleine Proefdieren

In de voorbije jaren hebben pinhole en ook multipinhole SPECT een steeds grotere
aandacht gekregen voor de emissie tomografische beeldvorming van kleine proefdie-
ren tegen een lage kostprijs. Dit werk ontwikkelt zowel de onderliggende theorie
als een praktische methodologie voor de calibratie van de pinhole sensitiviteit en de
pinhole acquisitiegeometrie en het brengt deze resultaten in rekening in de beeld-
reconstructie om een optimale beeldkwaliteit te bekomen. De voorgestelde metho-
dologie levert zeer goede resultaten op voor pinhole beeldvorming en is reeds met
succes toegepast in de praktijk. De geometrische calibratie werd ook met succes uit-
gebreid naar multipinhole situaties. Dit werk onderzoekt verder ook de potenti€le
voordelen van multipinhole beeldvorming in vergelijking met de traditionele pinho-
le SPECT beeldvorming. De eerste resultaten wijzen uit dat multipinhole SPECT
leidt tot een superieure en meer uniforme kwaliteit van de gereconstrueerde beelden
in vergelijking met pinhole SPECT.
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MicroSPECT Beeldvorming
van Kleine Proefdieren

Inleiding

Nucleaire Geneeskunde

Nucleaire geneeskunde is een hoofdzakelijk diagnostische discipline van de genees-
kunde met als doel het in beeld brengen van het metabolisme en andere functionele
processen in het menselijk lichaam. Hiervoor krijgen patiénten een radioactief ge-
labelde tracer toegediend en wordt de verdeling daarvan in het menselijk lichaam
in beeld gebracht. Drie verschillende modaliteiten staan hiervoor ter beschikking:
de planaire scintigrafie, SPECT (single photon emission computed tomography) en
PET (positron emissie-tomografie). Planaire scintigrafie is de meest eenvoudige
techniek en levert een 2-dimensioneel projectiebeeld van de activiteitsverdeling in
het menselijk lichaam. De tomografische technieken SPECT en PET leveren daar-
entegen 3-dimensionale beelden van deze activiteitsverdeling en stellen de artsen
in staat om de activiteitsverdeling in dwarse sneden van het menselijk lichaam te
bekijken. SPECT is de oudste, maar over het algemeen ook de goedkoopste mo-
daliteit, zowel wat de kost van de tracer betreft als ook de kost van de benodigde
apparatuur (de gamma- of SPECT camera). PET is een meer recente techniek, die
slechts gedurende het laatste decennium zijn intrede heeft gedaan in de klinische
praktijk. Hoewel het voordelen biedt in vergelijking met SPECT omwille van de be-
tere sensitiviteit en de tracers die voor de beeldvorming kunnen worden aangewend,
is het doorgaans ook aanzienlijk duurder dan SPECT.

Beeldvorming van Proefdieren

SPECT en PET dragen niet alleen bij tot de klinische diagnostiek, het zijn ook waar-
devolle instrumenten in het fundamenteel onderzoek van humane aandoeningen en
voor het testen van nieuwe geneesmiddelen. Het merendeel van dergelijk onderzoek
wordt echter uitgevoerd op proefdieren en bij voorkeur op kleine proefdieren zo-
als muizen en ratten. Naast SPECT en PET bestaan er ook andere manieren om
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proefdieren te onderzoeken, zoals autoradiografie, maar deze technieken zijn meest-
al invasief en vereisen zelfs vaak het opofferen van de proefdieren. Dit maakt het
bijzonder moeilijk om de dieren gedurende langere tijd op te volgen en vaak zijn
daardoor meer proefdieren vereist om eenzelfde graad van statistische significantie
te bereiken in de resultaten van het onderzoek.

De toepassing van SPECT en PET op kleine proefdieren wordt echter gehinderd
door de beperkte spatiale resolutie van deze technieken, en verder is de sensitiviteit
bij dergelijke toepassingen ook suboptimaal. Om deze problemen te verhelpen, zijn
in de afgelopen jaren speciale varianten van SPECT en PET ontwikkeld, respec-
tievelijk microSPECT en microPET genaamd. Het algemene principe achter mi-
croSPECT, is het overschakelen van parallel hole naar pinhole collimatie, waardoor
een automatische vergroting van de projectiebeelden wordt bekomen. Dit principe
wordt verder soms gecombineerd met een verkleining van het volledige systeem en
het gebruik van detectoren met een betere spatiale resolutie. Zeer recent werd ten
slotte multipinhole collimatie voorgesteld om ook de sensitiviteit verder op te drij-
ven. MicroPET systemen zijn daarentegen altijd een neergeschaalde versie van de
traditionele PET systemen. Net zoals bij hun klassieke varianten, biedt microPET
een betere sensitiviteit dan microSPECT, maar is microPET doorgaans ook aan-
zienlijk duurder. Ten slotte dient vermeld te worden, dat de spatiale resolutie van
microPET gelimiteerd is tot de positron range van de gebruikte isotopen, terwijl de
spatiale resolutie van microSPECT, tenminste in theorie, ongelimiteerd is.

Doel van dit Werk

Het doel van dit werk is een fundamentele studie van de problemen die specifiek
bij pinhole en multipinhole SPECT beeldvorming optreden. Specifieke aandachts-
punten in dit werk zijn de bemonsterstrategie en de sensitiviteitscorrectie bij pin-
hole SPECT reconstructie (hoofdstuk 3), de geometrische calibratie van pinhole
SPECT camera’s (hoofdstuk 4, 5 en 7) en een preliminaire studie van de verschil-
len tussen pinhole en multipinhole beeldvorming (hoofdstuk 6). Uiteindelijk moet
dit resulteren in de praktische realisatie van performante pinhole en multipinhole
beeldvorming met een traditionele SPECT camera (hoofdstuk 8 geeft hiervan een
voorbeeld).

Pinhole SPECT Beeldvorming

MicroSPECT heeft tot doel om metabole en functionele processen te bestuderen in
kleine proefdieren. Deze proefdieren krijgen daartoe een welbepaalde radioactieve
stof toegediend die zich door interactie met de bovenvermelde processen op een
specifieke manier zal verdelen over het lichaam van het proefdier. Omwille van het
radioactief verval van de toegediende stof zendt deze gammastraling uit, waarbij
de intensiteit van de uitgezonden straling evenredig is met de concentratie van de
radioactieve stof. De uitgezonden straling wordt vervolgens opgemeten met een
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pinhole camera om later de 3-dimensionele activiteitsverdeling in het lichaam van
het proefdier te kunnen reconstrueren.

De pinhole camera bestaat uit een vlakke scintillatiedetector voor gammafotonen
uitgerust met een pinhole collimator. De collimator fungeert als lens voor het sys-
teem en bestaat uit een afscherming van de detector voor de invallende straling met
één enkele opening, de focus of het focale punt. Dit focale punt bevindt zich dichter
bij het proefdier dan bij de detector en enkel de fotonen uitgezonden doorheen dit
focale punt kunnen de detector bereiken. Hierdoor registreert de detector een uit-
vergrote spiegelprojectie van de oorspronkelijke activiteitsverdeling in het proefdier.
Door de camera rond het proefdier te roteren en onder verschillende hoeken projec-
ties van het proefdier te verzamelen, ontstaat ten slotte een 3-dimensionele dataset
die toelaat om de activiteitsverdeling in het proefdier bij benadering te reconstru-
eren. De reconstructie is enkel benaderend, omdat zelfs de bovenvermelde rotatie
onvoldoende informatie oplevert voor een exacte reconstructie. Andere, meer com-
plexe, acquisitiemethodes zijn mogelijk die wel voldoende informatie opleveren voor
een exacte reconstructie, maar in de praktijk is de bovenstaande rotatie rond het
proefdier verreweg de meest gebruikte acquisitiemethode. In dit werk beperken wij
ons daarom tot de bovenstaande rotatie-acquisitie.

Multipinhole collimatie is een recente ontwikkeling in microSPECT. Het is een
variant van pinhole collimatie, waarbij meerdere focale punten beschikbaar zijn
voor de beeldvorming. Als gevolg daarvan registreert de detector gelijktijdig ver-
schillende projecties van dezelfde activiteitsverdeling. De belangrijkste motivatie
voor multipinhole collimatie is een potentieel verhoogde sensitiviteit voor de ac-
tiviteitsverdeling in het proefdier, aangezien de uitgezonden fotonen hierbij door
meerdere focale punten in beeld worden gebracht. Het grotere aantal focale punten
kan verder ook een verbeterde bemonstering van de activiteitsverdeling opleveren,
die beter tegemoet komt aan de voorwaarden voor een exacte beeldreconstructie.
De verschillende projectiebeelden kunnen elkaar echter ook ten dele overlappen,
waardoor de informatie-inhoud in de bekomen projecties daalt. Om al te veel over-
lap te vermijden, kunnen pinhole openingen met kleinere openingshoeken worden
aangewend en op een grotere afstand van het proefdier. Dit gaat echter ten koste
van de sensitiviteit en de bemonstering. Bijgevolg is het op dit moment nog ondui-
delijk of en in welke mate multipinhole SPECT superieur is aan traditionele pinhole
SPECT.

Zoals vermeld, leveren zowel pinhole als multipinhole SPECT beeldvorming een
set van 2-dimensionele projectiebeelden op van de activiteitsverdeling in het be-
schouwde proefdier. Het betreft hier een niet-orthogonale projectie die gewogen
is met de niet-uniforme sensitiviteit eigen aan pinhole en multipinhole beeldvor-
ming (zie verder). Voor de reconstructie van de 3-dimensionele activiteitsverdeling
op basis van deze projectiebeelden, maken we in dit werk gebruik van de MLEM
(maximum likelihood expectation maximization) reconstructiemethode [18-20]. Dit
is een iteratieve reconstructiemethode die algemeen toepasbaar is in emissietomo-
grafie en die intrinsiek rekening houdt met de Poisson ruiskenmerken van emissie-
tomografische metingen. De methode vertrekt van een initi€le schatting /\?“d van
de gemeten activiteitsverdeling en biedt een eenvoudig algoritme om op basis van
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een vorige schatting )\;?“d een verbeterde reconstructie A7*“** te bekomen

oud
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In dit algoritme wordt de oude reconstructie A;“d eerst geprojecteerd (>, cik)\z“d)
en vervolgens vergeleken met de gemeten projectiedata ¢; door een deling van deze
data met de bovenstaande projectie. Het resultaat van deze deling wordt daar-
na weer teruggeprojecteerd naar de reconstructieruimte en vermenigvuldigd met
de oude reconstructie )\?“d. Na normalisatie door de deling door ), ¢;; levert dit
uiteindelijk de verbeterde reconstructie )\?ie“w. Het stelselmatig herhalen van deze

Vi=1,..,J (1)

procedure, met de substitutie van )\]Q“d door )\;‘ie“w, leidt tot steeds betere schat-
tingen van de eigenlijke activiteitsverdeling in het proefdier en convergeert naar die
reconstructie waarvan de projecties het best overeenkomen met de gemeten projec-
tiedata g;.

De kwaliteit van de reconstructie staat of valt met een correcte modellering van
de coéfficiénten c;; in de bovenstaande uitdrukking. Deze coéfficiénten modelleren
de projectie van de activiteitsverdeling in het proefdier door de pinhole of multipin-
hole camera en brengen zowel de sensitiviteit als de geometrie van deze systemen
in rekening. Aangezien zowel de gemeten projectiedata als de reconstructie enkel in
digitale vorm beschikbaar zijn, speelt verder ook de bemonstering van de projectie-
data en het reconstructiebeeld een belangrijke rol in het bepalen van de coéfficiénten
cij. Een belangrijk deel van dit werk bestaat uit het bepalen van deze coéfficiénten.

Bemonstering & Sensitiviteitscorrectie

Twee verschillende manieren van bemonstering worden doorgaans gebruikt in de
reconstructie van emissietomografische beelden: de voxel gebaseerde en de projec-
tiestraal gebaseerde projectie. De voxel gebaseerde projectiemethode levert automa-
tisch een uniforme bemonstering op van het reconstructiebeeld en vereist bijgevolg
de modellering van de ware 3-dimensionele pinhole sensitiviteit in de reconstructie.
Deze 3D sensitiviteit kan opgesplitst worden in een afstands- en een hoekathankelijk
deel. De correctie voor het afstandsathankelijke deel kan enkel uitgevoerd worden in
het 3D reconstructiebeeld, terwijl de correctie voor de hoekafhankelijke sensitiviteit
ook kan worden uitgevoerd in de 2D projectiebeelden. De projectiestraal gebaseer-
de projectie leidt tot een niet-uniforme bemonstering van het reconstructiebeeld bij
pinhole en multipinhole SPECT en vereist naast de sensitiviteitscorrectie bijgevolg
nog een bijkomende correctie. Deze bijkomende correctie is echter de inverse van de
afstandsafhankelijke sensitiviteitscorrectie, waardoor beide elkaar opheffen [23,28].
Bijgevolg biedt de projectiestraal gebaseerde projectie het voordeel dat enkel voor
de hoekafhankelijke pinhole sensitiviteit moet worden gecorrigeerd. Deze correctie
kan verder uitgevoerd worden in de 2D projectiebeelden, wat aanzienlijk minder
computergeheugen en/of rekentijd vereist. Dit vereenvoudigt de correctie voor de
plaatsathankelijke pinhole sensitiviteit aanzienlijk en is ook de methode waarvoor
in dit werk wordt geopteerd.
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Teneinde deze hoekafhankelijke sensitiviteit in de reconstructie te modelleren
werd een beroep gedaan op een bestaand analytisch model van de 3D pinhole sen-
sitiviteit [14] waaruit de hoekafhankelijke sensitiviteit kan worden afgeleid. Het
model bevat echter een aantal parameters waarvan de waarde enkel via metingen
kan worden bepaald. Hoewel het mogelijk is om deze parameters te bepalen uit
de metingen van een puntbron op verschillende posities in het gezichtsveld van de
camera [14], is het moeilijk om deze methode in de praktijk nauwkeurig uit te voe-
ren zonder bijkomende gespecialiseerde instrumenten. Als alternatief hebben we
echter afgeleid dat de benodigde parameters van de hoekathankelijke pinhole sensi-
tiviteit eveneens kunnen bekomen worden uit een veel eenvoudiger experiment met
een uniforme vlakke bron. Een dergelijke bron is normaal gezien op elke dienst
nucleaire geneeskunde beschikbaar of kan ook eenvoudig bekomen worden als een
horizontale laag van een radioactieve vloeistof. Mits een kleine correctie kan de
meting ook zelf gebruikt worden voor de sensitiviteitscorrectie, maar dit heeft het
nadeel dat de Poisson ruis in de meting dan kan propageren naar het uiteindelijke
reconstructiebeeld, waardoor dit een minder aantrekkelijke methode is.

Onze ervaring leert dat de bovenstaande methode zeer goed toepasbaar is voor
traditionele pinhole toepassingen, waarbij de pinhole opening een relatief grote ope-
ningshoek heeft. Voor dergelijke toepassingen is deze methode reeds herhaaldelijk
met succes toegepast. Voor multipinhole toepassingen, waarbij de pinhole ope-
ningen doorgaans een kleinere openingshoek hebben en een complexere geometrie,
blijkt het gebruikte analytische sensitiviteitsmodel echter ontoereikend. Het blijkt
noodzakelijk om de geometrie van deze pinhole openingen nauwgezet te model-
leren. Een verbeterd analytisch model voor dergelijke multipinhole toepassingen
werd ontwikkeld, maar verder onderzoek is nodig om een goede overeenkomst met
de metingen te bereiken. Zoniet moet de meting zelf voor de sensitiviteitscorrectie
worden gebruikt, met het bovenvermelde nadeel van de propagatie van ruis naar de
gereconstrueerde beelden. De niet-analytische 'ray-tracing’ techniek van Schramm
et al. [2] biedt ten slotte een tweede alternatief om de multipinhole sensitiviteit te
modelleren. Het analytische multipinhole sensitiviteitsmodel wordt wel reeds als
voldoende nauwkeurig beschouwd voor de vergelijkende studie tussen pinhole en
multipinhole beeldvorming, verderop in dit werk.

Geometrische Calibratie van Pinhole SPECT

Naast de bemonstering en sensitiviteit, modelleren de coéfficiénten c¢;; uit (1) tevens
de geometrie van de pinhole of multipinhole projectie. Voor een goede reconstruc-
tie, is het hierbij belangrijk dat de ware acquisitiegeometrie van de pinhole camera
wordt gemodelleerd, zoniet kunnen een verlies aan spatiale resolutie en vervormin-
gen van de gereconstrueerde beelden optreden [31]. De behoefte aan een nauw-
keurige beschrijving van de ware acquisitiegeometrie tijdens de beeldreconstructie,
beperkt zich niet tot pinhole en multipinhole SPECT, maar is terug te vinden bij
alle tomografische systemen. De meeste tomografische systemen zijn echter specifiek
ontworpen voor een welbepaalde beeldvormingsopdracht. Daardoor is hun ware ac-
quisitiegeometrie vanzelf met voldoende nauwkeurigheid gekend en is geen verdere
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calibratie vereist. Pinhole en multipinhole SPECT worden echter vaak uitgevoerd
met traditionele SPECT camera’s ontworpen voor parallel hole SPECT beeldvor-
ming van het menselijk lichaam. Omwille van de intrinsieke beeldvergroting stellen
pinhole en multipinhole beeldvorming zwaardere eisen aan het beeldvormingssys-
teem dan parallel hole beeldvorming en het is bijgevolg niet gegarandeerd dat deze
traditionele SPECT camera’s aan deze zwaardere eisen voldoen. Bijgevolg dient
voor pinhole en multipinhole SPECT een calibratie van de acquisitiegeometrie van
het systeem te worden uitgevoerd om die geometrie met voldoende nauwkeurigheid
te kunnen bepalen. Op basis van een theoretische studie ontwikkelt deze sectie een
praktische methodologie om de bovenstaande calibratie uit voeren aan de hand van
een eenvoudige meting. De beoogde methodologie bestaat erin om onmiddellijk na
de acquisitie van het proefdier een mogelijk kortere, maar verder identieke acquisi-
tie van een calibratiefantoom uit te voeren. Deze bijkomende acquisitie moet het
mogelijk maken om de acquisitiegeometrie van het pinhole systeem te bepalen. Die
informatie kan dan worden gebruikt voor de reconstructie van de activiteitsverdeling
in het proefdier.

Voor een traditionele pinhole camera met een vlakke detector die een circulaire
beweging beschrijft rond het in beeld te brengen proefdier, kan de acquisitie geo-
metrie volledig worden beschreven met 7 parameters [31]. Figuur 1 illustreert de
geometrie van een dergelijke pinhole camera en de definitie van de bovenstaande
7 parameters. De focale lengte f en de elektrische shifts e, en e, vormen de in-
trinsieke pinhole parameters. Hun waarde is onafhankelijk van de positie van de
detector ten opzichte van de as van rotatie. De focale lengte is de afstand tussen
het focale punt van de collimator en het detectoroppervlak en de elektrische shifts
beschrijven een collectieve translatie van de projectiebeelden, veroorzaakt door drift
van de elektrische componenten van de detector. De extrinsieke parameters d, m,
® and U beschrijven verder de relatieve positie van de detector-collimator com-
binatie ten opzichte van de as van rotatie. Ze kunnen beschreven worden aan de
hand van de centrale projectiestraal: de pinhole projectiestraal die loodrecht op
het detectoroppervlak staat. De mechanische offset m is de afstand tussen deze
centrale projectiestraal en de as van rotatie. De detectorafstand d is de afstand
van de detector tot de rotatie-as langs de centrale projectiestraal als m = 0. Deze
afstand bepaalt de straal waarop de detector rond de as van rotatie draait tijdens
de acquisitie. De tilt ® is de hoek tussen het oppervlak van de detector en de as van
rotatie, of ook het complement van de hoek tussen de centrale projectiestraal en
de rotatie-as. De twist ¥ beschrijft uiteindelijk de oriéntatie van de detector pixels
ten opzichte van de rotatie-as. De hoek 6 geeft de rotatie van de pinhole camera
weer tijdens de acquisitie. In multipinhole toepassingen zijn verder 3 bijkomende
parameters per bijkomende pinhole opening vereist. Met uitzondering van de pro-
jectiehoek 6, worden alle bovenstaande parameters constant verondersteld tijdens
de beeldvorming.

In de literatuur zijn reeds verschillende methodes beschreven om de ware acqui-
sitiegeometrie van een traditionele pinhole camera te bepalen [30-36]. De meeste
methodes laten echter slechts toe om een subset van de 7 bovenvermelde parameters
te schatten [31-34,36]. Andere methodes [30, 35] vereisen dan weer verschillende
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Figuur 1: Pinhole camera met focale lengte f en op projectiehoek 0. De z-as is de
rotatieas van het systeem en de xyz-oorsprong is zodanig gekozen dat de centrale
projectiestraal van het systeem de z-as snijdt bij 8 = 0. De focale lengte f en de
detectorafstand d zijn aangeduid langsheen de centrale projectiestraal. De mecha-
nische offset m is de afstand tussen de zyz-oorsprong en de centrale projectiestraal.
De tilthoek ® is het complement van de hoek tussen de centrale projectiestraal en
de rotatieas. De twisthoek ¥ is tenslotte de hoek tussen de rijen van detectorpixels
(u-as) en de orthogonale projectie van de z-as op de detector bij § = 0.

calibratiemetingen met ingewikkelde calibratiefantomen. In dit werk stellen wij een
nieuwe calibratiemethode voor, die toelaat om de volledige pinhole of multipinhole
acquisitiegeometrie te bepalen uit 1 enkele calibratiemeting met een eenvoudig fan-
toom bestaande uit 3 stationaire puntbronnen in het gezichtsveld van de camera.
De methode is geinspireerd op reeds bestaande methodes die een deel van de ac-
quisitiegeometrie bepalen op basis van de SPECT acquisitie van 1 [32-34] of 2 [31]
puntbronnen.

Allereerst werd een theorie ontwikkeld die toelaat om te bepalen hoeveel punt-
bronnen noodzakelijk zijn voor een bepaalde calibratiemethode en of er bijkomende
voorwaarden aan de posities van de puntbronnen dienen te worden gesteld. De
methode is zowel in pinhole als in multipinhole situaties toepasbaar en is verder
in principe ook uitbreidbaar naar meer ingewikkelde acquisitiegeometrieén (zoals
geillustreerd in hoofdstuk 7). Voor de volledige calibratie van een traditionele pin-
hole camera toont de theorie aan dat 3 puntbronnen noodzakelijk zijn en dat er
verder een beperkt aantal restricties bestaan betreffende de positie van deze bron-
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nen. De theorie geeft verder ook aan dat ten minste 2 van de afstanden tussen de
puntbronnen gekend moeten zijn en als een restrictie opgenomen dienen te worden
in de calibratieberekeningen. In de praktijk worden alle 3 de afstanden tussen de
puntbronnen gebruikt. De vereisten voor de traditionele pinhole calibratie blijken
ten slotte ook voldoende voor de calibratie van de multipinhole situatie beschouwd
in dit werk. Of deze voorwaarden ook noodzakelijk zijn in die multipinhole situatie
werd niet onderzocht.

In de voorgestelde calibratiemethode worden eerst de projectielocaties van de
3 calibratiebronnen berekend voor elke projectiehoek 6 als de massacentra van de
intensiteit van hun projecties. Deze projectielocaties kunnen eveneens analytisch
berekend worden uitgaande van een schatting van de 7 parameters f,d, m,e,,e,, P
en ¥ (plus 3 bijkomende parameters per bijkomende pinhole opening in multipin-
hole situaties) en van de posities van de puntbronnen in het gezichtsveld van de
camera. Dit laat toe om de waarden van de 7 pinhole parameters te bepalen door
de analytisch berekende projectielocaties te fitten aan de gemeten locaties. Hierbij
wordt niet alleen de waarde van de 7 acquisitie parameters bepaald, maar tevens
de posities van de puntbronnen. Hoewel de posities van de calibratiepuntbronnen
niet relevant zijn voor de reconstructie van pinhole SPECT beelden, levert deze
aanpak toch voordelen op. De kennis van deze posities is immers noodzakelijk om
de 7 acquisitieparameters te kunnen bepalen. Het fitten van de puntbronposities
vermijdt dat deze via een bijkomende meting bepaald dienen te worden of dat de
bronnen zeer nauwkeurig op vooraf bepaalde posities in het gezichtsveld van de ca-
mera moeten worden bevestigd. Beide alternatieven zouden het toepassen van de
calibratiemethode in de praktijk immers aanzienlijk bemoeilijken. Merk hierbij op
dat de afstanden tussen (ten minste 2 van) de puntbronnen wel steeds nauwkeurig
gekend moeten zijn. Dit wordt bekomen door de drie puntbronnen op een plaat te
fixeren.

Goede resultaten werden bekomen met de voorgestelde calibratiemethode, zowel
in pinhole als multipinhole situaties en zowel voor simulaties als met werkelijke ca-
libratiemetingen. Uit de simulaties blijkt verder dat sommige acquisitieparameters
sterk met elkaar zijn gecorreleerd, waardoor hun exacte waarde moeilijk te bepalen
is. Met uitzondering van de correlatie tussen de elektrische shift e, en de tilt ¢
blijkt dit echter maar weinig effect te hebben op de kwaliteit van de reconstructie,
zoals experimenteel werd aangetoond.

Optimalisatie van Pinhole SPECT Calibratie

Bij de toepassing van de bovenstaande calibratiemethode in de praktijk kunnen
de projectielocaties van de puntbronnen slechts met een beperkte nauwkeurigheid
worden berekend als gevolg van de Poisson ruis in de projectiebeelden. Deze bron
van onnauwkeurigheden wordt in deze sectie verder aangeduid als dataruis. Verder
vereist de methode ook de kennis van de afstanden tussen de 3 puntbronnen en
ook deze zijn slechts met een beperkte nauwkeurigheid gekend. Deze onnauwkeu-
righeden omschrijven we verder als modelfouten, aangezien deze afstanden de vorm
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van het calibratiefantoom bepalen. Tijdens de calibratie propageren deze fouten
doorheen het algoritme naar de resultaten van de calibratie. De resulterende fouten
op de acquisitiegeometrie zullen vervolgens verder propageren in de reconstructie
en aanleiding geven tot een verlies aan spatiale resolutie en/of vervormingen van
het reconstructiebeeld. De posities van de 3 puntbronnen in het gezichtsveld van
de camera, beinvloeden de mate waarin de dataruis en modelfouten aanleiding ge-
ven tot een verminderde nauwkeurigheid van de calibratie en beinvloeden dus ook
indirect de nauwkeurigheid van de pinhole reconstructie. Het doel van deze sectie
is om de optimale posities van de drie puntbronnen te bepalen voor een zo nauw-
keurig mogelijke reconstructie van pinhole SPECT beelden, ondanks dataruis en
modelfouten.

Aangezien de bovenstaande calibratiemethode voorlopig de enige is die werkt
op basis van drie puntbronnen, biedt de literatuur slechts weinig informatie over de
optimale positie van de puntbronnen. Wang et al. [34] ontwikkelde een calibratie-
methode op basis van 1 puntbron en zij vermelden dat de nauwkeurigheid van de
resultaten van de calibratie verbetert naarmate die puntbron zich op een grotere
afstand van de as van rotatie bevindt. Noo et al. [31] gebruiken twee puntbronnen
voor calibratie en vermelden verder dat deze op een voldoende grote afstand van
elkaar dienen te worden geplaatst en buiten het rotatievlak van het focale punt van
de collimator. Een systematische studie van de invloed van de positie van een of
meerdere calibratiepuntbronnen op de nauwkeurigheid van de reconstructie wordt
voor zover wij weten echter nergens in de literatuur beschreven.

Eerst en vooral dient de invloed van de dataruis en modelfouten op de nauw-
keurigheid van de calibratieresultaten te worden bepaald in functie van de posities
van de puntbronnen. Zowel de dataruis als de modelfouten worden hiervoor gemo-
delleerd als ongecorreleerde Gaussiaanse ruis en de resulterende covariantiematrix
wordt vervolgens doorheen een lineair systeem gepropageerd. Dit lineaire systeem
modelleert bij benadering de werking van de calibratiemethode en brengt daarbij
ook de posities van de puntbronnen in rekening. Dit leidt tot een covariantiema-
trix van de onzekerheden op de parameters van de pinhole acquisitiegeometrie, die
in tegenstelling tot de invoer van het lineaire systeem niet langer ongecorreleerd
is. Deze covariantiematrix wordt vervolgens ontbonden in een representatieve set
van concrete fouten op de schatting van de verschillende acquisitieparameters die
de input vormen van een tweede model dat de invloed hiervan op de reconstructie
modelleert. Het model evalueert zowel het maximale verlies aan spatiale resolutie
in het reconstructiebeeld als de maximale vervorming ervan, zonder daarbij kleine
translaties of rotaties van dat beeld als een vervorming te beschouwen. De combi-
natie van de bovenstaande modellen vormt een snelle en efficiéente methode om het
effect van dataruis en modelfouten op de reconstructie te evalueren.

Teneinde de invloed van de posities van de calibratiebronnen te bestuderen,
wordt de bovenstaande evaluatiemethode toegepast op een set van vele tienduizen-
den realisaties van mogelijke posities van de 3 puntbronnen. Deze set wordt als
representatief beschouwd voor het oneindige aantal realisaties dat in de praktijk
met 3 puntbronnen kan worden bekomen. De resultaten van deze studie geven aan
dat geen enkele realisatie gelijktijdig de nauwkeurigheid van zowel de reconstructie
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Figuur 2: Optimale posities van de calibratiepuntbronnen voor dataruis (a) en
modelfouten (b). De grootste cirkel in stippellijn geeft de grens van het gezichtsveld
van de pinhole camera weer.

als van de 7 acquisitieparameters optimaliseert, noch voor dataruis en noch voor
modelfouten. Wel bestaat er een set van realisaties die in beide gevallen een quasi-
optimale nauwkeurigheid van de reconstructie garanderen die zodanig hoog is dat
het overblijvende verlies aan spatiale resolutie en de overblijvende vervormingen van
het reconstructiebeeld ver onder de limiet van de haalbare spatiale resolutie blijven.
Uit deze set van realisaties werden uiteindelijk de twee realisaties 'optl’ en ’opt2’
van figuur 2 geselecteerd omwille van hun bijkomende optimale kenmerken betref-
fende de nauwkeurigheid van de 7 acquisitieparameters respectievelijk in het geval
van dataruis en modelfouten. De realisatie ’optl’ geniet hierbij onze persoonlijke
voorkeur omdat ruis in de calibratiedata naar onze mening moeilijker te vermijden
is dan fouten op de afstanden tussen de puntbronnen van het calibratiefantoom.
Bovendien wijst een verdere analyse van de resultaten uit dat modelfouten een ver-
vorming in het reconstructiebeeld veroorzaken van dezelfde grootteorde, zodat de
nauwkeurigheid waarmee de afstanden tussen de puntbronnen gekend dienen te zijn
op voorhand kan worden bepaald.

Vergelijking tussen Pinhole en Multipinhole Beeld-
vorming

Zoals hoger reeds vermeld, is het op dit moment nog onduidelijk in welke mate en
onder welke voorwaarden multipinhole SPECT superieur is aan traditionele pinhole
SPECT met 1 enkel focaal punt. Multipinhole SPECT biedt mogelijk voordelen op
het gebied van sensitiviteit en bemonstering omwille van het grotere aantal focale
punten, maar geeft ook aanleiding tot overlappende projectiebeelden waardoor de
informatie-inhoud van de bekomen projectiebeelden daalt. Deze overlap kan verme-
den worden door het gebruik van pinhole openingen met kleinere openingshoeken op
een grotere afstand van de in beeld te brengen activiteitsverdeling, maar in dat geval



xxi

nemen de ogenschijnlijke voordelen op het gebied van sensitiviteit en bemonstering
weer af.

Om hierin meer inzicht te krijgen werd een vergelijkende studie opgezet tussen
pinhole en multipinhole beeldvorming. De studie analyseert de pinhole en multipin-
hole reconstructie van een sfeer met uniforme activiteitsverdeling. Het multipinhole
systeem bevat 7 pinhole openingen met kleine openingshoek die elk de volledige
sfeer in beeld brengen met een minimale overlap van de projecties. Het traditionele
pinhole systeem beschikt over een opening met veel grotere openingshoek op een zo
kort mogelijke afstand van de sfeer om een optimale sensitiviteit te bekomen zonder
truncatie van de sfeer in de projecties. De studie bestudeert daarmee hoofdzakelijk
het verschil in bemonstering tussen pinhole en multipinhole SPECT gekoppeld aan
een realistische sensitiviteit en niet zozeer de overlap van projecties.

De studie gebeurt aan de hand van de gelinearizeerde lokale impuls respons
van de pinhole en multipinhole reconstructie van de sfeer met uniforme activiteits-
verdeling. Deze gelinearizeerde lokale impuls respons is een veralgemening van de
impuls respons van lineaire systemen naar het niet-lineaire reconstructieprobleem
van emissietomografie [41,42] en kan bij benadering op een zeer efficiénte manier
worden berekend. Deze impuls respons is afhankelijk van de in beeld gebrachte
activiteitsverdeling en van de plaats in het reconstructiebeeld. In het ideale geval
leidt de perturbatie van de beschouwde activiteitsverdeling met een impuls op een
specifieke locatie tot een reconstructiebeeld met een identieke impuls op dezelfde
locatie. Een dergelijke ideale respons vereist een exacte inversie van de projectie van
de beschouwde activiteitsverdeling. Omwille van de Poisson ruis in emissietomo-
grafische projectiebeelden is een dergelijke exacte inversie echter onmogelijk. In de
beschouwde pinhole en multipinhole toepassingen is de situatie bovendien nog erger.
De pinhole en multipinhole projectiebeelden bevatten immers zelfs in het ruisloze
geval onvoldoende informatie voor de bovenstaande inversie. Om dit probleem te
stabiliseren wordt daarom gebruik gemaakt van een maximum-a-postiori (of MAP)
reconstructie met een kwadratische prior. Deze reconstructiemethode heeft de nei-
ging om de reconstructie meer en meer te smoothen naarmate er minder informatie
beschikbaar is voor de reconstructie. De mate waarin een gereconstrueerde impuls
gelijkt op de oorspronkelijke perturbatie geeft bijgevolg de informatie-inhoud weer
van de projectiebeelden over die welbepaalde locatie in de activiteitsverdeling.

Het toepassen van de bovenstaande procedure in de praktijk vereist de kwanti-
ficatie van de gelijkenis tussen de oorspronkelijke perturbatie (een Dirac impuls) en
de resulterende respons. Qi et al. [43,44] hebben voorgesteld om hiervoor de waarde
van de respons op de plaats van de impuls te nemen, 'contrast recovery’ genaamd,
aangezien de respons naar verwachting een gesmoothe versie van de impuls is. Aan
de hand van een eenvoudige parallel hole SPECT toepassing tonen we echter aan
dat dit op zichzelf niet altijd een betrouwbare maat is, aangezien deze de specifie-
ke vorm van de impuls respons niet mee in rekening brengt. Heel asymmetrische
impulsen en impulsen met een sterk uitstralende intensiteit in bepaalde richtingen
vormen daarbij de minst aantrekkelijke responsen. Daarom voeren we 4 bijkomende
maten in die ook de vorm van de impuls respons mee in rekening brengen: na het
afkappen van de impuls op een bepaald percentage van zijn contrast recovery, wor-
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den ook het totaal aantal voxels van de impuls, de minimum en maximum afstand
tot de rand van de impuls en het tweede orde moment van de intensiteit van de
respons (ten opzichte van de plaats van de impuls) berekend.

De vergelijkende studie berekent de impuls respons van elke voxel van de boven-
staande sferische activiteitsverdeling en parameterizeert deze met de bovenvermelde
5 parameters: de contrast recovery en de 4 bijkomende maten. De multipinhole re-
sultaten zijn quasi overal in het reconstructiebeeld beter dan die van de traditionele
pinhole beeldvorming en ze zijn ook veel uniformer, waardoor multipinhole beeld-
vorming onze voorkeur krijgt. Deze betere uniformiteit is te danken aan de meer
uniforme bemonstering van de activiteitsdistributie in de multipinhole situatie. De
resultaten werden verder gevalideerd met daadwerkelijke MAP reconstructies van de
sferische activiteitsverdeling met en zonder perturbatie voor 6 verschillende voxels
uit het beeld en zowel voor de pinhole als de multipinhole situatie. De gelijkenis met
de gesimuleerde resultaten is opmerkelijk en geeft aan dat de techniek van de geli-
nearizeerde lokale impuls respons zeer geschikt is om de verschillen tussen pinhole
en multipinhole beeldvorming te bestuderen.

Praktische Toepassingen

Pinhole SPECT Calibratie met een Oscillerende Detector

De pinhole calibratiemethode ontwikkeld in dit werk is gebaseerd op een model
van de pinhole acquisitie geometrie bestaande uit 7 parameters f,d, m,e,, e,, ®, ¥
en veronderstelt dat deze parameters constant blijven gedurende de beeldvorming.
In de praktijk is het echter bijna onvermijdbaar dat er kleine afwijkingen van dit
model zullen optreden. Over het algemeen zullen dergelijke kleine afwijkingen wei-
nig invloed hebben op de calibratiemeting en daardoor ook moeilijk detecteerbaar
zijn. In dat geval is het echter ook weinig waarschijnlijk dat deze afwijkingen een
grote invloed zullen hebben op de nauwkeurigheid van de reconstructie. Calibra-
tiemetingen met een DSX camera (SMV) vertoonden echter grote afwijkingen van
de verwachte metingen en konden onmogelijk met het bovenstaande model worden
gecalibreerd. De oorzaak van deze afwijkende metingen kon uiteindelijk (met gro-
te waarschijnlijkheid) worden bepaald als een sinusoidale oscillatie van de detector
rond zijn draagas tijdens de acquisitie met een amplitude van slechts 0.3°. Het
acquisitiemodel van de calibratie en reconstructie werd daarom uitgebreid met twee
extra parameters die de amplitude en fase van deze oscillatie definiéren. Met dit
uitgebreide model was het mogelijk om de camera te calibreren en visuele inspectie
van gereconstrueerde beelden met correctie voor de bovenstaande oscillatie toont
een duidelijke verbetering in kwaliteit ten opzichte van beelden die zonder deze
correctie werden gereconstrueerd.
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MicroSPECT Beeldvorming van een Ratmodel voor de Ziekte
van Parkinson

De bovenstaande calibratiemethode en de reconstructiemethode met sensitiviteits-
correctie werden toegepast bij de beeldvorming van een ratmodel voor de ziekte van
Parkinson. De ratten ondergaan een unilaterale stereotactische injectie van lentivi-
rale vectoren, gemanipuleerde stukjes viraal genetisch materiaal, in de Substantia
Nigra. Het daaropvolgende ziektebeeld, dat sterk op de ziekte van Parkinson lijkt,
zorgt voor een asymmetrische opname van de tracer '2)I-FP-CIT in het striatum
van de rat. De hersenen van 5 'Parkinson’ ratten en 5 controle ratten werden met
pinhole SPECT in beeld gebracht en de resolutie van de gereconstrueerde beelden
was voldoende om de asymmetrie in de intensiteit van het linker en rechter stria-
tum te bepalen. Bij de controle ratten werd een lichte asymmetrie vastgesteld. Een
simulatie toont echter aan dat dit het gevolg kan zijn van een uitwas van activiteit
uit de hersenen tijdens de beeldvorming in combinatie met het feit dat het rechter
striatum bij het begin van de acquisitie met de hoogste sensitiviteit en vergroting
in beeld wordt gebracht, terwijl dat voor het linker striatum op het einde van de
acquisitie gebeurt. De rechts-links asymmetrie in de Parkinson ratten was echter
significant groter en in de tegengestelde richting, wat de goede werking van het
ratmodel bevestigt.

Bijdrage van dit Werk

De belangrijkste bijdragen van dit werk in het domein van pinhole SPECT beeldvor-
ming, zijn de theoretische studie van de geometrische calibratie van pinhole SPECT
systemen en de daaropvolgende ontwikkeling en optimalisatie van een praktische ca-
libratiemethode om de volledige acquisitiegeometrie van deze systemen te bepalen.
De theorie bestudeert de voldoende en noodzakelijke voorwaarden om de acquisitie-
geometrie te bepalen op basis van de projecties van een set van puntbronnen. De-
ze theorie was oorspronkelijk ontwikkeld voor traditionele pinhole systemen, maar
werd later uitgebreid om ook multipinhole systemen te kunnen bestuderen. Een
verdere uitbreiding van de theorie (zoals voor pinhole systemen met meerdere de-
tectoren of pinhole systemen met afwijkende acquisitiegeometrieén) is in principe
op gelijkaardige wijze mogelijk.

De theorie werd gebruikt om een nieuwe pinhole SPECT calibratiemethode te
ontwikkelen, die bestaat uit de beeldvorming van drie puntbronnen in het gezichts-
veld van de camera. Verder dienen ten minste twee van de afstanden tussen deze
puntbronnen gekend te zijn. De massacentra van de puntbronprojecties worden
aangewend in een kleinste kwadraten fitprocedure om de acquisitiegeometrie van
het pinhole systeem te bepalen. De calibratiemethode is gemakkelijk uitvoerbaar
en levert, in tegenstelling tot andere methodes [30-36], de volledige acquisitiegeo-
metrie op basis van één enkele meting. De methode veronderstelt een star camera
systeem, maar er werd aangetoond dat correcties voor minder starre camera syste-
men gemakkelijk kunnen worden geimplementeerd.



xxiv Nederlandse samenvatting

De nauwkeurigheid van de calibratiemethode hangt af van de ruis in de calibra-
tiemeting, de positie van de calibratiebronnen in het gezichtsveld van de camera en
de nauwkeurigheid waarmee de afstanden tussen de calibratiebronnen gekend zijn.
De fouten in de calibratieresultaten propageren naar de gereconstrueerde beelden,
wat leidt tot een verlies aan spatiale resolutie en vervormingen van de gerecon-
strueerde beelden. Om deze propagatie van fouten tot een minimum te beperken,
werden de posities van de calibratiebronnen in het gezichtsveld van de camera ge-
optimaliseerd voor de best mogelijke nauwkeurigheid van zowel de calibratie als de
reconstructie. Deze optimalisatie vereiste de ontwikkeling van een efficiénte metho-
de om de nauwkeurigheid van de calibratie en reconstructie te evalueren bij ruizige
calibratiedata en fouten op de afstanden tussen de calibratiebronnen.

In het kader van de recente ontwikkeling van multipinhole SPECT beeldvorming,
werd ten slotte een preliminaire studie gedaan naar de voordelen van multipinhole
SPECT in vergelijking met de traditionele pinhole beeldvorming. De studie eva-
lueert en vergelijkt de kenmerken van de gelineariseerde lokale impuls respons van
de pinhole en multipinhole reconstructie. Hierbij werd aangetoond dat de contrast
recovery op zichzelf niet altijd een betrouwbare maat is voor de kwaliteit van de
reconstructie. De resultaten van de studie tonen een globaal betere en meer unifor-
me kwaliteit van de multipinhole reconstructie in vergelijking met de traditionele
pinhole SPECT. Bovendien wijzen de resultaten uit dat de gelineariseerde lokale
impuls respons een uitstekende methode is voor deze vergelijkende studie. Meer on-
derzoek is in dit domein echter noodzakelijk om optimale pinhole en multipinhole
systemen te ontwikkelen en met elkaar te vergelijken.

De evaluatie van de bovenstaande calibratiemethode en de vergelijkende studie
tussen pinhole en multipinhole SPECT vereisten de implementatie van de nodige
calibratie- en reconstructiesoftware. Aangezien de correctie voor de pinhole sensi-
tiviteit essentieel is voor nauwkeurige pinhole SPECT beeldvorming in de praktijk,
werd ook de pinhole sensitiviteit bestudeerd en werd een praktische methode ont-
wikkeld om de ware sensitiviteit van pinhole systemen te bepalen. De methode
is voldoende nauwkeurig voor traditionele pinhole toepassingen, maar vereist bij-
komend onderzoek voor de praktische toepassing ervan op multipinhole systemen.
Desondanks is het reeds mogelijk om multipinhole SPECT reconstructies te bere-
kenen, maar met het nadeel dat daarbij de ruis van de sensitiviteitsmeting naar de
reconstructiebeelden zal propageren. Dankzij de ontwikkelde software en de opge-
dane ervaring met pinhole SPECT beeldvorming, zijn we nu in staat om succesvolle
pinhole SPECT studies op kleine proefdieren uit te voeren.

Suggesties voor Verder Onderzoek

Sensitiviteitscorrectie

Zoals reeds aangehaald, is het analytische model van de pinhole sensitiviteit, zoals
gebruikt in dit werk, onvoldoende nauwkeurig voor multipinhole toepassingen met
geinclineerde pinhole openingen en met kleine openingshoeken. Voor zover wij we-
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ten is er nog geen analytisch model van de sensitiviteit van dergelijke geinclineerde
pinhole openingen beschreven in de literatuur en blijft het een onderwerp voor toe-
komstig onderzoek. Een ander alternatief is het overschakelen naar het numerische
sensitiviteitsmodel van Schramm et al. [2]. In combinatie met een dergelijk onder-
zoek dient in gedachte te worden gehouden dat sterke gradiénten in sensitiviteit
moeten worden verwacht in de projectiebeelden en dat die gradiénten zich verplaat-
sen bij veranderingen in de mechanische offset en elektrische shifts. We anticiperen
daarom dat een correct model van de sensitiviteit van geinclineerde pinhole ope-
ningen enkel bruikbaar zal blijken in de praktijk, als dergelijke variaties in rekening
kunnen worden gebracht.

Multipinhole SPECT

De theoretische studie van pinhole en multipinhole beeldvorming is enkel een eer-
ste poging om de verschillen tussen pinhole en multipinhole SPECT beeldvorming
grondig te begrijpen. De meeste van de huidige benaderingen van multipinhole
beeldvorming [2-4] zijn op zijn minst gedeeltelijk gebaseerd op intuitie met expe-
rimentele validatie, maar een fundamentele theorie over dit onderwerp dient nog
steeds ontwikkeld te worden. Een dergelijke theorie zou aandacht moeten besteden
aan de bemonstering, resolutie, sensitiviteit en ruis en aan de effecten van overlap-
pende projecties. Uiteindelijk zou een dergelijke theorie het mogelijk moeten maken
optimale configuraties van pinhole openingen te ontwerpen voor multipinhole beeld-
vorming.

Herstel van Spatiale Resolutie

Pinhole beeldvorming is altijd een afweging tussen resolutie en sensitiviteit: grotere
pinhole openingen leiden tot een betere sensitiviteit maar met een lagere resolu-
tie en omgekeerd. Met 'resolutie recovery’ technieken, kan echter een deel van het
ogenschijnlijke verlies aan spatiale resolutie worden herwonnen. Als gevolg daar-
van is het mogelijk eenzelfde spatiale resolutie in de gereconstrueerde beelden te
verkrijgen met een verhoogde sensitiviteit wanneer dergelijke technieken worden
toegepast. Een ’resolutie recovery’ techniek, gebaseerd op het evalueren van meer-
dere projectstralen door de pinhole opening, werd zeer recent ontwikkeld aan de
Vrije Universiteit Brussel. Deze techniek is ook reeds beschikbaar in de huidige
implementatie van onze pinhole en multipinhole reconstructiesoftware. De eerste
resultaten tonen een duidelijke verbetering in de spatiale resolutie van de recon-
structie en de techniek blijkt ook een ruisonderdrukkend effect te hebben. In zijn
huidige implementatie leidt de techniek echter tot beduidend langere reconstructie-
tijden (7 maal langer!) en verder onderzoek naar een efficiéntere implementatie van
de techniek is wenselijk.
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Multipinhole Calibratie

De pinhole acquisitie van 3 puntbronnen in combinatie met de kennis van 2 van de
afstanden tussen deze puntbronnen vormt de strikte minimum vereiste voor de geo-
metrische calibratie van een traditioneel pinhole systeem. Deze vereiste laat verder
ook de calibratie van de beschouwde multipinhole systemen toe, maar is hiervoor
misschien niet strikt noodzakelijk. In deze multipinhole toepassingen is het aanzien-
lijk moeilijker om de gemeten projectielocaties van de puntbronnen toe te wijzen
aan de juiste puntbron en de juiste pinhole opening. Het is daarom interessant om
de minimum vereisten voor de correcte calibratie van deze multipinhole systemen te
bepalen om zo het aantal puntbronnen tot het strikte minimum te kunnen beperken.

Pinhole Reconstructie met Anatomische Informatie

Gelijktijdig aan dit werk, ontwikkelde K. Baete et al. [64-66] op onze dienst een
maximum-a-posteriori algoritme dat toelaat om anatomische informatie uit MRI
(magnetic resonance imaging) of CT (computed tomography) beelden aan te wen-
den bij de reconstructie van emissietomografische beelden. De methode is gebaseerd
op voorkennis van de activiteitsverdeling in de structuren die zichtbaar en aflijnbaar
zijn in die anatomische beelden. De veel hogere spatiale resolutie van de gebruikte
anatomische informatie laat daarbij toe om partieel volume effecten in de emissie-
tomografische reconstructie tot een minimum te beperken. Dit komt de kwaliteit
van dergelijke reconstructies op het gebied van kwantificatie ten goede. Bovendien
zou de techniek een geschikte regularisatie kunnen vormen voor het ondergedeter-
mineerde reconstructieprobleem in pinhole en multipinhole toepassingen. Bijgevolg
wordt verwacht dat de toepassing van deze techniek in pinhole en multipinhole re-
constructie tot een significante verbetering van de kwaliteit van de gereconstrueerde
beelden kan leiden.

Attenuatie & Scatter

Tot dusver worden attenuatie en scatter niet gemodelleerd in de huidige versie van
onze pinhole en multipinhole reconstructiesoftware. De toepassing van correcties
voor attenuatie en scatter zouden, tenminste in theorie, de nauwkeurigheid van
de gereconstrueerde beelden verder ten goede moeten komen, voornamelijk voor
absolute kwantificatie.
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Chapter 1

General Introduction

1.1 Nuclear Medicine

Nuclear medicine is a mainly diagnostic discipline of medicine, aiming at imaging
metabolism and other functional processes of the human body. For this purpose,
the patient is administered a radioactive tracer and the distribution of this tracer
in the body is imaged. Three types of imaging are available: planar scintigraphy,
SPECT (single photon emission computed tomography) and PET (positron emis-
sion tomography). Planar scintigraphy can be considered the most simple way of
imaging, since only a 2D image of the 3D tracer distribution is obtained. SPECT
and PET produce 3D images of the patient, which allow the physicians to look at
slices through the body of the patient. SPECT is the oldest, but generally also the
least expensive technique both in terms of the tracer and the equipment (SPECT
camera) needed. PET is a more recent technique that has only been applied in
clinical practice over the last decade. Although it offers advantages over SPECT
by the increased sensitivity and the different tracers that can be used, it is usually
also far more expensive than SPECT.

1.2 Small Animal Imaging

Apart from being diagnostic tools in clinical practice, SPECT and PET are also
valuable research tools for studying human disease or for testing new drugs and
radiopharmaceuticals. Most of such research, especially in the preliminary stages,
is however conducted on animals and preferably on small laboratory animals. Other
techniques exist as well for studying laboratory animals, but they are usually in-
vasive and often even require sacrificing the animals, like in autoradiography. This
makes follow-up studies difficult or impossible and requires more animals to achieve
the same level of statistical significance of the results.

The application of SPECT and PET to small laboratory animals is however
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hampered by the limited spatial resolution of these systems and the sensitivity is
likely to be suboptimal as well in these applications. To relieve these problems,
dedicated small animal imagers have been developed over the past years, called
microSPECT and microPET respectively. In microSPECT, the general principle is
to change from the traditional parallel hole collimation to pinhole collimation, pos-
sibly combined with scaling down the system and using higher resolution detectors.
Recently, multipinhole SPECT has further been proposed as a variant of regular
single pinhole SPECT. (Single and multipinhole SPECT imaging are explained in
chapter 2 of this work.) MicroPET systems on the other hand are always scaled ver-
sions of a conventional PET system. Like for the conventional systems, microPET
offers better sensitivity, but it is generally more expensive than microSPECT. In
microPET the attainable spatial resolution is also limited by the positron range of
the tracer isotopes, while for microSPECT it is, at least in principle, unlimited.

1.3 Purpose of this Work

Accurate artifact free reconstruction of SPECT images requires correction for sev-
eral physical effects which influence the imaging results. First of all, the SPECT
data will inevitably be corrupted by Poisson noise. Secondly, the human or ani-
mal body will attenuate part of the radiation that is emitted from inside the body,
decreasing the amount of radiation measured by the camera. Attenuation in both
the body and the camera itself also yields scattered photons corrupting the mea-
surement even further. The relative orientation of the camera with respect to the
human or animal body (acquisition geometry) further determines how the activity
distribution is being imaged. Finally, the sensitivity of the camera for the activity
distribution is not necessarily uniform and the camera can only image this distri-
bution with limited spatial resolution.

All of the above problems have been well studied for parallel hole SPECT imag-
ing and various correction approaches for these different effects have been proposed.
Not all of those approaches are applicable however to pinhole and multipinhole
imaging. The aim of this work is a fundamental study of those aspects which are
specifically different in pinhole and multipinhole SPECT imaging and to propose
appropriate solutions for these problems. Eventually this should result in the prac-
tical implementation of high performance pinhole and multipinhole SPECT imaging
on a conventional SPECT camera.

The effects addressed in this work are therefore the pinhole SPECT acquisition
geometry and the pinhole sensitivity. These effects are fundamentally different in
parallel hole and pinhole imaging. The pinhole spatial resolution is also very specific
for pinhole imaging and some attention is paid to this topic, but an efficient solution
to take this effect into account is considered beyond the scope of this work. Poisson
noise and photon attenuation do not depend on the type of collimation and are
not specifically addressed in this work. Nevertheless, the MLEM reconstruction
algorithm used in this work will take the noise characteristics of the data into
account. Given the small size of laboratory animals, attenuation is further not



1.4 Overview 3

expected to have a major influence in pinhole applications. The animal size will
also limit the amount of animal induced scattered photons, but part of the scatter
originates from the collimator itself and is thereby specific to pinhole or multipinhole
imaging. Nevertheless, scatter is ignored in this work, assuming that it is either
negligible or that it is estimated (and corrected) in a way that does not involve
knowledge of the collimator, like with the dual energy window scatter correction
technique [1].

1.4 Overview

In chapter 2 the principle of pinhole SPECT image formation is discussed, with
specific attention for the pinhole acquisition geometry, pinhole sensitivity and the
pinhole spatial resolution. In chapter 3 the problem of pinhole reconstruction is
addressed, with particular emphasis on the combination of pinhole sampling and
pinhole sensitivity correction during reconstruction. Further, a practical method to
measure the true pinhole sensitivity is derived from theory. The method is success-
ful for most single pinhole applications, but requires further research for multipin-
hole applications. Chapter 4 is about the measurement of the pinhole acquisition
geometry, which is needed for accurate image reconstruction. At the start of our
research, no efficient and easy to perform method for such calibration was described
in the literature. First a new theory is developed about the necessary and sufficient
requirements to measure this geometry, which resulted in a practical calibration
method for pinhole cameras. The calibration method is evaluated by simulations
and measurements. A theoretical argument shows that the calibration method can
be applied as well in many multipinhole situations and a practical multipinhole cal-
ibration is designed and performed. In chapter 5, we develop a fast approximative
procedure to evaluate the accuracy of pinhole SPECT image reconstruction in func-
tion of the accuracy of the calibration. This allowed us to further optimize the above
calibration procedure for optimal calibration and reconstruction accuracy. Chapter
6 addresses, from a theoretical point of view, the question about the benefit of multi-
pinhole SPECT in comparison with single pinhole SPECT imaging by studying the
linearized local impulse responses of single and multipinhole reconstruction. The
concept of the linearized local impulse response proofs to be very valuable for this
purpose and the first results indicate that the accuracy of reconstruction is more
uniform for multipinhole SPECT in comparison with single pinhole imaging. More
research is however needed on this topic. Chapter 7 demonstrates with a practical
example how the calibration method of chapter 4 can be extended to more compli-
cated acquisition geometries. At the same time it also demonstrates how critical
small variations of the pinhole detector tilt are for accurate pinhole SPECT imag-
ing. Chapter 8 finally illustrates the successful application of single pinhole SPECT
for imaging a new animal model for Parkinson’s disease.






Chapter 2

Pinhole SPECT Imaging

2.1 Introduction

This chapter provides an introduction to image acquisition in single and multipin-
hole SPECT imaging. Only image acquisition is discussed; the problem of image
reconstruction is deferred to chapter 3. Section 2.2 provides a general overview of
the biological, physical and mathematical principles behind SPECT imaging, with
particular emphasis on pinhole SPECT where necessary. Section 2.3 explains in
detail the image acquisition geometry of single and multipinhole SPECT imaging,
resulting in explicit mathematical expressions for the projection and backprojection
of pinhole SPECT systems. Section 2.4 further elaborates on the spatial dependency
of the sensitivity of pinhole collimation. Again, mathematical expressions for the
pinhole sensitivity are derived. Section 2.5 eventually explains the point spread
function of pinhole imaging and its effect on spatial resolution.

2.2 Single Photon Emission Computed Tomogra-
phy

2.2.1 Radionuclide Tracers

Each investigation in Single Photon Emission Computed Tomography or SPECT,
starts with the administration of a radiolabelled tracer to the patient or laboratory
animal. The tracer consists of a vector, usually a particular molecule, to which a
radioactive isotope is attached. The vector is designed to participate with specific
metabolic or other functional processes in the human or animal body, but it is
administered in sufficiently small amounts in order not to disturb these natural
processes. During these vector interactions, the radioactive isotopes will decay, in
which process they emit «-rays which can be measured from outside the body. This
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allows us to measure the distribution of the tracer concentration in the body as a
function of position and time.

The isotopes used in SPECT are isotopes for which the relative number of neu-
trons and protons in the nucleus is out of balance, causing the isotopes to be un-
stable. As a result, the isotopes only have a limited average life span of typically
a few hours and will eventually decay into a more stable isotope by either electron
capture or - emission. In the case of electron capture, the nucleus has a relative
excess of protons and captures an orbital electron to combine it with a proton into
a neutron. In the case of 5~ emission the nucleus has a relative excess of neutrons
and a neutron is transformed into a proton and an electron. The proton stays in
the nucleus, while the electron is emitted. Regardless of the exact type of decay,
the daughter product is in an excited energy state and proceeds virtually instan-
taneously to a more stable energy state. In this process, it emits a single photon
or y-ray to get rid of its excess energy. The isotope will continue to return to even
more stable states until it eventually reaches the ground state of the isotope. For
the isotopes used in SPECT, there is usually only one or a few dominating ways
in which the isotopes proceed from their excited to ground state, yielding a limited
number of prevailing photon energies. The isotope 221 is an example of this way of
producing v-rays. It has a half-life of 13 hours and decays by electron capture into
123Te, which mainly emits y-rays of 159 keV.

In some cases the energy state of the above daughter product is an isomeric or
metastable state. This means that the isotope is in an excited, but relatively stable
energy state. Because of this relative stability, it takes the isotope generally much
longer to make the first transition to a regular excited energy state. As a result,
not the parent, but the daughter product itself can be used in the tracer. A good
example is ?°™Tec, which is by far the most important single photon isotope. It has
a half-life of 6 hours and has a photon energy of 140 keV. It is the daughter product
of ¥Mo, which decays by 3~ emission with a half life of 66 hours.

2.2.2 Interaction of Photons with Matter

At the photon energies typically encountered in SPECT imaging (60 keV to 600
keV) the dominating types of interaction with matter are the photo-electric effect
and Compton scatter.

Photo-electric Effect The photo-electric effect dominates in high density materi-
als like in the typical collimation materials Lead and Tungsten. In the photo-
electric effect, an incoming photon hits an electron in the material, which
absorbs all of its energy. If the energy is higher than the binding energy of the
electron, the electron will escape from the atom with a kinetic energy, equal
to the difference between the energy of the incoming photon and the binding
energy of the electron. The departed electron will leave an electron vacancy
in the atom, that can be filled up by a higher energy electron. In that process
it will emit a photon with the energy of the difference between its original
energy state and that of the vacancy. If the energy of the incoming photon
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is insufficient for the targeted electron to escape, the energy can alternatively
be used by the electrons in higher energy states to escape from the atom. In
both cases the original photon has completely disappeared and all secondary
photons have lower energies.

Compton Scatter Compton scatter dominates in low density materials like vir-
tually all tissues in the human and animal body. It can be regarded as an
elastic collision between the incoming photon and the target electron, which
means that the kinetic energy is conserved during the collision. The collision
deflects the incoming photon from its original path with lower probabilities
for larger deflections and knocks the electron away. The entire process is gov-
erned by the laws of preservation of momentum and energy, resulting in lower
energies of the outgoing photon for larger deflection angles. The same laws
also determine the speed and direction of the outgoing electron.

Both types of interaction result in the disappearance of photons with the orig-
inal energy and direction when travelling through matter. This process is called
attenuation and the chance for a photon to get attenuated is described by the lin-
ear attenuation coefficient p of the material it is travelling through. The linear
attenuation coefficient p is the probability for attenuation per unit length travelled
and is independent of the distance already travelled through the material so far.
This results in the exponential law of attenuation that yields the number of pho-
tons N(d) after travelling over a distance d through a material with attenuation
coefficient p(s) at position s, when N(0) photons started at position 0

d
N(d) = N(0) exp (- /O u(s) ds>. (2.1)

In the remainder of this work, we will often use the assumption that an animal body
has zero attenuation (phody = 0), yielding N(d) = N(0) Vd. Although this assump-
tion is only a moderately accurate representation of reality, the animal attenuation
is not believed to have a major influence on the results of this work. We will further
often assume as well that collimator material (see 2.2.4) has infinite attenuation
(Leollimator = 00), yielding N(d) = 0 for d > 0. Given the very high attenuation
coefficients of typical collimation materials for typical SPECT photon energies, this
assumption is highly accurate, except for very thin layers of collimator material.
Thus, it is assumed that the animal body does not attenuate any photons, while
collimator material immediately stops all incoming photons.

2.2.3 Photon Detection

In virtually all current SPECT systems, detection and registration of the photons
emitted by the radionuclide tracer distribution in the human or animal body is
done by a scintillation crystal of about a centimeter thick, with a series of Photo
Multiplier Tubes (PMTs) coupled to its backside.
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Scintillation Crystal The scintillation crystal, typically a Nal crystal in SPECT,
stops the majority of the incoming photons by photo-electric absorption or
by multiple Compton scattering events (see section 2.2.2). The free electrons
generated in this way, will travel through the crystal and distribute their
energy over thousands of other electrons by knocking them in an excited
energy state. These excited electrons then get rid again of this excess energy
by emitting a low energy photon of typically a few eV. The exact energy
of these secondary photons depends on the type of scintillation crystal (e.g.
Nal), while the number of secondary photons is proportional to the energy
of the incoming photon. Normally these secondary photons will immediately
be reabsorbed by the Nal crystal, since they have exactly the right energy to
knock another electron into the excited state again. By doping the Nal crystal
with T1, additional energy levels are introduced into the crystal by which the
excited electrons can return to their original state. The tertiary photons
created by this path cannot be reabsorbed by the crystal. Eventually, part of
the scintillation photons will reach the photo multiplier tubes at the backside
of the crystal.

Photo Multiplier Tubes When a scintillation photon hits the base of a Photo
Multiplier Tube or PMT, it will knock an electron from that base (a cathode)
into the PMT, which consists of series of dynodes at sequentially higher volt-
ages. The electrons are attracted by the next dynode and build up speed while
travelling to it. When hitting the dynode they release even more electrons
which are again attracted to the next dynode. This process is repeated until
a sufficient amount of electrons is obtained for electronic readout.

Eventually the readout of the different PMTs is combined to obtain information
about the energy of the original photon incident on the scintillation crystal and
the place where that scintillation occurred. The energy of the original photon is
proportional to the combined electrical output of the PMTs. It is used to discrim-
inate between photons originating directly from the animal activity distribution
and others, that might for example have undergone Compton scattering and need
to be rejected. The place of scintillation, the mass center of the PMTs output, is
further used to allocate the measured photon to a particular location in the projec-
tion image. Note that neither the energy nor position measurement will be entirely
accurate. Instead there is an uncertainty with approximately Gaussian distribution
about both energy and position. These uncertainties are called the energy resolu-
tion and the intrinsic spatial resolution of the detector respectively. The intrinsic
spatial resolution results in a blurring of the projection image, the finite energy
resolution in the imperfect rejection of scattered photons.

2.2.4 Collimation

By itself, the photon detection capability described in the previous section 2.2.3 is
not sufficient to produce useful images of the radionuclide distribution in the patient
or animal body. The problem is that the detection mechanism of the previous



2.2 Single Photon Emission Computed Tomography 9

section does not yield any information about the direction the incident photon was
coming from before hitting the scintillation crystal. Consequently, the detected
photon could have come from anywhere within that body. The situation is similar
to taking a photograph without the use of a lens. Unfortunately, present knowledge
does not allow us to construct lenses for the high energy photons encountered in
SPECT imaging. Thereby, we are forced to use a more crude approach to the
problem: collimation. The principle of collimation is to make sure that a photon
incident on the scintillation crystal could only have come from a specific direction,
because all other directions are excluded. To achieve this, collimation makes use
of the attenuation characteristics of high density materials (see section 2.2.2). The
basic idea is to put a device, the collimator, in front of the scintillation crystal that
stops all photons by attenuating them, except when they are travelling in a specific
direction. The downside of this technique is that only a small fraction of the photons
emitted from within the body are accepted, while the majority of them is simply
rejected. The fraction of the photons that are detected by the system is called the
sensitivity of the system and for SPECT imaging this sensitivity is unfortunately
always quite low. (Nevertheless, the diagnostic sensitivity of SPECT is usually
very high!) Various types of collimation exist, but we limit ourselves to parallel
hole, single pinhole and multipinhole collimation. These types of collimation are
illustrated in figure 2.1.

Parallel Hole Collimation Parallel hole collimation is the type of collimation
most often used in clinical practice to image the human body. It consists of a
plate of high density material like Lead or Tungsten to yield high attenuation
over small distances. The plate is perforated by narrow channels, separated
by thin septa of the collimator material. The channels are all orthogonal to
the detector surface and consequently, only photons travelling in directions
orthogonal (or almost orthogonal) to the detector can reach the detector sur-
face. All photons travelling at inclined directions towards the collimator will
be stopped by the septa between the channels. As illustrated in figure 2.1(a),
parallel hole collimation is not very suitable for small animal imaging, where
the entire activity distribution is concentrated in a small part of the field of
view. Because of parallel hole collimation, the small disk representing the
laboratory animal, projects on a small part of the detector, while the rest of
the scintillation crystal is not used at all.

Single Pinhole Collimation Single pinhole collimation is the type of collimation
that is currently most often used for imaging small laboratory animals. The
basic idea is to provide a focal point in front of the detector, through which
all photons that are to be detected must pass. The detector is shielded for
all other photons by a layer of dense collimator material, usually in the shape
of a large cone, as illustrated in figure 2.1(b). In practice, the focal point
is simply a small aperture at the vertex of the collimation cone. This type
of collimation offers two major advantages over parallel hole collimation for
small animal imaging. First of all, a much larger part of the scintillation
crystal is used for imaging a concentrated activity distribution in compari-
son with parallel hole imaging, reflecting a potentially higher sensitivity for
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Figure 2.1: Different types of collimation: (a) parallel hole collimation, (b) single
pinhole collimation and (¢) multipinhole collimation. In each case, a small activ-
ity distribution is projected by the collimator onto the detector, yielding the gray
distribution of photon counts.
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such concentrated activity distributions. The second advantage comes from
the intrinsic magnification effect of pinhole collimation: the accuracy of the
magnified projection image is less susceptible to the blurring effect of the in-
trinsic resolution of the detector, allowing for better overall spatial resolution.
The downside of the improved sensitivity and resolution is the smaller field of
view, but this poses no problem in small animal imaging.

Multipinhole Collimation Even with single pinhole collimation, still only a lim-
ited part of the crystal is usually illuminated by the concentrated activity
distribution. In recent years the idea arose that single pinhole sensitivity
could be further enhanced by filling up the empty spots of the crystal with
additional pinhole projections [2—4], as illustrated in figure 2.1(c). The ef-
fect of the increased sensitivity seems evident because the additional pinhole
apertures accept photons that where previously rejected. Because of the addi-
tional pinhole apertures, the different projections may also overlap each other
however (not illustrated). In such overlapping regions, a photon can have
come from more than one direction. With each such additional direction of
incidence, the information content of the detected photons about the activ-
ity distribution under study drops, since the uncertainty about the correct
direction of incidence increases. This will make image reconstruction more
difficult (see chapter 2), since image reconstruction tries to allocate photon
counts not just back to their direction of incidence, but to their origin (along
this direction) in the activity distribution. Also note that the sensitivity of a
single pinhole collimator can be enhanced by moving the pinhole aperture fur-
ther away from the detector and closer to the activity distribution. Whatever
option is better, is still a topic of ongoing research and it will be addressed in
chapter 6.

2.2.5 Pinhole Image Formation

Like parallel hole collimation, single pinhole collimation performs a mapping op-
eration between each point in the field of view of the pinhole collimator and the
location on the detector where photons emitted from that point can be detected.
Consider the pinhole projection Qp(up,vp) of an activity distribution A(zp, yp, 2p)
by a single pinhole aperture p with focal length f,, as illustrated in figure 2.2. The
origin of the x,y,z, coordinate system is located in the pinhole focal point, with
the z,y, plane parallel to the detector surface. The origin of the u,v, detector co-
ordinate system is further located at the orthogonal projection of the pinhole focal
point on the detector, and the u, and v, axes are parallel to the x, and y, axes
respectively. The subscripts p indicate that the definition of the z,y,2, and upv,
coordinate systems is specific for pinhole aperture p and independent of its posi-
tion in space. In the remainder of this work, we will frequently use these aperture
specific coordinate systems, without explicitly redefining them.

The pinhole projection @, (up, v,) of the distribution A(xy, yp, z,) by the pinhole
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Figure 2.2: Pinhole image formation: a 3D activity distribution A(zp,yp,2p) is
projected through the focal point of a pinhole collimator onto the detector, yielding
the 2D projection image Qp(up, vp). The pinhole focal point is located at the origin
of the x,y,%, coordinate system and at a distance f, from the detector surface.

aperture p can be described as

Qp(up,vp) =

///A(mp,yp,zp) Sp(Tp, Yps 2p) Mp((2p, Yp, 2p) = (up, vp)) dzp dyp dzp (2.2)

in which M,((zp, Yp, #p) — (up, vp)) represents the mapping operation of pinhole
aperture p and S,(xp, Yp, zp) represents the sensitivity of the pinhole aperture for
activity at position (z,,yp, 2p) in its field of view. The sensitivity Sp(zp, yp, 2p) is
discussed in detail in section 2.4. Here it is sufficient to note that it expresses the
fraction of the photons emitted at (zp, yp, 2p) that are accepted by the pinhole aper-
ture. The mapping operation M, ((zp, yp,2p) — (up,vp)) can further be expressed
as

My((2ps Yps 2p) — (up, vp)) = 6(_f1;xp - Up) 6(_ f;;yp - Up) (2.3)

P P
in which § represents a Dirac impulse. Equation (2.2) is easily understood as fol-
lows: the number of photons emitted at (zp,¥yp, 2p) is A(Zp, Yp, 7p), but only the
fraction S, (zp,yp,2p) of them will be accepted by pinhole aperture p. The ac-
cepted number of photons A(zp, Yp, 2p) Sp(Tp, Yp, 2p) Will be detected at detector
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position (—f, xp/2zp, —fpYp/2p); this is taken care off by the mapping operation
M, ((zp, Yp, 2p) — (Up,vp)). To obtain the complete projection image Q,(up, vp) this
procedure is finally repeated for each point of the activity distribution A(xzy, yp, 2p)
by the integration.

In a multipinhole situation with P focal points p = 1, ..., P, the projection image
Qp(up,vp) of each focal point p individually is obtained with equation (2.2). By
converting the different aperture specific coordinate systems u,v, into a common
coordinate system uwv, the complete multipinhole projection image Q(u,v) is easily
obtained as

P
Qu,v) = Qplu,v). (2.4)

In the aperture specific coordinate systems, the above pinhole mapping operations
M,(zp, Yp, 2p) — (up,vp)) yield the relatively simple relations (2.3), but these
coordinate systems are inadequate in both multipinhole and tomography situations,
just because of their aperture specific and position independent nature. Section 2.3
will derive the same mapping operations in the non-aperture specific coordinate
systems zyz and uv, which are more convenient for multipinhole and tomography
purposes. For convenience, we defer the exact definitions of the xyz and wv systems
to that section. To proceed, it is sufficient to know that these systems exist and
that the xyz system is fixed in space, while the uv system is fixed to the detector
and thereby moves along with it.

2.2.6 Tomography

So far, our discussion was mostly limited to a singe projection Q,(u,v) of the
activity distribution A(z,y, z) by a single pinhole aperture p. Tomography consists
in measuring and recovering the complete 3D information of the activity distribution
A(z,y,z). From (2.2), it is clear that a single projection @Q,(u,v) of A(x,y, 2) is
obtained by a sensitivity weighted mapping and integration procedure. From the
mapping equation (2.3) it is further clear that this integration occurs along the lines

Lp(upa Up)
Jpp +upzp =0
fpYp + vpzp = 0. (2.5)

These lines Ly (up,vp), or Ly(u,v) when expressed in the general zyz and uv coor-
dinate systems, are called projection lines and the above observation indicates that
in the projection image @, (u,v) all depth information along these projection lines
is lost. Consequently, a single projection image Q,(u,v) does not contain sufficient
information to reconstruct the 3D activity distribution A(x,y,z). The lost depth
information can be recovered however by combining different projections Qr,(u,v)
obtained by moving the pinhole system over a trajectory T'(x,y,z) ”around”the
activity distribution A(z,y, z).

From integral theory, data sufficiency conditions have been derived to determine
which sets of projection images Qrp(u,v) are sufficient to completely recover this
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Figure 2.3: Pinhole SPECT acquisition of a spherical field of view centered about
the zyz origin, which satisfies the Tuy data sufficiency criterium. The acquisition
consists of a rotation of the detector (trajectory A) around the field of view and
a translation (trajectory B) orthogonal to trajectory A. When the acquisition is
restricted to just the rotation, the data sufficiency criterium is only satisfied in the
central gray plane of the field of view.

depth information. For single pinhole collimation, the data sufficiency criteria of
Tuy et al. [5], Smith et al. [6] or Metzler et al. [7] can be used. The Tuy condition
states for example that each plane through the activity distribution A(x,y, z) must
intersect the pinhole focal point trajectory T at least once. Figure 2.3 shows a
pinhole trajectory satisfying this condition for a spherical activity distribution [8].
The trajectory consists of a circular rotation of the focal point around the activity
distribution (trajectory A) combined with a translational trajectory orthogonal to
the circular trajectory (trajectory B). Other trajectories exist, which also satisfy
the above mentioned conditions [5-11].

It is common practice however, to use only the circular part A of the complete
trajectory (A+B) of figure 2.3, since pinhole SPECT is often performed with reg-
ular SPECT cameras. These cameras are designed for parallel hole imaging and
orbit A satisfies the parallel hole data sufficiency criterium [12]. Implementing a
"complete’ pinhole trajectory on a regular SPECT camera may be possible, but it is
not straightforward [9,11]. As a result of the circular orbit A, only sufficient depth
information is recovered to exactly reconstruct the central plane of the activity dis-
tribution A(x,y, z) [7], shown as the shaded surface in figure 2.3. For the noncentral
parts of the activity distribution A(z,y, z), the required depth information is not
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completely absent, but it is only partially available. This explains why the circular
pinhole trajectory A, nevertheless allows to obtain very useful reconstructions of
the non-central parts as well. The image quality is often considered sufficiently
high and no attempts are made to implement the more difficult pinhole trajectories
satisfying the pinhole data sufficiency criteria. Throughout this work, only the tra-
ditional pinhole trajectory A will be considered. It is conveniently parameterized
by the projection angle 6, also indicated in figure 2.3. To our knowledge no data
sufficiency conditions are available for multipinhole imaging with overlapping pin-
hole projections. This problem will be addressed in chapter 6 of this work. In the
multipinhole SPECT situations considered in this work, the detector performs the
same circular rotation about the activity distribution as in figure 2.3. Of course,
each pinhole aperture p then describes its own circular orbit.

In conclusion, the general single (P = 1) or multipinhole (P > 1) image acqui-
sitions considered in this work can be described as

P
Q(u,v,0) = ZQP(U,U,H) (2.6)
p=1

in which @, (u,v,0) represents the projection data obtained through pinhole aper-
ture p and the projection angle 6 describes the rotation of the detector about the
activity distribution under investigation.

2.3 Pinhole SPECT Geometry

2.3.1 Parameters

Before starting the rigorous description of the pinhole SPECT geometry in section
2.3.2 and 2.3.3, it is instructive to start with a brief overview of the different param-
eters involved. The description is restricted to a single pinhole system performing
the traditional circular trajectory A of figure 2.3. For such system, 10 different
geometrical parameters can be identified. These parameters are often divided into
intrinsic and extrinsic parameters. Extrinsic parameters explicitly define the posi-
tion and/or orientation of the detector and collimator with respect to the axis of
rotation, while the intrinsic parameters do not. To define these parameters, it is
further convenient to introduce the concept of the central ray of the pinhole system.
It is the line through the pinhole focal point (the center of the pinhole aperture)
and orthogonal to the detector surface. In the remainder of this work, we will refer
to it as the ’system central ray’, to distinguish it from the ’pinhole central ray’
introduced in section 2.4.

The starting point for this section is the ideal or perfectly aligned pinhole system,
illustrated in figure 2.4 (a) to (c). In this perfectly aligned system, the system central
ray connects the center of the detector with the pinhole focal point and the origin
of the axis of rotation. The detector is further parallel to the axis of rotation. Only
three parameters are required to describe this system.



16 Pinhole SPECT Imaging

(d)
!
i
| f
i
i
|
i
|
|
—— b (b) (e)
|
i
|
I
I
|
! (c) (f)

Figure 2.4: Pinhole SPECT geometry: the left side shows a frontal (a), side (b) and
top (c) view of a perfectly aligned pinhole SPECT system, with the focal length f
and the detector distance d indicated. The right side shows possible misalignments
of the ideal left side systems. (d) Mechanical offset m and detector offset n,. (e)
Detector offset n, and tilt angle ®. (f) Twist angle .
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Focal length f The focal length f of the pinhole system is the distance between
the focal point and the detector. By definition, it is an intrinsic parameter
which is measured along the system central ray.

Detector distance d The detector distance d is the distance between the detector
and the origin of the axis of rotation. By definition, it is an extrinsic param-
eter. It can only be measured along the system central ray in absence of a
mechanical offset (see below).

Projection angle 8 The projection angle 6 describes the rotation of the detector
around the axis of rotation during image acquisition. It is the only parameter
that varies during image acquisition; all other parameters are assumed to
remain constant.

The 7 remaining parameters can all be considered to be practical deviations from
the above ideal pinhole system. Fach deviation is treated here separately, but in
reality they may all occur simultaneously, which complicates their correct definition.
The descriptions provided below are only valid if the deviation considered is the only
deviation from the above ideal case. For more complicated cases, we refer to section
2.3.2 and 2.3.3.

Mechanical offset m The mechanical offset m represents an offset of the pinhole
focal point orthogonal to the axis of rotation. It is an extrinsic parameter that
can be measured as the distance between the axis of rotation and the system
central ray. The mechanical offset is illustrated in figure 2.4 (d).

Detector offsets n,, and n, The detector offsets n, and n, are extrinsic param-
eters representing offsets of the center of the detector in the directions orthog-
onal (n,) and parallel (n,) to the axis of rotation. The detector offsets n,
and n, are illustrated in figure 2.4 (d) and 2.4 (e) respectively, although the
displacement n, in figure 2.4 (e) is no longer parallel to the axis of rotation
due the nonzero tilt angle .

Electrical shifts e, and e, Ideally, the detection of a photon in the center of the
detector should be allocated to the center of the projection image. In reality
the allocation of all photon detections is offset by the electrical shifts e, and
e, in the directions orthogonal (e, ) and parallel (e,) to the axis of rotation,
due to offsets of the electrical components of the detector. The electrical shifts
are intrinsic parameters.

Tilt angle ® The tilt angle ® is an extrinsic parameter, indicating the inclination
of the detector with respect to the axis of rotation. It is measured as the
complement of the angle between the central ray of the system and the rotation
axis. The tilt angle is illustrated in figure 2.4 (e).

Twist angle ¥ The twist angle U is an extrinsic parameter indicating a rotation
of the detector in its own plane. For a nonzero twist angle, the column and
row directions of the projection image pixels are no longer orthogonal and
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Table 2.1: Pinhole parameters.

Symbol Name Type Figure
f Focal length Intrinsic 2.4 (a) and (b), 2.5
d Detector distance Extrinsic 2.4 (a) and (b), 2.5
m Mechanical offset  Extrinsic 2.4 (d), 2.5
Ty Detector offset Extrinsic 2.4 (d)
Ny 2.4 (e)
2“ Electrical shift Intrinsic
o Tilt Extrinsic 2.4 (e), 2.5
v Twist Extrinsic 2.4 (), 2.5

parallel respectively to the axis of rotation. The twist angle is illustrated in
figure 2.4 (f).

Throughout this work, all pinhole parameters except the rotation angle 6 are
assumed to remain constant during image acquisition. Only chapter 7 will study a
situation in which the above assumption is violated and this violation will there be
mentioned explicitly. Table 2.1 summarizes the above descriptions.

2.3.2 Camera-Image Geometry

Consider a pinhole system consisting of a flat detector and a single pinhole collimator
with an infinitely small aperture. During image acquisition, the detector rotates
on a circular orbit around the 3D activity distribution A(x,y, z), describing the
traditional circular pinhole orbit A of figure 2.3. The activity distribution A(zx,y, z)
is projected through the pinhole focus onto the detector, yielding the projection
image Q(u,v,#) at projection angle 8. The distribution A(z,y, z) is defined in the
right handed Cartesian coordinate system zyz, with the z axis along the rotation
axis of the pinhole system, like in figure 2.5. At zero projection angle 6, the = axis
is further by definition parallel to the detector. The projection image Q(u,v, ) is
defined in the uv Cartesian coordinate system with the axes fixed along the column
and row directions in the detector element grid. The origin of the uv coordinate
system is the orthogonal projection of the xyz origin on the detector. The projection
angle 0 is finally defined as the angle between the detector surface and the x axis,
measured in the zy plane.

At every detector position 6, the relative orientation of the activity distribution
A(z,y,z) and the detector is different. By correcting for this rotation 6, the same
distribution can be expressed in a new coordinate system z'y’z’ rotating with the
uv system around its own 2z’ axis and keeping the 2’ axis parallel to the detector

surface.
!

8

cosd  sinf 0 T
y | = | —sind cos® 0 Yy (2.7)
z 0 0 1 z
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Focal Point

Figure 2.5: Camera-Image geometry. Pinhole camera with focal length f at pro-
jection angle 8. The z axis is the rotation axis of the system and the xyz origin is
chosen such that the system central ray intersects the x axis for § = 0. The focal
length f and the detector distance d are indicated along the system central ray. The
mechanical offset m is the distance between the xyz origin and the system central
ray. The tilt angle ® is the complement of the angle between the system central
ray and the axis of rotation. The twist angle ¥ is the angle between the rows of
detector pixels (u axis) and the orthogonal projection of the x axis on the detector
for 6 = 0.

The angle 6 only expresses the relative orientation of the detector and the image
A(z,y, z) with respect to each other. Their absolute orientations are of no impor-
tance for image reconstruction purposes.

The orientation of the uv system (detector) with respect to the x'y’z’ system
can further be specified by two additional angles, namely the tilt ® and the twist
U (See figures 2.5, 2.4 (e) and 2.4 (f)). The tilt ® represents the angle between the
detector and the rotation axis. A pinhole camera may be tilted deliberately to bring
the focal point close to a target organ, but in a way that allows the camera to clear
other parts of the body [13]. The tilt can be taken into account by rotating the
z'y’ 2z system over the tilt angle ® to obtain the x”y"”2” coordinate system. This

rotation is performed about the 2’ axis and as a result, both the 2" and 2 axes are
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parallel to the detector surface.

z" 1 0 0 z’
y' | =1 0 cos® —sind y (2.8)
2" 0 sin® cos® z

The twist ¥ represents the angle between the u axis and the direction on the
detector surface perpendicular to the rotation axis. It is the orientation angle of
the pixels on the detector surface. Since the x axis is still parallel to the detector
surface and orthogonal to the rotation axis, the twist angle ¥ is also the angle
between the u and z” axis. Rotating the x”y"”2" system over this angle ¥, finally
yields the 2"y’ 2"’ coordinate system, with the x””/ and 2"’ axes parallel to the u

and v axis respectively.

z'" cos¥ 0 —sin¥ z!
y"' | = 0 1 0 y" (2.9)
2" sin¥U 0  cos¥ 2"

After application of the above rotations, the camera-image geometry can further
be described by the distances f, d, n,, n, and m as illustrated in figure 2.4 and 2.5.
The distances f and d are measured along the central ray and represent respectively
the focal length and the distance between the detector and the plane parallel to the
detector and through the zyz origin. The detector offsets n, and n, represent the
offsets of the wv origin from the center of the detector in the u and v direction
respectively. The mechanical offset m is the distance between the central ray and
the rotation axis. By definition this distance is measured in the direction orthogonal
to the rotation axis and parallel to the detector surface, like the 2’ axis (2" axis).
Thereby, it forms the angle ¥ with the u axis and the length m can be decomposed
into its wv components (M., My).

My = mcos ¥,
m, = msin V. (2.10)
The origin of the xyz system on the axis of rotation is chosen such that the central
ray intersects the z’ axis (z” axis). Thereby, the mechanical offset m can be mea-
sured as the distance between the zyz origin and the system central ray. Since the
uv origin was defined as the orthogonal projection of the xyz origin, the offset m
can equivalently be measured as the distance between the uwv origin and the central
ray. Please note that the xyz origin has been defined with respect to the focal point
and detector positions, instead of defining their absolute positions in space. Once
again, this absolute reference is of no importance for image reconstruction.

2.3.3 Point Source Projection

Using the parameters and coordinate systems of section 2.3.2, the pinhole projec-
tion of a point source (x,y, z) can be calculated. The projection is defined by its
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Figure 2.6: Projection of a point source (zf’,y{’,2{") by a pinhole camera, seen in

the direction of the axis of rotation, being the 2"’ axis.
coordinates (ug,vg) in the uv coordinate system of the detector. The mathematics
of congruent triangles, illustrated in figure 2.6, justifies the relations

" —m,, My — Up

e (2.11)
dzj/;ﬁ;” = m”f_ o, (2.12)
Rearranging them and inserting (2.10) yields
uo:fW—i—m cos U, (2.13)
vg = f%_zﬂm +m sin 0. (2.14)

d—f+y

The projections (ug, vg) are defined in the uv coordinate system of the detector, but
the origin of this system in the projection image Q(u‘™9,v"™9,0) is still unknown.
The assumption that the center of the projection image corresponds with the center
of the detector, would yield the relations

U™ =g — ny, (2.15)

o™ = vg — Ny, (2.16)

which take into account the offsets n, and n, of the uv origin with respect to the
center of the detector. The above assumption does not take into account however the
electrical shifts e, and e, which represent a collective translation of the projection
image, caused by offsets of the internal electrical components of the detector. Taking
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these electrical shifts also into account yields

ugmg = Uy + ey — Nu, (2.17)
v;mg = Vg + €y — Ny. (2.18)

These relations reveal that the electrical shifts e, and e, interact with the detector
offsets n, and n,. For reconstruction purposes, only the combined effect of the
electrical shifts and the detector offsets is important. For historical reasons, we
deal with this by lumping the detector offsets n, and n, into the electrical shifts
e, and e, respectively, yielding

up™ = ug + €, (2.19)
vy = vg + €. (2.20)

These relations remain fully general, but it should be kept in mind that the electrical
shifts ef and e} in the relations (2.19) and (2.20) now have a mixed intrinsic and
extrinsic character. For the remainder of this work, this will have no effect on future
results and we will drop the superscripts *’ again.

The substitution of (2.19) and (2.20) into (2.13) and (2.14) and dropping the

superscripts "’ eventually yields
im m cos U — 2" (6, D, )
uy™ = f =170, +m cos VU + ey, (2.21)
; inv —2"(0,®,¥
vy = fm sl 70,2, ) +m sinU +e,. (2.22)

d - f + y///(07 ‘I)a \I/)

These relations yield the projection location (ug™, vy™) of a point source at po-
sition (z,y,2) in the field of view. They thereby express the mapping operation

My ((zp, Yps 2p) — (up,vp)) of (2.3) in the general xyz and uv coordinate systems.

2.3.4 Multipinhole Geometry

In multipinhole imaging, different pinhole apertures project (parts of) the same
activity distribution on the same detector. The description of the acquisition ge-
ometry of the single pinhole system of the previous section can easily be extended
to such multipinhole situations. Consider the general case of P pinhole apertures
all projecting on the same detector. The orientation and position of the detector
is of course identical for all pinhole apertures, and consequently the parameters 6,
d, ey, e,, ® and ¥ are identical for each pinhole aperture. Each pinhole aperture
further has its own focal length f, for p = 1,..., P and introduces its own system
central ray. In the single pinhole case, the mechanical offset m was introduced as
the distance from the only system central ray to the axis of rotation. The specific
choice of the origin of the xyz and uv coordinate systems in function of this central
ray, eventually lead to the definition of m, and m, by relation (2.10). The point
(my, my) defines the position of the intersection of the central ray with the detector
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in the uv detector coordinate system. Each of the P pinhole apertures p of the
multipinhole case introduce their own system central ray with its own intersection
point (Mmyyp, Myp). As aresult, each pinhole aperture can generally be described by 3
parameters fp, my, and myy,. The origin of the xyz and uv coordinate systems, can
only be chosen once however and relation (2.10) is only valid for a single aperture.
In the remainder of this work we will choose this aperture to be aperture p = 1.
With this definition we can now restate the projection locations (u)9,vi™9) of a
point source (z,y, z) by the pinhole apertures p =1,..., P as

Myp — " (0,0, T)

K e A (% I (223)
im mvp - Z//,(ev @, \IJ)
Uepg =fog [ y(6,5.9) +myp +e,. forp=1,. P (2.24)
and
Myl = My tan W, (2.25)

These equations again express a mapping operation similar to the mapping op-
eration M, ((zp, Yp, 2p) — (up,vp)) of (2.3) in the general zyz and wv coordinate
systems.

2.3.5 Projection and Backprojection

By combining the results of this chapter up till here, the image acquisition process
of multipinhole SPECT imaging can be expressed as

P

Qu,v,0) = Qy(u,v,0) (2.26)

p=1

with
Qp(u,v,0) = ///A(x,y,z) Sop(x,y, 2) Mp((z,y,2) — (u,v,0))dedydz  (2.27)

and
M,((z,y,2) — (u,v,0)) = §(u — ué?g) 5(v— vézlg) (2.28)

and with ug;g and véZLg as in (2.23) and (2.24) respectively. In terms of projection

rays, each point (u,v,6) in the projection data now relates to P projection rays
Lop(u,v) forp=1,..., P

mmfp + y”/(uimg — Muyp — €y) + (d— fp)(uimg —ey) — dmyp =0

mep + y///(vimg — Myp — 6v> + (d _ fp)(vimg _ @v) _ dmvp —0. (2.29)

The above relations define the projection of the activity distribution A(z,y,z) by
a multipinhole SPECT camera. The projection establishes a transition from the
zyz image domain to the uvf projection domain. Closely related to the projection
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operation is the backprojection operation. This operation establishes a transition in
the opposite direction, i.e. from the wvf projection space to the zyz image space.
The backprojection B(x,y, z) of a projection Q(u,v, ) for the above multipinhole
SPECT camera is defined as

B(z,y,2) = Y _ By(x,y,2) (2.30)
with

By(z,y,2) = ///Q(u,v,&) Mg((u,v,e) — (2,y,2)) Sop(x,y, 2z) dudvdd (2.31)

and
M ((u,v,0) — (z,y,2)) =1 for (2,y,2) € Lop(u,v)
=0 for (z,y,2) ¢ Lop(u,v).

The backprojection performs very similar operations as the projection, but in re-
versed order. First the observed photon counts Q(u, v, 8) (not Q,(u,v,0)!) are 'pro-
jected back’ into the image space along the same projection rays Lg,(u, v). However,
instead of allocating every count back to its exact origin, the counts are smeared out
over the entire projection ray by the mapping operation M ((u,v,0) — (z,y,z)).
Allocating each count back to its origin is simply impossible, since this kind of
"depth information’ was lost during projection. Next, the result is multiplied with
the pinhole sensitivity Sg,(x,y, z) and eventually the contributions of the different
projection rays are added together by the integration. Like for the projection oper-
ation, the results B,(z,y,z) for the individual pinhole apertures p may simply be
added together.

(2.32)

The backprojection operation is the transpose of the projection operation, not
its inverse. Therefore, B(x,y, z) is not equal to A(x,y, z). Nevertheless B(x,y, z)
looks like a blurred version of A(z,y, z), since adding the contributions of differ-
ent projection lines together already partially recovers the depth information that
was lost during projection for the individual projection lines. The projection and
backprojection operations will form the heart of the MLEM image reconstruction
algorithm of the next chapter.

Now the sensitivity Sp,(z,y, 2) still needs to be expressed.

2.4 Pinhole Sensitivity

2.4.1 Ideal Pinhole Sensitivity

To study the sensitivity of pinhole collimation, we return to the aperture specific
ZTpYpZp and upv, coordinate systems. Now, consider a point source of activity A
and at position (x,,yp, 2p) in the field of view of the pinhole camera, as illustrated
in figure 2.7. The point source isotropically emits photons in all directions. For
the moment, the pinhole collimator is modelled as an infinitely thin plate parallel
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Figure 2.7: Projection of a point source (zp, yp, 2p) through an ideal pinhole aperture
with diameter D on a detector at a distance f, (focal length) behind the collimator.
The pinhole aperture is located at the origin of the z,y,z2, coordinate system. The
intrinsic spatial resolution of the detector is not taken into account.

to the detector with a circular opening with diameter D representing the pinhole
aperture. The collimator plate consists of a material with infinitely high attenu-
ating capabilities, such that no photons emitted by the point source can reach the
detector, unless they travel through the pinhole aperture.

The sensitivity Sp(zp, yp, 2p) for the point source (xp,yp,zp) is defined as the
fraction of the photons emitted by the point source that reach the detector. Since

the point source emits those photons isotropically, the fraction of those photons

emitted in a specific solid angle w equals ;%. Now construct a sphere around the

point source (Zp,Yp,zp) through the center of the pinhole aperture (0,0,0). For
a point source (Z,,Yp, 2p) at a sufficiently large distance from a sufficiently small

pinhole aperture (/22 + y2 + z2 > D), the solid angle w occupied by the pinhole
aperture can be well approximated by
77%2 cosT  mwD?cos®T

w=4r = 2.33
471'( Zp )2 4z} (2:33)

COosS T

in which the numerator and the denominator of the first equation represent the area
of the aperture as seen from the point source and the surface area of the sphere
respectively. The angle 7 further represents the angle between the z axis and a
projection ray through the center of the pinhole aperture

\Jx2+y?
yo . (2.34)

Zp

7 = arctan
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Dividing this expression by the 47 cone angle of the sphere eventually yields the
desired sensitivity Sp,(xp, Yp, 2p)

D? cos®r

2.35
16zg ( )

Sp(Tp, Yps 2p) =

with 7 as in (2.34).

Equation (2.35) states that the pinhole sensitivity varies proportional to the area
of the pinhole aperture D2, as expected. It further varies inversely quadratic with
the distance from the point source to the pinhole aperture zf) / cos?7. Note that this
dependency introduces a singularity for z, = 0, which arises from the approximation
used to calculate w in (2.33). The accuracy of the approximation in (2.33) rapidly
improves at larger values of z, and the remaining part of this section will only
consider situations in which the above approximation is sufficiently accurate for
the entire non-zero part of the activity distribution under study. This situation
is usually satisfied in practice, where the activity distributions are concentrated
around the axis of rotation, which is at a sufficient distance d — f from the pinhole
aperture. Finally, the sensitivity also depends on the angle 7 in a sinusoidal way
COST.

2.4.2 Pinhole Aperture Design

The design of pinhole apertures in practice differs from the ideal pinhole aperture
model of section 2.4.1. Figure 2.8 (a) illustrates the practical design of a typical
knife edge aperture, which is by far the most common pinhole aperture design and
the only one considered in this work. The design consists essentially of a plate of a
high density material like Lead or Tungsten, offering a high attenuation coefficient
. The thickness T' of the plate is chosen such that the penetration of photons
incident on the plate is negligible, even for an angle of incidence of 90°

T
exp <_/0 uds) ~ 0. (2.36)

The aperture itself is obtained by two coaxial conical resections of the collimation
material, yielding a circular opening of diameter D flanked by collimation material
of increasing thickness ¢ until the full thickness T of the plate is reached. The
vertex angle « of the cones determines how fast the thickness ¢ of the flanking
material increases. This is important, because close to the actual aperture, the
thickness of the collimation material ¢ is significantly smaller than 7" and photon
penetration will not be negligible until ¢ reaches a sufficiently large value. On
the other hand, a also approximates the maximum angle by which a photon can
travel through the pinhole aperture without penetrating the collimation material
and the approximation becomes exact for an infinitely small pinhole diameter D or
an infinitely large plate thickness T. It is therefore called the acceptance angle of
the pinhole aperture and it determines the part of space in front of the aperture
that is visible for the detector through the pinhole aperture.
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Figure 2.8: Knife edge pinhole aperture design: (a) non-inclined and (b) inclined
pinhole central ray. Cross-sections of the pinhole aperture plate with indication of
the pinhole diameter D, the acceptance angle «, the aperture plate thickness T and
the inclination angle n. In (a) n = 0.

In single pinhole collimation, the axes of the resecting cones are generally orthog-
onal to the collimation plate as illustrated in figure 2.8 (a), with the plate parallel to
the detector. In multipinhole imaging, it can be interesting however to have several
pinhole apertures observe the same field of view, as illustrated in figure 2.1 (¢). This
can be realized by inclining these cone axes with respect to the system central ray by
an angle n,, like in figure 2.8 (b). (Please note that, also in this situation, we keep
the x,y, plane of the x,y,2, coordinate system parallel to the detector and that
we define the angle 7, about the y, axis.) The axis of the coaxial cones will proof
to be particularly useful in describing the sensitivity of the corresponding pinhole
aperture. In the remainder of this work, we will refer to this axis as the pinhole
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central ray. In the situation of figure 2.8 (a), this pinhole central ray coincides with
the system central ray of section 2.3.1, but in the more general situation of figure
2.8 (b), they intersect in the pinhole focal point. From figure 2.8 (b) it is further
clear that large inclination angles 7, can only be realized in practice for sufficiently
small acceptance angles a.. In the remainder of this work, we therefore assume that
large acceptance apertures always have small to zero inclination angles 7,,.

2.4.3 Realistic Pinhole Sensitivity

Looking back to the ideal pinhole aperture model of section 2.4.1, it is now clear
that this is actually a knife edge aperture with an acceptance angle . approaching
180° and with an inclination angle 71, of the pinhole central ray of 0°. Due to
the 180° acceptance angle, the flanking material of the aperture never reaches full
thickness 1" and remains infinitely thin. The resulting photon penetration problem
could however be neglected by the infinite attenuation assumption of the collimator
material (p = 00). Since 1, = 0, the z, axis of figure 2.7 is further also the pinhole
central ray and the angle 7 actually represents the angle between the projection ray
of a point source (z,, Yp, #p) and this pinhole central ray.

A realistic pinhole aperture has an acceptance angle « of less than 180°, but
the collimation material also has a finite attenuation coefficient u. As explained in
the previous section 2.4.2, photons can then penetrate through the low thickness
flanking material of the actual aperture with the amount of penetration dropping
from 100% at the physical edge of the aperture to almost 0% once the flanking
material reaches a sufficient thickness ¢. The situation is worse for larger acceptance
angles «, since the thickness ¢ increases more slowly in those situations. Apparently,
a realistic pinhole aperture does not have a sharp edge for photon penetration, but
a more fuzzy edge and the physical diameter D only represents a lower limit for the
diameter. Due to this penetration, the sensitivity of the pinhole aperture is larger
than expected and the sensitivity does not drop immediately to zero outside the
cone. To express this higher sensitivity, the physical diameter D in (2.35) can be
replaced by a larger effective diameter D, [14].

D? cos3t

Sp(Zp, Yp, 2p) = (2.37)

16(xp sinn, + 2z, cosnp)?
To keep expression (2.37) fully general, the factor 22 in the denominator of (2.35)
has also been replaced by (z,sinm, + 2, cosn,)?. In this way it is also valid for
nonzero inclination angles n,. To maintain this generality, the angle 7 must further
be redefined as

\/(xp cosn, — zpsinn,)? + y%

Tp SN Ty + Zp COSTy

(2.38)

T = arctan

The replacement of D by D, only corrects for the general increase in sensitivity,
it neglects the possibility that this increase in sensitivity also depends on the position
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in the part of space visible through the pinhole aperture. There is however good
reason to believe that this increase in sensitivity also depends on the angle 7, since
the penetration path lengths and hence the chance for successful penetration depend
on it. Smith et al. [14] demonstrated that for 1, = 0 this is indeed not generally
the case and that the true sensitivity of a realistic knife edge pinhole aperture can
be more accurately described by replacing cos®7 in (2.37) by cos™» 7

D? cos™rr

Sp(xpvypvzp) = (239)

16(zp sinmy, + 2, cosnp)?
in which n, is a real number usually slightly larger than 3. The fact that n, > 3
indicates that the increase in sensitivity by photon penetration is most prominent
for 7 = 0 and that this effect decreases for larger values of 7. The exact values of
np, and D, depend on the design of the pinhole aperture and will be determined
experimentally later on (for pinhole apertures with sufficiently large acceptance
angles «). In (2.39) we consider the findings of Smith et al. to be valid as well for
7p 7 0. Although this has never been reported in literature, it will at least be a
reasonable approximation for low values of 7, since the approximation is known to
be good at n, = 0.

For the typical knife-edge aperture of figure 2.8 (a) and (b), the acceptance
angle « limits the visible part of space in front of the aperture approximately to a
cone with vertex angle . Outside this cone, i.e. at 7 > «/2, the sensitivity drops
to zero, but not instantaneously since the finite diameter D (or D,.) and the finite
plate thickness T still allow photons travelling at slightly higher angles of 7 to pass.
For pinhole apertures with large acceptance angles a and zero inclination 7, this
observation does not have serious implications, since at high values of 7 > «/2 the
sensitivity would be very low anyway, due to the factor cos™ 7 in the numerator of
(2.39). For small acceptance angles o however, with potentially nonzero inclination
angles 7, the drop in sensitivity needs to be addressed.

To do so, consider the general case of a knife-edge aperture with (small) ac-
ceptance angle o and inclination angle 1, as illustrated in figure 2.9. Besides the
circular pinhole aperture opening F., the conical resections of the collimator mate-
rial yield two elliptical intersections £y and Ej with the front and back plane of the
collimator plate respectively. Ignoring the possibility of penetration, the straight
trajectory of a photon must pass through all three ellipses E., E¢ and Ej for the
photon to pass through the collimator. For point sources at sufficiently large dis-
tances from the pinhole aperture, all photons emitted by the point source through
the circular area E. can further be assumed to travel all parallel to each other. The
area available for those photons to pass through the collimator can thereby be cal-
culated as the common area E of the orthogonal projections of E., E¢ and E} on a
plane perpendicular to the photon paths, as illustrated in figure 2.9. In general, the
area E(o, D, T, np, xp,yp, T) depends on the aperture parameters o, D, T, 1, and
the point source position arccos(xp/yp), 7. For n, = 0, the dependency reduces to
E(a, D, T, 7). For point sources within the expected conical field of view 7 < a/2,
this area E is exactly the area of the pinhole aperture (E.cosT) or (mD?cosT/4)
as seen by the point source. For point sources just outside this cone 7 > «/2, the
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Figure 2.9: Sensitivity model of a small acceptance angle knife edge pinhole aper-
ture. Without penetration, the sensitivity of the aperture for photons from a specific
direction is proportional to the area available for the photons to pass. This area is
calculated as the area of overlap I of the orthogonal projection of the ellipses Ey,
FEy and E. defined by the aperture design on a common plane orthogonal to the
photon paths.

projections of the ellipses £y and E} will only partially overlap with the projection
of the actual aperture opening F., yielding lower sensitivities for increasing values
of 7 until zero sensitivity is reached. Appendix A.1 elaborates on how the overlap
FE is calculated.

To correct for the different behavior of the sensitivity S, (2, yp, 2p) at the edge
of its field of view, the effective aperture area mD? cos7/4 in (2.39) is substituted
by an equivalent effective area E., yielding

E, cos(m»—Dr
Sy, Yp, 2p) = z . 2.40
P(mp Yp ZP) 47'('(11317 sin 7, + 2, CO8 np)g ( )

Please note however that the ’effective’ area F, is only introduced to keep the above
expression general for both large and small acceptance angles. For small acceptance
angles, photon penetration is actually ignored. Other models of pinhole sensitivity,
taking penetration into account, have been developed as well [15-17], but only for
zero inclination angles n,,.

The description of the pinhole sensitivity at the end of section 2.4.1 in terms of
the distance zg/ cos?7, and the additional factor cos T was inspired by the geomet-
rical meaning of these factors in the derivation of (2.35). In practice however, it is
more convenient to use the factors 1/(x,sinm, + 2, cosn,)? and E.() cos™»~ V7,
which we will call (somewhat erroneously) the ’distance dependency’ and the ’an-
gular dependency’ respectively. The advantage of this description is the separation
of the parameters z, and 7 which will become particularly convenient, since the
parameter 7 is related by a simple geometrical relation to a specific position on the
detector, while this detector position bears no unique relation to a specific value of
zp. As a consequence, a pinhole projection image contains direct information about
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the angle 7, but provides no information about the parameter z,. As a result, an
individual pinhole projection can be corrected for the angular pinhole sensitivity,
but it can never be corrected for the distance dependent sensitivity. This will play
a crucial role when discussing sensitivity correction in pinhole reconstruction.

2.5 Pinhole Spatial Resolution

2.5.1 Pinhole Point Spread Function

The single pinhole mapping function M,((z,y,z) — (u,v,8)) of (2.28) and its re-
lated mapping function M ((u,v,0) — (z,y,2)) of (2.32) assume that each arbi-
trary point source (z,y, z) projects on a single point (u, v) in each projection image.
This assumption would only be true if both the effective pinhole aperture area as
well as the intrinsic spatial resolution of the detector were infinitely small. In real-
ity this assumption will never be satisfied and as a result the projection of a point
source always yields a distribution of photon counts around the point predicted by
the mapping function M,((z,y,z) — (u,v,60)). See for example figure 2.7 as an
illustration. The number of photons in this distribution depends on the activity A
of the point source and the pinhole sensitivity S(x,y, z), which have been studied
in the previous section. This section studies the shape of the above distribution
and its position in the uv projection image. The combination of shape and location
defines the pinhole point spread function PSF(z,y, z,u, v, ), which is a natural ex-
tension of the above mapping function M,. This point spread function PSF does
not depend on the total number of photon counts and it satisfies by definition

// PSF(z,y,z,u,v,0)dudv =1 Vz,y,z,0. (2.41)

—0o0

Taking this non-ideal point spread function into account during projection and
backprojection, in theory, simply requires the substitution of the mapping function
M, and its transpose in (2.28) and (2.32) respectively, by the appropriate point
spread function PSF(z,y,z,u,v,0) and its transpose. In image reconstruction,
this approach is called resolution recovery and it yields reconstructed images with
optimal spatial resolution. This spatial resolution is a measure of how well fine de-
tails of the original activity distribution are still visible in the reconstructed image.
It is usually expressed as the full width at half maximum (FWHM) of the recon-
struction of a point source (Dirac impulse). In practice, the efficient implementation
of resolution recovery for pinhole image reconstruction is difficult however and it is
only addressed briefly in section 9.2.3 about future research. As a result the spatial
resolution of the reconstructed images in this work will be suboptimal. This section
only provides a small overview of the pinhole point spread function and its effect
on the spatial resolution.
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Figure 2.10: Projection (dark gray distribution) of a point source (zp,Yyp,2p)
through an ideal pinhole aperture with diameter D on a detector at a distance
fp behind the collimator. The pinhole aperture is located at the origin of the
ZpYpZp coordinate system. The light gray distribution is the projection of the point
source onto the detector in absence of the pinhole collimator. The intrinsic spatial
resolution of the detector is not taken into account.

2.5.2 1Ideal Pinhole Point Spread Function

To study the pinhole point spread function PSF(z,y, z,u, v, 6), we return, like we
did for the sensitivity, to the aperture specific x,y,2, and u,v, coordinate systems.
Consider again a point source of activity A at position (z,, yp, 2p) in the field of view
of an ideal pinhole camera, as illustrated in figure 2.10. For the moment, we further
assume an infinitely small intrinsic spatial resolution of the detector. In absence
of the pinhole collimator, the point source would illuminate the entire scintillation
crystal. For each infinitely small area du, dv, at position (u,,v,) of the detector,
the photon flux would then depend on the solid angle occupied by that area with
respect to the point source, yielding a photon flux of

cos? &
— —du,d 2.42
Ar(fy + 2,2 Up dvp ( )

with

& = arctan <\/(up R O yp)2) . (2.43)

fo+ 2
Normalization of (2.42), such that relation (2.41) is satisfied, yields the point spread

function PSFy(up, vp, Tp, Yp, 2p) for the projection of a point source (x,,yp, 2p) on
an uncollimated detector with perfect intrinsic spatial resolution

1
PSEy(up, Up, Tp, Yp, Zp) = FOCOS‘?' £ (2.44)
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In this expression Ny is a simple normalization constant

o0
Ny = // cos® & du, dv,. (2.45)
—o0

As illustrated in figure 2.10, pinhole collimation blocks all photons not travelling

through the circular pinhole aperture area with radius D, denoted F. in section
2.4.3 )
2 2 D?

Tty S T (2.46)
Zp = 0

This pinhole aperture area E. is projected by the point source (z,,¥p, 2p) on the

circular area C' in the projection image

2 2 2 2
(up + fpx”) + (vp + fpy”) <Dt z) +j”) . (2.47)
Zp Zp 4 z;

The restriction of the original point spread function P.SFy(uyp, Up, Tp, Yp, 2p) to the
circular area C' yields, after normalization to satisfy (2.41), the new point spread
function PSFy(up, vp, Tp, Yp, 2p)

PSEy (Up, Up, Tp, Yp, 2p) = N%cos3§ (up,vp) € C

=0 (up,vp) & C (2.48)

with
Ny = // cos® & du, dv, (2.49)
c

and £ like in (2.43). In this point spread function PSFi(up,Vp, Tp, Yp, 7p), the con-
tribution of the finite pinhole aperture area E. is modelled. For future purposes,
please note that the function cos® ¢ will generally not vary significantly over the
circular area C' (provided that the pinhole diameter D is sufficiently small in com-
parison with the z, coordinate of the point source). In that case, the function cos? &
can by approximation be considered constant over the circular area C, yielding

PSFEy(up, Up, Tp, Yp, 2p) = N% (up,vp) € C
=0 (up,vp) ¢ C

M :// duy, dvp. (2.51)
c

Besides the finite pinhole aperture area FE., the limited intrinsic spatial resolu-
tion of the scintillation detector also contributes to the actual pinhole point spread
function PSF (up, vp, Zp, Yp, 2p). This intrinsic spatial resolution results in a blurring
of the projection image. In reality, this blurring is usually to a good approximation
shift invariant and can be well modelled by a 2D Gaussian blurring with a FWHM
of approximately 4.0 mm for current scintillation detectors. As a result, the actual
ideal pinhole point spread PSF (up, vp, Zp, Yp, 2p) can be expressed as

(2.50)

with

PSF(Upv’Up7xpayI)’ Zp) = PSFl(upa Ups Lp, Yp Zp) ® PSF2(up,vp) (2.52)
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in which ® denotes a 2D convolution in the u,v, projection space and PSFs(uy, v,)
denotes a 2D Gaussian blurring kernel with the appropriate FWHM

41n 2 41n2 (u2 + v?)
PSPy vn) = e O <_FWHM - (2.53)

In contrast to the aperture contribution PSF7i, the blurring effect of the intrinsic
spatial resolution PSF, can easily be modelled during reconstruction by a simple
convolution of the projection image after projection and before backprojection with
the smoothing kernel PSF,. Given the simplicity of this operation, this part of
resolution recovery is performed during image reconstruction in this work, yielding
a partial resolution recovery. The aperture contribution P.SF} is much more difficult
to model efficiently in projection and backprojection and forms the real challenge
of pinhole SPECT resolution recovery.

2.5.3 Realistic Pinhole Point Spread Function

As explained in section 2.4.2, the design of real knife-edge pinhole apertures differs
considerably from the ideal pinhole collimator model of the previous section. Just
like for the pinhole sensitivity S(x,y, z), this difference in design has its implications
for the point spread function PSF(z,y, z,u,v,8), or more specifically for the aper-
ture contribution PSF(z,y, z,u,v,0). Although the derivation of a more realistic
pinhole point spread function is beyond the scope of this work, a couple of simple
observations allow to get some intuitive appreciation of the expected changes to the
above ideal point spread function.

First of all, the photon penetration through the flanking material of the actual
pinhole aperture will widen the nonzero part of above point spread function, since
photons will also be detected outside the circular area C of (2.47). Furthermore,
the approximate point spread function of (2.52) and (2.50) is circularly symmetrical
about the theoretically predicted point source projection. As already discussed in
section 2.4.2, the photon penetration for point sources off the pinhole central ray
is asymmetrical. As a result, the realistic pinhole point spread function for point
sources off the pinhole central ray will become asymmetrical as well. Since this
penetration effect is most prominent for large acceptance angles «, the widening of
the pinhole point spread function and the degree of asymmetry, can be expected to
become more pronounced at larger acceptance angles a.

At the edge of the field of view, i.e. where 7 ~ «/2, another and probably
more severe effect will emerge, caused by the combination of the nonzero pinhole
aperture diameter D and the limited thickness T' of the pinhole aperture plate. At
this edge of the field of view, the contribution of the finite pinhole aperture area
can be expected to reduce significantly in the direction orthogonal to the edge, as
is illustrated in figure 2.11. This is the result of the fact that the width of the
overlap between the projected ellipses Ey, Ej, and E. (see section 2.4.2) reduces
significantly in the direction orthogonal to the edge when 7 passes «/2.
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Figure 2.11: Projection of a point source in the center (1) and at the edge (2) of
the pinhole field of view. In situation (2) the width of the point spread function
is considerably reduced with respect to the width in situation (1). The intrinsic
spatial resolution of the detector is not taken into account.

2.5.4 Pinhole Spatial Resolution

The fact that a point source (z,y,z) is not projected as a single point in the uv
projection image, but as the distribution PSF(x,y, z, u, v, ) with nonzero extent in
uv space, indicates that spatial information is irretrievably lost during projection.
The distribution PSF(x,y, z,u,v,0) can in this respect (by approximation) be con-
sidered as a spatial (low-pass) filter acting locally on the ideal projection data. The
loss in spatial information is directly related to the spatial frequencies lost in this
filtering step. During reconstruction, even when performing resolution recovery,
this will eventually result in a loss of spatial resolution in the reconstructed image,
since the highest spatial frequencies of the original activity distribution can not be
reconstructed by a lack of information. It is very difficult to predict how the spatial
resolution of the reconstructed images will exactly be affected, especially for the
non-linear MLEM reconstruction algorithm used throughout this work (see chapter
3). The notion that the point spread function can be considered as a locally acting
spatial filter nevertheless allows us to get an appreciation of its effect.

For this appreciation, we study the smoothing effect in a one-dimensional cross-
section PSF,(uy, z,) of the ideal point spread function PSF (up, vp, Tp, Yp, 2p) (2.52)
with approximation (2.50) applied. (Please note that we only study this cross sec-
tion as a filter, of which the shape is independent from x,, and y, by approximation
(2.50), so PSF. does not need to depend on z,, or y,.) We assume that the smooth-
ing effect of the 2D point spread function PSF (uy, vy, Tp, Yp, 2p) is sufficiently simi-
lar. Under these approximations, the resulting 1D smoothing function PSF.(up, zp)
can be written as the convolution

PSF.(up,zp) = PSF.(up,zp) @ PSFea(uyp) (2.54)

with PSFe1(up, 2p) being a block function representing the contribution of the pin-
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hole aperture

1 fot fot
PSFcl(up7 ZP) - prjz_ozp up € -D Iész ’ DPQT:;’ (2 55)
=0 (% _Dfp;sz’D%

and PSFo(u,) being a 1D Gaussian smoothing kernel representing the contribution
of the intrinsic spatial resolution of the detector

v41ln?2 ( (41n2)u12)>

PSFy(uyp) (2.56)

~ VrFEWHM TP\ T FwHM?

The frequency response of the above filter PSF.(up, zp), its fourier transform F,,
is easily calculated, yielding

Fu{PSFY(ku, 2p) = Ful PSFy}(ku, 2p) Ful PSFus} (k) (2.57)
with
Fu{PSF.1}(ky,z,) = sinc (wa”J”’” k;u) (2.58)
Zp
and ) )
—r2FWHM
FAPSEal k) = exp (T 2 ) (259)

This frequency response consists of the product of a sinc function (2.58) and a
Gaussian (2.59). This is also illustrated in figure 2.12 for a pinhole system with
170 mm focal length f, a pinhole diameter D of 2.0mm, an intrinsic spatial res-
olution of 3.8 mm FWHM and for z, = 50.0mm. The sinc function models the
contribution of the pinhole aperture to the pinhole point spread function, while the
Gaussian models the contribution of the limited spatial resolution of the detector.
Combined together, these contributions yield the solid line in figure 2.12. The fre-
quency response shows that low spatial frequencies are reasonably well preserved,
while higher spatial frequencies get increasingly suppressed. Please note that the
spatial frequencies k, have been corrected for the magnification effect of pinhole
projection. In this way these spatial frequencies can be considered to be spatial
frequencies in the reconstruction domain, instead of in the projection domain.

For optimal image reconstruction accuracy, resolution recovery tries to recover
the original power of all spatial frequencies during image reconstruction. However,
the lower the response of these spatial frequencies, the more difficult it is to recover
them. To proceed, we somewhat arbitrarily assume that no spatial frequencies
with a frequency response of less than 10% (see threshold in figure 2.12) can be
recovered due to noise, while all other frequencies can be completely recovered. This
situation would result in the spatial frequency response, called 'recovered’ in figure
2.12 and represented by the dashed line (long dashes). In a more realistic approach,
a Wiener filter could be applied to take the actual power spectrum of the noise into
account. In order to express this frequency response of the reconstruction in terms
of a FWHM, it is finally transferred back into image space by an inverse fourier
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Figure 2.12: 1D ideal pinhole point spread function (solid line), with the contri-
butions of the pinhole aperture (dotted line) and the intrinsic spatial resolution
of the detector (dashed line). The block function (long dashed line) shows which
spatial frequencies have a response above (1) or below (0) the threshold indicated
by the dash-dotted line. The spatial frequencies k, have been corrected for the
magnification effect of pinhole projection.

transform. The result is shown in figure 2.13. This distribution can be considered
to be the response of the reconstruction process to the pinhole projection of a point
source. The FWHM of the resulting point source reconstruction can eventually
be calculated, yielding a FWHM of 1.82mm in this particular situation. Without
resolution recovery, the spatial resolution of the reconstructed point source would
be worse.

2.6 Conclusion

In this chapter, we have described the basics for understanding the image acqui-
sition process in single and multipinhole SPECT imaging. In combination with
the discussion of the pinhole SPECT acquisition geometry, it is essential knowledge
to tackle the image reconstruction problem of the next chapter. The acquisition
geometry will also serve as a basis for appreciating and understanding the pinhole
calibration problem encountered in chapters 4, 5 and 7. The description of the pin-
hole sensitivity will proof to be of interest for the sensitivity correction in pinhole
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Figure 2.13: Reconstruction of the pinhole projection of a point source.

SPECT image reconstruction, also encountered in the next chapter. The description
of the pinhole point spread function was mainly added for completeness, although
it does have some implications on the measurement of the pinhole sensitivity in the
next chapter.



Chapter 3

Pinhole SPECT
Reconstruction

3.1 Introduction

This chapter explains the iterative MLEM algorithm, used throughout this work
for single and multipinhole image reconstruction. Section 3.2 provides a general
derivation of the MLEM algorithm, applicable to all image reconstruction in nu-
clear medicine. Section 3.3 elaborates on the incorporation of pinhole sensitivity
correction in the MLEM algorithm and its relation with the sampling strategy of
the practical implementation of the MLEM algorithm. Section 3.4 then proposes a
method to measure the pinhole sensitivity in practice and demonstrates it by two
real sensitivity measurements. Section 3.5 eventually comments on the effects of the
spatial resolution of pinhole collimation on pinhole SPECT image reconstruction.

3.2 MLEM Image Reconstruction

This section provides a general introduction to the Maximum Likelihood Ezxpecta-
tion Mazimization or MLEM algorithm [18-20], which is by far the most popular
iterative image reconstruction algorithm in nuclear medicine. Various non-iterative
image reconstruction algorithms for pinhole SPECT tomography exist as well, and
they are generally faster than the iterative ones [6,21-27]. Nevertheless we choose
the iterative MLEM algorithm for 3 reasons.

1. MLEM only needs a forward projection model and not the inverse model. This
makes MLEM easy to derive and implement and also facilitates modifications
and corrections, like sensitivity correction.

2. MLEM takes the Poisson nature of the noise of the pinhole projection images
into account, thereby reducing noise artifacts in the reconstructed images.

39
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3. MLEM is known to be robust in tomography applications where insufficient
information is available about the image to be reconstructed, as is the case in
traditional single pinhole imaging (circular orbit).

The MLEM algorithm implicitly assumes that the activity distribution A(x,y, z),
its projection data Q(u,v,0) and its reconstruction A(z,y, z) all exist in a digital
form. In practice, this is true for the projection data @ and the reconstruction
A, but the activity distribution A(z,y, z) is actually a continuous distribution. By
performing MLEM reconstruction, we assume nevertheless that the distribution A
can to a good approximation be represented in a digital way.

3.2.1 Maximum Likelihood

The MLEM algorithm aims at maximizing the likelihood p (A|Q) that the recon-
struction A would yield the projection data (). By Bayes’ rule, this likelihood
p (A|Q) can be further expressed as

p(QIA)p (A)
p(Q)

in which p (Q|A) expresses the likelihood to obtain the projection data @ from
the reconstruction A and p (A) expresses the likelihood of the reconstruction image
itself. The denominator p (Q) finally expresses the likelihood of the projection data,
which is constant, since the projection data @ have already been obtained previous
to reconstruction. In the regular MLEM case, no assumptions are made about the
reconstruction A, so p (A) is a constant as well. Consequently, optimizing p (A|Q)
is equivalent to optimizing p (Q|A), which is much easier to calculate.

p(AlQ) = (3.1)

To do so, we first have to calculate the projection data that we expect to obtain
from the reconstruction A. This was already done in (2.26) to (2.28), but here we
need a digital version

J
ri= cidj, i=1,.1 (32)
j=1

In this expression, r; € R is the number of photon counts in pixel ¢ of the expected
projection data R (¢ combines the parameters u,v,0), A; € A is voxel j of the re-
construction A (j combines the coordinates x,y, z) and ¢;; represents the sensitivity
of projection pixel ¢ for activity in reconstruction voxel j. Referring to (2.26) to
(2.28), ¢;; takes the sensitivity Sp, and the mapping My, into account and this
simultaneously for all pinhole apertures p = 1, ..., P. The digital summation further
takes the continuous integration into account.

By the nature of nuclear medicine imaging, the measured data ¢; are Poisson
realizations of the expected data r;, calculated in (3.2), and different measurements
q; and ¢;~ (i # i*) are independent from one another. From Poisson statistics, the
likelihood p (g;|r;) of measuring ¢; counts in pixel 7, when r; counts are actually
expected is given by

r exp(=r)

p(qilri) = T (3.3)
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Since the measurements ¢; with ¢ = 1,...,I are all independent, the likelihood
p(Q|A) of measuring the projection data @ from the activity distribution A is
simply the product of the individual likelihoods p (g;|r;) over i =1,..., T

plQu) =] o2 (3.9

Relation (3.4) expresses the likelihood p (Q|A) to be optimized with respect to the
reconstruction A in the ML approach. Since the natural logarithm is a monoton-
ically increasing function, optimizing the likelihood p (Q|A) is further equivalent
to optimizing the log-likelihood L(Q|A) = In(p (Q|A)). By substituting (3.2) into
(3.4), taking the natural logarithm of (3.4) and omitting the terms independent of
the A we obtain

L(QIA) = Z(Jz‘ In(ri) —r; (3.5)
= Z(Ii lll(z CijAj) — Zcij)\j~ (3.6)

It has been shown that the Hessian of L(Q|A) is negative definite when the matrix
C = {c;;} is of full rank [18,19]. This means that in that case, the likelihood L(Q|A)
has a single maximum with respect to A and so the ML reconstruction has a unique
solution A. In conventional parallel hole imaging, the matrix C will generally be
of full rank, when a sufficient number of projection angles 6 is used during image
acquisition. For the traditional pinhole SPECT acquisition trajectory A of figure
2.3, the matrix C' (which performs the mapping operation M) will never be of full
rank, regardless of the number of projection angles 6, since the trajectory does not
satisfy the data sufficiency criteria of [5-7]. As discussed before, we simply proceed
anyway, assuming that the ML approach will nevertheless yield a useful solution A.

3.2.2 Expectation Maximization

The conventional approach for optimizing any function f(z), is to set its first deriva-
tive to 0 and solve for z. Applying this approach to the likelihood L(Q|A) results
in a nonlinear system of equations in the unknowns ;

oL Qi :
] (2

%

The Ezpectation Maximization or EM approach provides an iterative solution to
this inversion problem, yielding a very simple expression for emission tomography.
Because of the complexity of the mathematical theory behind the EM approach,
we limit ourselves to a simple illustration of the EM algorithm and refer to the
literature for a more detailed explanation [18,19].

The EM algorithm starts from the complete variables X = {z;;}, which repre-
sent the number of photons emitted from the reconstruction voxel j to the detector
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pixel ¢ and which are assumed to be Poisson distributed. Of course, the complete
variables X cannot be measured directly, but they relate to the projection data @
in a simple way

J
j=1

Similar to the projection data g; (r; = E(g;|A)), the expectation E(z;;|A) of the
complete variables z;; given the reconstruction image A = {);} can be calculated
as

E(zij|A) = cijA; (3.9)

and the log-likelihood L, of the complete variables can be calculated as
L.(X|A) = Z Z i In(ei ) — cijAj. (3.10)

Since the complete variables x;; cannot be measured, it is impossible to evaluate the
likelihood L, in practice, but we can evaluate its expected value E(L,(X|A)|Q, A°?)
when the projection data @ and an old estimate A of the reconstruction A are
available

E(L(X|A)]Q, AOld Z an In(cijAj) — cijAj (3.11)

with ¢
— - ld ld J
Nij = E($13|Q,AO ) - ZJ)\? Z Czk)\()ld (312)
In these expressions, n;; represents the expected value of x;; when both the pro-
jection data @ and the old reconstruction A°? are available. This expected value
combines the expected value E(x;;|A) of (3.9) with the restriction derived from
(3.8) that

J
¢ =Y E(xi]Q). (3.13)
j=1
The EM theory shows that mazimizing (3.11) with respect to A, also improves

L, and L. The optimization of (3.11) is straightforward. Setting the first derivative
equal to 0 yields

OE(L.(X|N)|Q, AOld) Nij .
_E: 2 e Vi=1,.. 14
0\ i Aj Cij 0 vy soerd (3.14)
yielding
/\”ew Aj = 72 Yovi=1,..,J. (3.15)

> Cij

Note that A7 = {A}°"} maximizes E(L.(X|A)|Q, A°) but it only improves L,
and L. The EM theory proves however that repeating the above process, continu-
ously improves L until the maximum of L is reached. The substitution of (3.12) into
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(3.15) eventually yields a simple update step to iteratively improve the likelihood

L
old i
)\;Lew _ J ® =1

_ LT
Yiciy S N ciA?

This equation describes the MLEM algorithm. It is continuously repeated until
convergence, starting from an arbitrary initial image A" = {\"¥ > 0}. Although
the above derivation is strongly based on Poisson statistics, an alternative non-
statistical derivation can be found in the work of De Pierro et al. [20].

e . (3.16)

3.2.3 Projection and Backprojection

The MLEM algorithm mainly consists of two operations: the projection °, ¢ A%?
in the second denominator and the backprojection Y, ¢;;t; with t; = q;/ >, i AZ<.
The digital version of the projection operation was already defined in expression
(3.2). In general, the digital projection operation C' = {¢;;} is a linear transforma-
tion of an image A = {\;} in the image space j into the projection image Q = {¢;}
in the projection space

J
Jj=1

Knowing that the coefficients c;; model the projection lines created by the colli-
mation of the detector, the projection operation can basically be considered as the
integration of the activity along those lines, as can be seen by the summation sign
in (3.17).

The backprojection operation C7 is defined as the transpose of the projection
operation C and thereby performs a transformation from the projection space %
back to the image space j. The backprojection of a projection image @ = {¢;}
yields the backprojection image B = {b;}

I
bj = Zcijqj Vj = 1, ceey J. (318)

i=1

The backprojection reintroduces integrated activity of the projection back into the
image space by distributing it uniformly along the projection lines. In each image
voxel 7, the contributions of all the projection lines intersecting that voxel are added
together by the summation sign in (3.18). The continuous versions of the projection
and backprojection operations were already defined in (2.26) to (2.32).

The observation that the MLEM algorithm consists of a sequential projection
and backprojection operation yields some intuitive insight into how it actually
works. First the current reconstruction estimate A9 is projected, yielding the
expected projection data ), cik)\zld for the current reconstruction A°?. These es-
timated projection data are then compared with the measured projection data in
the ratio t; = ¢;/ >, cixAZ'?. This ratio is larger (smaller) than 1 for all projection
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lines ¢ for which the measured projection data are larger (smaller) than the expected
data. In other words, the ratio ¢; provides information about the excess or deficit
of observed counts along the projection rays 7. This information is backprojected
back into the image space and multiplied with A°¢ to obtain a better reconstruction
estimate A", The first denominator ), ¢;; is only there for normalization.

3.3 Sampling & Sensitivity Correction

In the MLEM algorithm (3.16), the coefficients c¢;; represent the sensitivity of pro-
jection pixel i for activity in reconstruction voxel j. It was already mentioned
that these coefficients take both the pinhole sensitivities Sg,(z,y, 2) and the pin-
hole mapping functions M, ((z,y,z) — (u,v,0)) or M} ((x,y,2) — (u,v,0)) into
account. The MLEM algorithm is thereby intrinsically capable of performing sen-
sitivity correction during image reconstruction. The question remains however how
these coefficients c;; can be efficiently modelled in the projection and backprojec-
tion operations of a practical implementation of the MLEM algorithm and how
the sensitivities Sg,(x,y,z) can be measured in practice. The measurement of the
actual pinhole sensitivity is deferred to section 3.4, this section deals with the mod-
elling of the coefficients c;; in the practical implementation of the projection and
backprojection operation.

3.3.1 Projection Models

The projection operation performs a transition from the image domain of the 3D
activity distribution A and its reconstruction A, to the projection domain of the set
of 2D projection images @, with one image for each projection angle 6. The activity
distribution and its reconstruction are represented digitally by a 3D grid of voxels
J, while each digital projection image is represented by a 2D grid of pixels i.

Two different implementations of the projection operation are commonly used in
nuclear medicine imaging: voxel driven projection and ray driven projection. The
voxel driven projection starts from the image domain and allocates the contribu-
tion of each reconstruction voxel j to the projection domain. These contributions
can generally not be allocated to a specific projection pixel ¢ however and this im-
plementation thereby requires interpolation in the projection domain. Ray driven
projection on the other hand starts from the projection domain and integrates the
activity in the image domain along the projection ray L; associated with each pro-
jection pixel i. The integration requires interpolation in the projection domain,
since the projection rays L; generally do not nicely intersect the grid of reconstruc-
tion pixels j. These differences in interpolation, cause some differences in terms of
small interpolation artifacts, but these are not considered here.

In pinhole applications, the above models of the projection operation also yield
a different sampling of the image domain however. In voxel driven projection, each
image voxel is considered exactly once, yielding a homogeneous sampling pattern
throughout the image domain. In ray driven projection, the sampling is typically
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performed at equidistant locations along the projection rays. Because of the diverg-
ing beam geometry of the pinhole projection rays, this yields an inhomogeneous
sampling of the image domain. These differences in sampling and their interaction
with the pinhole sensitivity correction are studied in the next sections.

3.3.2 Voxel Driven Projection

To start, we return to the continuous version of the projection operation as derived
in 2.2.5 for pinhole aperture p.

Qp(up, vp,0) = /// Az, Yp, 2p, 0) Sp(Tp, Yp, 2p) M dzyp dyp dzp (3.19)
with

My = Myt ) = i) =6~ 2222 Yo (22 ) a20)

Zp Zp

Note that the z,y,2, coordinate system is attached to the pinhole focal point and
rotates over all projections angles 6. As a result the stationary activity distribution
A(xp, Yp, 2p, 0) depends on this projection angle 6. For the general case of a pinhole
aperture with the pinhole central ray inclined by an angle n, with respect to the
system central ray, the sensitivity S, (xp, ¥p, 2p) wWas already derived in 2.4.3 (2.40).

E (T, 2p,Yp) cos(mr—1)

Sp(Tp, Yps 2p) = (3.21)

4 (zp sinmny, + 2z, cosnp)?

with

\/(a:p cos ), — 2psinm,)? + y2

Tp SINT)p + Zp COSTN)p

T = arctan (3.22)

The continuous projection model of (3.19) closely resembles the voxel-driven pro-
jection, since it samples the z,y,z, image domain in a homogeneous dz, dy, dz,
pattern, like the voxel-driven projection does by using the voxels of the image do-
main. In its current form, the above projection model (3.19) requires knowledge
of the 3D sensitivity distribution S,(zp,¥p,2p) of (3.21). In the xyz coordinate
system fixed in space, the sensitivity correction would even require a 4D function
Sp(x,y, 2,0), while the activity distribution can then be expressed more conveniently
as A(z,y, 2).

3.3.3 Ray Driven Projection

In the ’voxel driven projection’ of the previous section, the pinhole projection im-
age Qp(up,vp,0) is obtained by simply integrating the contributions of each in-
dividual point (zp,¥yp, 2p) to Qp(up, vp,8) over the field of view. The integration
itself does not model the mapping from the x,y,%, space to the u,v,0 space of the
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projection image and thereby requires the introduction of the mapping function
M, ((zp, Yps 2p) + (Up,vp)). The explicit mapping of (3.19) can also be achieved
implicitly by a simple change in integration

Tpl = = f};:p

2
Yp1 = —f’;—:p with dzdydz = %1 dap dypr dzps. (3.23)
Zpl = Zp

Substituting (3.23) and (3.20) in (3.19) yields

2
z
Qp(up, vp,0) = /Al(“pa Up, 2p1,0) Sp1(Up, Vp, 2p1) fLQI dzp (3.24)
P

in which A (up, vp, 2p1,0) and Sp1(up, vp, 2p1) represent the original activity distri-
bution A(xp,Yp, 2p,8) and the original pinhole sensitivity Sy,(xp, yp, 2p) in the new
coordinate system x,1¥yp12p1 Tespectively.

Aq(up, vp, 2p1,6) = A (_zp}up, —Zp}vp,zpl,e) (3.25)
P P
fg Ee(T,up,v,) cos™ 11

22, 47 (fp cosmy, — uysing, )2

Sp1 (upa Up, Zpl) = (3.26)

with

\/(fp sinn, + up cosnp)? + vg

T = arctan -
fpcosn, —upsinn,

(3.27)

The implicit mapping of this new way of integration is evident from the vanishing
of the integrals over x,; and y,1 and by the fact that z,; and y,:; can be replaced
by u, and v, respectively. As a result the angle 7 can now be expressed in terms of
up,vp and fp. Another important observation from (3.24) is that the Jacobian of
the change in integration yields the factor zgl, which will cancel out the distance de-
pendency of the pinhole sensitivity Sp1(up, vp, zp1) like in [23,28]. The substitution
of (3.26) into (3.24) yields

Qp(up, vp, 0) = 521(%, vp) /Al(“pvvpa zp1) dzp1 (3.28)

with
Eo(T,up,v,) cos™ 1

47 (fp cosmp, — upsinm,)?’
In comparison with (3.19), expression (3.28) seems to offer the advantage that it only
requires a single integration over dz,; instead of the triple integral over dx,dy,dz,.
This advantage is only apparent, since both ways of integration require an equal
number of interpolations in practice. The true advantage of (3.28) comes from the
fact that the correction function Sy (up,v;,) in front of the integral sign is only 2
dimensional, regardless whether it is expressed in the u,v, coordinate system or in

S (up,vp) = (3.29)
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the wv coordinate system. As a result, this type of sensitivity correction requires
less memory to store than the voxel driven sensitivity correction S(z,y,z) and it
also requires less computation time by a reduction in the number of computations.

Expression (3.28) already closely resembles a ray driven projection, in that the
projection rays are implicitly modelled in the integration. However, in ray driven
projection, the remaining integration would typically occur along the projection ray
instead of in the direction dz,;, which is always orthogonal to the detector. This
ray driven type of integration is easily obtained by a second change in integration

Zpl .
I, = —2— with dz,; = coskdl 3.30
P osk pl P ( )
in which I, is the coordinate along any projection ray (u,,v,) and x is the angle be-
tween the projection ray (u,, v,) and the system central ray (7 is the angle between
such projection ray and the pinhole central ray)

1 U2+ v2
yror. (3.31)

fo

Kk = arctan

Applying this change in integration to (3.29) eventually yields

Qp(up, vp, 0) = Spa(up, vp) /A2(“pvvp»lp»9) diy (3.32)
with
lpup lpvp
Ao (up, vp,lp,0) = A [ —— cos k, ——— cos k, [, cos k, 0 (3.33)
o o
and with

Eo(7,up,v,) cos™ N7 cos

3.34
4 (fp cosmp — upsinn,)? (3:34)

Sp2(Up, vp) = Sy (tp, vp) cos K =

Note in (3.34) that the change in integration results in an additional factor cos x in
Sp2(up, vp) in comparison with the correction Sy (uy,vp) of (3.29).

Expression (3.32) is easily implemented in practice, since the integration is iden-
tical to a classical ray driven projector and the sensitivity correction is a simple
multiplication of the resulting projection image with the 2D image Sp2(up, vp). The
next step is to express the above relations in the zyz and uv coordinate systems, in
which we can relate the sensitivity correction to the pinhole acquisition geometry
and also provide an equivalent expression of the sensitivity corrected backprojection.

3.3.4 Projection and Backprojection

So far, the discussion of the pinhole sensitivity correction was limited to the sen-
sitivity correction of projections. The MLEM algorithm requires this sensitivity
correction to be performed both during projection and backprojection. To provide
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a general expression for the continuous projection and backprojection, we need a
change in coordinate system from the z,y,z2, system attached to the pinhole focal
point the zyz coordinate system fixed in space and an equivalent change from the
upvp coordinate system to the uv system. Appendix A.2 provides the relations for
this change of coordinate systems which requires the introduction of the angle ¢,
between the aperture specific x,y, coordinate system and the non-aperture specific

z"'y"" coordinate system. With

=U— Myp — €y (3.35)

=V = Myp — €y (3.36)

Q¥

(%

hSIET

the substitution of (A.35) into (3.27), (3.29), (3.31) and (3.34) yields

Eo(r,uf,v*) cos™» D7

Sy = T 3.37
pa(1,0) 4 (fp cosmy — (uf cos Cp + vjs sin §p) sinny, )2’ (3:37)
Eeo(r,u®,v*) cos™ V71 cos i
S, V) = b P , 3.38
p2(u) 4 (fp cosmy, — (g cos G, + vy sin () sin g, )2 (3:38)
with
tant =
\/(fp sinn, + (u cos ¢, + v sin () cos my,)? + (uj sin ¢, — vy cos ¢ )?
— (3.39)
fpcosmy, — (u cos G, + v sin () sin,
and
[*2 —|—1}*2
k = arctan | ~——— | . (3.40)
o
With the above relations, the projection and backprojection can be rewritten as
Qp(u,v,0) = Spa(u,v) / Az, y, z) di,. (3.41)
Loy (u,v)
Bp(l‘, Y, Z) = /Mg((u7 v, 9) = (:E? Y, Z)) SP2(U7 ’U) QGP(U” U) d9 (342>

with M ((u,v,0) — (z,y,2)) as in (2.32).
Relation (3.38) and (3.39) may seem quite complicated, because of the nonzero

angle n,. For 1, = 0, as usual in single pinhole tomography, the above relations

reduce to
E.(T)cos™ T

4r f2 7

u*2 + U*2
r=p="t 7 (3.44)

o

Sp2(Up, vp) = (3.43)
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For a sufficiently large acceptance angle « of the pinhole aperture, (3.43) can be
simplified even further (see section 2.4.3) to

D? cos(mr )

4
16 22 (3.45)

Spa(up, vp) =

3.4 Measurement of Pinhole Sensitivity

3.4.1 Concept

The correction image Sp2(u,v) of (3.38) provides a way to model the pinhole sen-
sitivity in both projection and backprojection, which are the key operations in
iterative reconstruction. Consequently, the correction image Sp2(u,v) is all that
is needed to perform sensitivity correction in iterative pinhole SPECT image re-
construction. This raises the question of how to measure this correction image in
practice. The definition of pinhole sensitivity, immediately suggests that the true
pinhole sensitivity S(z,y,z) can be obtained by imaging a point source of known
activity at various known positions in the field of view. Knowledge of the true pin-
hole sensitivity S(x,y, z) should then in theory allow us to calculate the required
correction image S,2. Performing the above experiment in practice, is not only time
consuming, but accurate positioning of the point source is also difficult to achieve
unless additional dedicated equipment is available. This section shows how a flood
source measurement, which is much easier to perform, can yield the same informa-
tion. Such flood source, a thin plate of uniformly distributed activity, should be
readily available at any nuclear medicine department and can also easily be created
as a thin (horizontal) layer of a radioactive fluid.

Consider the measurement of a flood source of thickness T, by a pinhole cam-
era. The flood source is positioned at a distance b in front of the pinhole aperture
and parallel to the detector. To calculate the projection image @ (up, vp), obtained
from this flood source measurement, we return to equation (3.28). In the zp1yp12p1
coordinate system, the activity distribution Afioed(tp, Up, 2p1) = A fiood(2p1) is con-
veniently described as

0 for zpr <b—T/2
Aflood(zpl) = A for b-— T/2 <zp < b+ T/2 (346)
0 for Zp1 > b+ T/2

Substituting the activity distribution (3.46) in (3.28) yields
Qp(up,vp) = S5y (up, vp) AT. (3.47)

Since Qp(uyp, vp) is actually the result of the measurement of a pinhole camera, it is
only known in the uv coordinate system. Applying the coordinate transformation
(A.35) yields

Qp(u,v) = Sp; (u,v)AT. (3.48)
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Equation (3.48) reveals that imaging a flood source immediately yields the correc-
tion image Sy, (u,v) scaled by a constant factor AT. To obtain a scaled version
of the required correction image Sy2(u,v), the above image S (u,v) only needs to
be multiplied with the image cos k, which is easily calculated from (3.40), provided
that fp, (Mup + €y) and (M, + €,) are known. The camera calibration method of
the next chapter determines these parameters, so for the remainder of this chapter
we can assume them to be known. The next sections demonstrate the application
of the above concept in two different cases in practice.

3.4.2 Large Acceptance Angle

In single pinhole applications, the inclination angle n is usually equal to 0. The
acceptance angle « is further often relatively large or can be assumed so, since only
the high sensitivity part of the sensitivity correction image Ss(u,v) at 7 < a/2 can
be used for imaging. As explained in section 2.4.3, the drop in sensitivity at the
edge of the field of view 7 ~ «/2 can in this situation be neglected. The flood
source measurement can now be expressed as

D2 cos™rr

S;l(uﬂv) = 16 f2

(3.49)
Figure 3.1 (a) shows such a 5"Co flood source measurement performed on a GE
Millennium MPR camera equipped with a single pinhole collimator of (approxi-
mately) 240 mm focal length f. The collimator has a pinhole aperture of 3 mm
diameter D and a zero inclination angle 1. The acceptance angle is approximately
75°, but by the design of the collimator cone and the 1.85 cm thick collimator plate,
only the central part of the detector at sufficiently low angles of 7 can be used for
imaging. Consequently, the measurement was collected in a 128x128 image matrix
of 1.695x1.695 mm? pixels. A total of 15.3 million counts were collected overnight,
yielding a maximum pixel count of 1242.

To calculate the sensitivity correction image S3, the function

Bcos™ T
f(u,v) = 7(3;82 : (3.50)

with f = 240 mm and

— e )2 _ PR
T:arctan<\/(u Mup — eu)” 1+ (v 7 mup — &) ) (3.51)

f

is fitted to the measurement, yielding the parameters B, ny,, (myp+e,) and (myp+
€,). The Poisson nature of the data is taken into account by performing weighted
least square fitting. The fitted function f(u,v) is shown in figure 3.1 (b) and is
in excellent agreement with the measurement (n, = 3.09). The parameters n,,
(Mmyp +ey) and (my, +e,) now allow us to calculate the sensitivity correction image

Sy (u,v) = cos™r V7 (3.52)
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(a) (b)

Figure 3.1: Sensitivity measurement (a) and the function f(u,v) of (3.50) fitted to
it (b).

which is automatically scaled to unity at maximum sensitivity. This relative sen-
sitivity correction image is sufficient for reconstruction purposes, since absolute
quantification is generally not desired. This approach yields a simple scaling of the
coefficients ¢;; of the MLEM algorithm (3.16) by a constant factor B/ f? and results
in a scaled reconstruction image BA/f2.

From (3.51), it is clear that the sensitivity correction image Sa(u,v) of (3.52)
depends on the mechanical offset m and the electrical shifts e,, and e,,. Theoretically,
the correction image should be corrected for changes in these parameters, which
results in a translation of the correction image Sa(u,v) in uv space. Note however
that Sa(u,v) varies rather slow throughout the uv space, so small changes in m,
e, and e, will not cause dramatic changes in any of the pixels of the sensitivity
correction image Sa(u,v). Such corrections were thereby neglected in practice.

The above and similar fitting procedures have the disadvantage that they can
only be used when a good match between the measured and estimated flood source
image can be obtained. Whether this is possible or not, depends on the accuracy
of the pinhole sensitivity model used. They offer however the big advantage that
the noise in the sensitivity measurement will not propagate into the reconstructed
images, except for some small inaccuracies in the determination of the parameters
N, (Myp+ey) and (myy, +e,). Sensitivity correction images, obtained by the above
procedure, have been successfully used in the single pinhole SPECT application of
chapter 8.

3.4.3 Small Acceptance Angle

In multipinhole situations, pinhole apertures with small acceptance angles o and at
inclined angles n can be encountered. We have developed a prototype multipinhole
collimator intended for rat brain imaging on a Siemens ECAM camera. The design
is inspired on the work of Schramm et al. [2] and the practical realization was done
by Nuclear Fields International in the Netherlands. Figure 3.2 shows the collimator,
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Figure 3.2: Prototype multipinhole collimator. The collimator consists of a lead
supporting and shielding structure which holds a tungsten plate containing the
pinhole apertures.The design of this aperture plate is illustrated in more detail in
figure 3.3

which consists of a Lead supporting and shielding structure with a Tungsten plate
containing the pinhole apertures on top of it. Figure 3.3 illustrates the aperture
design in detail. The collimator has 7 pinhole apertures of 1.5 mm diameter D
with a focal length f of 170 mm and an acceptance angle a of 60°. The aperture
configuration consists of 1 central aperture and 6 off-center apertures. The apertures
are all inclined towards the same point at 50 mm below the collimator plate, yielding
an inclination angle 7 of approximately 37.5° for the noncentral pinhole apertures.
The design is an attempt to get optimal sensitivity with minimal overlap for a
spherical field of view of 50 mm in diameter, but such optimality remains to be
investigated.

Figure 3.4 (a) shows a flood source measurement of one of the non-central pinhole
apertures of this prototype collimator. The flood source was created as a horizontal
layer of an aqueous solution of 37 MBq of ™ Tc-pertechnetate in a small container
at approximately 10 mm above the pinhole aperture to avoid overlapping projections
from the other pinhole apertures. A total of 3.6 million photon counts were collected,
yielding a maximum pixel count of 662. Some low intensity projections of the other
pinhole apertures are visible in the measurement, but they do not overlap with the
actual high intensity projection in the top right corner of the image. Figure 3.4
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Figure 3.3: Multipinhole aperture design. The drawing is intended as an illustration
and is therefore not to scale.
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(b) shows a simulation (no fitting) of the same flood source measurement using
(3.29) of section 3.3.3. (See the end of section 2.4.3 and appendix A.l1 for an
explanation of the small acceptance angle sensitivity model.) Both images have
their maximum photon count at the same position in the image and both images also
show a similar drop off in sensitivity at the edge of the field of view. In the central
part of the images, the contours of the simulation are smoother than the contours
of the measurement. This can be explained by the fact the ’ellipses’ Ej and Ef
in the practical realization of the inclined pinhole apertures are slightly pointed on
one side. The nonzero part of the actual measurement is also somewhat wider than
the nonzero part of the simulation and the isocontours of the measurement and the
simulation show some slight discrepancies. Because of this, the proposed sensitivity
model for inclined small acceptance angle pinhole apertures is not yet applicable in
practical multipinhole situations. Either the model needs further improvements, or
the flood source measurements themselves need to be used for sensitivity correction.
The sensitivity model is considered sufficiently accurate however for the theoretical
study of single and multipinhole imaging in chapter 6.

3.5 Pinhole Point Spread Function

3.5.1 Sensitivity Correction

Up till here, all results have been derived for the ideal pinhole mapping functions
My((z,y,2) — (u,v,0)) and M} ((u,v,0) — (z,y,2)) of (2.28) and (2.32) respec-
tively. As was illustrated in section 2.5, these mapping functions should actually be
substituted by the real point spread function PSF'(u,v,z,y,z) of pinhole imaging.
With this point spread function PSF(u,v,z,y, z), the changes of integration (3.23)
and (3.30) which led to (3.32) only yield

Qp(upa ’Up) = /// Sp? (xplv ypl)AQ PSF(upa Upy Tply Ypl, lp) dxpldypldlp (353)

with (o)
Ee(7,2p1,yp1) cos'" ™7 cos k
. _ s Tp1s Up 3.54
p2(Tp1, Yp1) A (fp cosnp — xp1 sinmy)? ( |
and
\/(fp sinny, + ap1 cosp)? + Y2y
T = arctan , )

fpcosn, — xp1 sinn,

2 2
\V/Tp1 t Yp1
yr_ (3.56)

K = arctan

o
Like for the ideal mapping functions, the change in coordinates has countered
the distance dependency of the pinhole sensitivity, but the angular dependency of
the pinhole sensitivity, expressed in Spe(xp1,yp1) can not be brought outside the
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(b)

Figure 3.4: Sensitivity measurement (a) and simulation (b) for an inclined small
acceptance aperture. The acceptance angle « is 60° and the inclination angle 7 is
approximately 37.5°.
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integral signs. Please notice however that Spa(up, v,) would be a continuous function
which varies relatively slowly in the wu,v, space, except near the edge of the field
of view where 7 ~ «/2. The contribution of the intrinsic resolution PSF; is easily
corrected for by smoothing the projection images after sensitivity correction during
the reconstruction, as we do in practice. We can therefore neglect it here. Now
only the contribution of the pinhole aperture PSF} still needs to be considered. As
discussed in section 2.5, this contribution will be very small at the edge of the field
of view (at least in the direction orthogonal to this edge), and larger for the central
part of the field of view (see figure 2.11). As a result, the aperture contribution
PSF, may be large where Spa(xp1,yp1) varies slowly and it will be small where
Sp2(Tp1,Yp1) varies rapidly. This observation may still justify the approximation

Qp(up, vp) 2 Spa(up, vp) // A PSF (up, vp, Tp2, Yp2, Ip) dxpedypedl, (3.57)

with Spa(up, vp) as in (3.34). As discussed before, we will ignore the effects of the
pinhole aperture contribution to the realistic point spread function throughout this
work and stay with equation (3.32). Relation (3.53) indicates that this approach
is actually not entirely correct and we consider this a point of potential future
improvement. A second reason to mention the realistic point spread function here,
is to show that it will probably only have a limited impact on the accuracy of the
measurement of the sensitivity correction image Spa(up,vp) of section 3.4.

3.5.2 Measurement of Pinhole Sensitivity

The point spread function of pinhole imaging will probably only have a limited effect
on the results of the measurement of the sensitivity correction image Sp1(up,vp).
To clarify this, first remember that the activity distribution of the flood source
has a very limited extent 7" in the z,; direction. To calculate the projection image
Qp(up, vp) of the flood source, only the point spread function PSF (uyp, vp, Zp1, Yp1,b)
in this plane z,; = b needs to be considered. This yields

Qp(up,vp) = AT // Sp1(2p1, Yp1 ) PSF (up, Up, Tp1, Yp1,b) dzpidyp. (3.58)

Within the plane z,; = b, it is further reasonable to assume that the shape of the
point spread function PSF(up,vp, Zp1,Yp1,b) will vary relatively slow. With the
approximation (2.50), the shape of the ideal point spread function (2.52) of section
2.5 does not even vary at all as function of z,; and y,;. This assumption of slow
variation is not valid however at the edge of the field of view, ie. at 7 ~ «/2.
Fortunately, the width of the point spread function decreases rapidly at this edge
and can be considered to be small, as was illustrated in figure 2.11. In a first
approximation, the shape of the point spread function is here considered piecewise
independent of z,; and y,1, with a wide extent in the center and a small extent
at the edge of the field of view. The shape itself can thereby be expressed in the
upvp projection space as PSFgpape(up, Up), but its position within that space still
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depends on the position (21, yp1), yielding PSFgpape(Up — Zp1,vp — Yp1). Equation
(3.58) can now be written as

Qp(up,vp) ~ AT // Sp1(@p1, Yp1) PSFshape(Up — Tp1,Vp — Yp1)dzp1dypr  (3.59)

which represents the convolution of the correction image Spi1(zp1,yp1) with the
piecewise constant point spread function P.SFgpape(up,vp). For both parts of the
PSF, the convolution can in a first approximation be neglected, since the convolu-
tion kernel PSF is either small or the function to be convolved Sp1 (2p1,Yp1) is a very
smooth function. Consequently, the result of the convolution will closely resemble
the function Sp1(zp1, yp1) itself and equation (3.58) can further be approximated as

Qp(up,vp) > AT Sp1 (up, vp). (3.60)

This indicates that the spatial resolution of pinhole collimation is not expected to
have a considerable impact on the measurement of the sensitivity correction image
Sp1(up, vp) in practice.

3.6 Conclusion

In this chapter, we have provided the theoretical background on how to perform sen-
sitivity corrected iterative image reconstruction in single and multipinhole SPECT
imaging. By using ray driven projection and backprojection, the correction for the
nonuniform spatial sampling cancels out the distance dependency of the pinhole
sensitivity. As a result, only the angular pinhole sensitivity needs to be modelled
during reconstruction, which is conveniently done in the projection space. We fur-
ther demonstrated that the realistic angular pinhole sensitivity can be determined
from a flood source measurement.






Chapter 4

Pinhole SPECT Calibration

4.1 Introduction

Section 2.3 described the geometry of pinhole SPECT systems and how this ge-
ometry relates to the pinhole SPECT image acquisition process. This resulted in
the expressions (2.26) to (2.32) describing the projection and backprojection op-
erations for single and multipinhole systems, which are the key operations for the
MLEM image reconstruction algorithm of (3.16). In order to perform such image
reconstructions in practice, knowledge of the acquisition geometry is required and
this chapter describes how to obtain this information. Except for the extension to
multipinhole collimation, this chapter is based on [29].

The need for accurate knowledge of the acquisition geometry is certainly not re-
stricted to single and multipinhole SPECT imaging, but it extends to all tomography
applications. In any application, the acquisition geometry is intrinsically involved
in the data acquisition process and therefore it has to be taken into account during
image reconstruction. Most tomography systems are specifically designed and build
for a designated imaging application and require no further calibration when used
for those purposes. Regular SPECT systems are usually designed for example for
parallel hole imaging of the human body. For these applications, the predicted and
actual acquisition geometries of the system are, by virtue of the system design, suf-
ficiently similar not to cause any appreciable artifacts in the reconstructed images.
Only a center of rotation correction needs to be applied. Although these systems
are usually not designed for pinhole SPECT imaging, they are often used for this
purpose anyway, like in this work. Changing from parallel hole to pinhole collima-
tion changes the geometry of the system however and may change the behavior of
the system as well. Differences between the actual and predicted acquisition geom-
etry will further also be magnified in the pinhole projections and may therefore no
longer be negligible. As a result, pinhole and multipinhole imaging poses stronger
requirements to the system design and the systems used can not be expected to
meet these requirements. Consequently, pinhole and multipinhole imaging require

59
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a geometrical calibration of the imaging system, which is not necessary for parallel
hole imaging.

To describe the acquisition geometry of a single pinhole camera with a circular
detector orbit, seven parameters are required besides the rotation angle 6 [30,31]

the focal length f,

the detector distance d,
the mechanical offset m,
the electrical shift e,,
the electrical shift e,
the detector tilt ® and
the detector twist W.

NS ot W

See figures 2.4 and 2.5 on page 16 and 19 respectively for illustration. In the mul-
tipinhole case, three additional parameters are further required for each additional
pinhole aperture p, namely

1. the focal length fp,
2. the mechanical offset 1, and

3. the mechanical offset my,,.

Throughout this work, the above parameters are assumed to remain fixed during
image acquisition, i.e. they do not vary as a function of the projection angle 6.
Apart from the detector rotation 6, the system can therefore be considered as a
rigid system during image acquisition. Only chapter 7 will study a situation in
which the above assumption is violated and this violation will there be mentioned
explicitely. Some of the above parameters may vary however for different scan se-
tups, like the detector distance d and the tilt angle ®. The electrical shifts e, and
e, may further vary over time and remounting the same collimator has also been re-
ported to cause changes of the mechanical offset m [32]. Since these changes call for
frequent calibration of the pinhole camera, we aim for an easy calibration procedure
that allows the determination of all the above geometrical parameters from a single
calibration measurement. The idea is to perform a calibration immediately after
each (series of) acquisition(s), with the camera left in the same acquisition geome-
try. The laboratory animal in the field of view is simply replaced by a calibration
phantom and an additional possibly shorter, but otherwise identical acquisition is
performed. The phantom used for calibration must be simple and easy to position
under the camera. In addition, the simplicity of the phantom design should make it
equally suited for cone beam SPECT and X-ray CT, which may encounter similar
calibration problems.

Several methods have already been proposed to calculate or estimate the geom-
etry of a (single) pinhole camera, cone beam camera or X-ray CT. First Gullberg
et al. [33] proposed a very straightforward approach by fitting the calculated pro-
jections of a point source to the measured ones by a least squares minimization.
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The method assumes an ideal camera geometry, except for the electrical shift. The
method was later extended to include the mechanical offset [32] and for the calibra-
tion of astigmatic collimators [34]. The method has the advantage of using a very
simple calibration phantom, applicable for SPECT as well as CT. Some calibra-
tion parameters prove however to be highly correlated and local minima in the cost
function to be minimized are expected to exist [30-34]. This reduces the accuracy
of the parameter estimates and makes them dependent on the initial estimates of
the fitting procedure. To avoid this, Li et al. [32] and Wang et al. [34] incorporated
a priori knowledge to confine the solutions to a region near the global minimum of
the cost function.

Rizo et al. [30] take a different approach by performing a series of measurements
to avoid the correlations in the simultaneous estimation of all parameters. The
geometrical parameters are separated into the intrinsic and extrinsic parameters.
The intrinsic parameters are measured using a grid of point sources, carefully placed
with respect to the detector. The phantom is specifically designed to fit on the
cone beam collimator. The extrinsic parameters are again estimated by non-linear
fitting using the tomographic projection data of a single point source. The method
estimates all seven geometrical parameters and also allows to measure the size of the
detector pixels. Kyriakopoulos et al. [35] adopt the idea of separate measurements
for the intrinsic and extrinsic parameters. The intrinsic parameters are measured in
a similar way as in the method of Rizo et al.. The extrinsic parameters are estimated
by nonlinear fitting, using the projection of a regular grid of point sources. The
calibration is performed for every projection angle, so the detector rotation is not
restricted to a circular orbit. The range of the projection angles is however limited.

Finally, Bronnikov [36] and Noo et al. [31] use algebraic approaches to avoid the
difficult non-linear estimation problems of the above methods. Bronnikov makes
strong assumptions about the camera geometry, but needs only two 180° opposed
projections to calculate it. Noo et al. calculate the complete camera geometry, ex-
cept for the detector tilt, using the tomographic projection data of two point sources
at a known distance from each other. The parameters are calculated from the math-
ematical description of the ellipses that the point source projections describe in the
projection images during the acquisition.

Because of the parameter correlations, complex and system dependent calibra-
tion phantoms or multiple calibration measurements seem necessary for the accurate
calculation of a complete pinhole geometry. Even small errors on one of the param-
eter estimates can cause visibly detrimental effects in the reconstructed image [31].
The question remains however whether this also applies for correlated errors. We
propose a new calibration method to estimate all seven parameters with a single
calibration measurement using non-linear fitting. The method is based on the to-
mographic projection data of three point sources at known distances from each
other. The method incorporates some a priori knowledge, mainly to avoid local
minima of the cost function. Its performance is not evaluated for the accuracy of
the parameter estimates, but for image reconstruction accuracy. This approach tol-
erates correlated errors, as long as they do not influence the reconstructed image
significantly.
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This chapter mainly concentrates on the single pinhole calibration problem,
which is the fundamental problem of camera calibration. Extension to multipin-
hole calibration depends on the specific design of the multipinhole configuration.
We thereby limit ourselves to the multipinhole situation of section 3.4.3. Section
4.2 explains the theory behind the calibration method. Subsection 4.2.1 treats the
estimation of the single pinhole geometry from point source projections. It deter-
mines the necessary number of point sources and the conditions on their locations
in the field of view. Subsection 4.2.2 further illustrates how the fitting procedure
is implemented in practice. Subsection 4.2.3 finally extends the calibration method
to the above multipinhole situation. Section 4.3 presents the simulations and ex-
periments performed to evaluate the methods performance, again focussing on the
single pinhole situation. First the necessary number of point sources for calibra-
tion is studied experimentally in subsection 4.3.1. Further, in subsection 4.3.2, the
accuracy of the estimated camera geometry is determined. The impact of the es-
timation errors on the accuracy of reconstruction are assessed in subsection 4.3.3
and section 4.3.4 evaluates the performance of the method in practice. Subsection
4.3.5 eventually performs a multipinhole calibration experiment. The results of the
above experiments are presented in section 4.4 and discussed in section 4.5.

4.2 Theory

4.2.1 Projection Information

Consider again the relations (2.21) and (2.22), which express the projection coordi-
nates (ug, vg) of a point source by a single pinhole system.

m cos¥ — 2" (0, D, V)

ug = f 17 (0.5.7) +m cosVU + e, (4.1)
msinU — 2" (0, ®, V) ,
vg = f 7105 1) +msinV + e, (4.2)
with
d=d-f. (4.3)

The parameter d* represents the distance between the pinhole aperture and the axis
of rotation measured along the system central ray and will often be used in single
pinhole situations in the remainder of this work. (In multipinhole situations d is
the parameter of choice, since it does not depend on a specific pinhole aperture,
while d* does.) The above equations present the coordinates (ug,vg) as a function
of the rotation angle 6, the point source coordinates (z,y,z) and the geometrical
parameters f,d*,m,e,,e,,® and ¥. The calibration procedure under study poses
the inverse problem of determining the values of f,d*, m,e,,¢e,,® and ¥ from the
measurement of a set of point sources i = 1, ..., I with unknown positions (x;, y;, 2;)
in the field of view. These positions are assumed unknown, because the calibration
phantom would otherwise have to be positioned very carefully in the field of view or
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additional measurements to determine them would be required. However, assuming
a rigid calibration phantom, the distances s;;« between the different point sources
1,1 are fixed and known.

This section investigates how much information the projections of a point source
provide about the camera geometry. It determines the minimum number of point
sources yielding a unique solution of the calibration problem and the restrictions
on the point source locations in the field of view. It does so by equating the
relations (4.1) and (4.2) expressed in function of two different sets of parameters
and coordinates

fyd*,myey, e,,®, W and (z;,y;,2;) fori=1,..,1 (4.4)

f.d* i, ey, 6y, ®, U and (7,55, 2) fori=1,..,1

and for an increasing number of point sources I. The resulting set of relations is
then solved for the first set of parameters and coordinates as a function of the second
set. The calibration problem has a unique solution if the two sets of parameters
are found to be identical. This means that no false set of parameters and point
source locations can be found yielding the same projection locations (u;g,v:9) as
the correct set.

Before starting, it is convenient to transform the Cartesian coordinates x;y;z;
into cylindrical coordinates r;c;z; with

Tr; = T;CO8Q;, (46)
y; = risinaq,, .7)

Using these coordinates, the right hand sides of equations (4.1) and (4.2) expressed
in the different sets of parameters and coordinates are set equal to each other. The
resulting relations must be satisfied for every projection angle . Assuming however
a sufficiently large number of projections angles, this is equivalent to satisfying those
relations for arbitrary projection angles 8. For point sources located off the axis of
rotation, appendix A.3 demonstrates that this yields the set of equations

U=, (4.9)
~ COS(S
_ poos® 4.10
! fcos(b’ ( )
072‘:0{1' iZO,l,...,I, (4.11)
N R S (4.12)
T T T
&z d
T ovE il i=0,1,.,1, (4.13)
T T T
m_m i—01,..,1, (4.14)
T Ti
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_ - sin¥ | .o
(m—m)cosVU + (&, —ey) = fcos<I> (sin ® — sin @), (4.15)

~ . ~ cosVU | —
(m—m)sinVU + (e, —e,) = —fCOb(I)(Slnq)—sm(I)) (4.16)

with
1 —sin®sin®
@ = — 282 (4.17)
cos ® cos ¢

b o— sin ® — sin ® (4.18)

cos ® cos P

First consider equation (4.13). Since both d* > 0and7; > 0, the right hand side
of equation (4.13) must be strictly positive as well. Since ® € | =%, [, it can easily
be shown that this is always true for |z;| < d*, which will normally be satisfied
because of the limited field of view of a pinhole camera. Furthermore, for |z;| > d,
it can still be shown that there is always a range of values of & for which the above
remark is satisfied. This range narrows with larger values of |®| and |z;|, but is still

T T

approximately equal to |—%, Z [ for any practical values of |®| and |z;|. Therefore,

we can neglect this constraint in the rest of the calculations.

With I = 1, the relations (4.9) to (4.16) show that different sets of parameters
can describe the same tomographic projection of a single point source. The pa-
rameters ¥ and «; always have to be identical, as shown by equations (4.9) and
(4.11). But, equation (4.10) and (4.12) to (4.14), allow to calculate the values of

f, z, d* and m respectively as a function of arbitrary values of ®, 7 and the true
geometrical parameters. Equations (4.15) and (4.16) finally determine the values
e, and €, respectively.

Now consider the projection of two point sources at location r1aq 27 and roai 2o,
with 21 # 29, by a pinhole camera. The equations (4.9) to (4.16) still hold, but now
for I = 2. With m # 0 and m # 0, it is easy to prove that these relations can only
hold for & = ® and that

21 Z9 T1 T9 d*

! 12X (4.19)
Z21 oz T T2 g m

The above relation only allows a scaling of the r- and z- coordinates of the point
source locations. The distance between the two point sources will be scaled as well.
However, the knowledge of the distance between the two point sources can be used
to constrain the solution to the ones with the correct distances, leaving only the
trivial solution possible. Thereby, two point sources provide sufficient information
for the complete calibration of a pinhole camera, if the mechanical offset m of the
camera is non-zero. However, for a normal pinhole camera, the mechanical offset
may be assumed to be small and so a normal pinhole camera agrees reasonably
well with the special case of m = 0. In that case the equations (4.9) to (4.16) can
be satisfied for an arbitrary value of ® and this with an arbitrary number of point
sources 1.
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As mentioned before, the distances between different point sources yield addi-
tional relations, that can be used to constrain the solutions. For two different point
sources 7 and k, the conservation of the distance s;; between them yields the relation

(2i — 21)2 + 12 + 138 — 2rrp cos(oy — ) =
(Zi — Z)? + T2 + 72 — 277, cos(a; — ) (4.20)

The parameters z;, zg, ; and 7 can be written as a function of d* using the
equations (4.12) and (4.13). Substituting them in equation (4.20) and solving for
d* yields

7 = (zi — 21)2 + 12 + 13 — 2rirg cos(a; — ay) 491
= 9i9k 22 PR w—— — (4.21)
(Z Zk) +r? gk +739; TiTk9i gk COS(OLz ak)

with
gi=bzi+ad" (4.22)

and a and b as defined by equations (4.17) and (4.18). It is easy to show that d*
has always a real solution for an arbitrary value of P. Thereby, with m = 0, it is
possible to calculate a false set of parameters to describe the tomographic projection
data of two point sources, even if the distance between the points is fixed at the
correct value.

Finally consider the three point sources case. The distances between these point
sources yield three different equations (like equation (4.21)) to calculate the value
of d*. Of course, only those solutions that yield the same solution of d* by all three
equations are acceptable. Equation (4.21) shows that this depends on d* and on
the point source locations r;, a;, 2; for ¢ = 1,2,3. It is easy to prove that a common
value of d* is always found if

Z1 = 29 = Z3. (423)

So three point sources located at the same z location form an inappropriate phantom
to calibrate a pinhole camera. Assuming three different z locations, it is unclear
whether point source configurations exist yielding a common value of d* for arbitrary
values of ®. However, there are certainly point source configurations, that yield
nearly the same value of d* for a broad range of d-values. From a calibration
perspective, these geometries are equally unfavorable. This can be checked prior to
calibration by plotting the right hand side d*m of equation (4.21) as a function of ®
for the different point source combinations ik. At ® = @ the different curves cross
or touch each other at exactly the same point. For a configuration of point sources
to be suitable for calibration, at least two of the curves should cross each other at a
sufficiently large angle. Figure 4.1 shows two examples of such curves for the point
source configurations of table 4.1. The point source configuration of figure 4.1 (a)
yields large variances for the parameters ® and e,,, while the configuration of figure
4.1 (b) yields good results.
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Figure 4.1: Parameter d* as a function of ® for an unfavorable (a) and a favorable
(b) point source configuration.

Table 4.1: Point Source Configurations used in Figure 4.1.

Fig Point T Y z
nr. nr. [mm] [mm] [mm]
il(a) 1 300 00 -108
2 -35.0 0.0 0.0
3 -30.0 0.0 13.9
4.1 (b) 1 -30.0 0.0 -33.5
2
3
1

-35.0 0.0 -8.5
-30.0 0.0 33.5

10mm, & = 0.0deg

dr =
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4.2.2 Parameter Estimation

To estimate the geometry of a pinhole camera, we select an appropriate point source
configuration, as described above. In principle, this requires knowledge of the point
source locations, the distance d* and the tilt ®. We assume however that estimates
of these parameter values with limited accuracy provide sufficient information for
this purpose. The resulting configuration serves as the calibration phantom and
a tomographic set of projections is obtained from it over J projection angles 6;
(j = 1,...,J). Since the above equations (2.21) and (2.22) provide very good ap-
proximations for the relation between the mass center of a physical point source
and that of its pinhole projection [34], a set of projection data (u;;,v;;) is obtained
as the projection mass centers of each point ¢ at each angle j. To these data, we
fit analytically calculated data (ufjﬂvfjﬁ based on estimates of the point source
locations and the geometrical pinhole parameters. The quality of the fit is eval-
uated by the least square cost function F. This cost function sums the squared
distances between the estimated and measured point source projection locations.
Better estimates lead to smaller distances, eventually leading to F' = 0 for a perfect
fit.

F= ZZ [(u” - uf;t)Q + (vij — vfft)ﬂ . (4.24)

The minimization of F' is performed with Powell’s method. This is a direction set
method for the multidimensional minimization of functions. The minimization of an
N-variable function is performed by repeated cycles of N successive one-dimensional
line minimizations along conjugate directions [37].

The choice of the calibration phantom assures that only the correct pinhole and
point source geometry can be found as a valid solution that minimizes the above
function F'. Therefore, the correct distances between the different point sources are
imposed on the solution. This is done by expressing the point source coordinates
Ti,Yi, 2; with i = 1,2, 3 as a function of the distances si3, s13, s23 between the point
sources. To do so, consider the calibration phantom as a triangle with the three
point sources located in the vertices. The known distances sio, 13, S23 define the
shape of the triangle. The triangle can be placed at an arbitrary position in the
xyz space by three translations t.,t,,t. and three rotations pi, p2, p3 as shown in
appendix A.4. Only the translations t,,t,,?, and the rotations pi, p2, p3 have to be
fitted, while the distances sis, 13, S23 need to be known in advance.

Finally, the parameters f,d,® and ¥ can be measured up to some reasonable
accuracy. They are used to constrain the result by specifying intervals in which the
parameter estimate is acceptable. For a parameter estimate outside such interval,
the cost function is evaluated in the closest acceptable value of the parameter and a
penalty proportional to the squared difference between the estimate and the accept-
able value is added to the result. This drives the algorithm back into the acceptable
parameter range.
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4.2.3 Multipinhole Extension

In a multipinhole situation, the above considerations can of course be repeated for
each pinhole p = 1, ..., P individually. As explained in the introduction however,
each additional pinhole aperture p > 1 only introduces three additional parameters
fps Mup and My, while the parameters d, ey, e,, ® and ¥ are common for all pinhole
apertures. This observation can be exploited in designing multipinhole calibration
methods. Here, the idea is illustrated for the multipinhole situation of section 3.4.3
in which all pinhole apertures observe an activity distribution in a common field
of view. The 7 pinhole collimator design of section 3.4.3 satisfies this assumption.
In this case, all pinhole apertures observe the same three calibration point sources
encountered before. So each pinhole aperture p > 1 yields an additional set of
projection coordinates (uy;(6), vy;(6)) for each of the point sources ¢ = 1,2,3. The
coordinates (x4, y;, z;) of these point sources i are of course identical for all pinhole
apertures. Consequently, the three point sources provide sufficient information to
calibrate the multipinhole acquisition geometry, if the additional projection data
(upi(0),vpi(8)) of pinhole aperture p > 1 allow to calculate the parameters fp, my,
and M.

Section 4.2.1 showed that the parameters d, e,, ¢,, ® and ¥ and the point source
coordinates (z;, y;, z;) for i = 1,2, 3 are uniquely determined by the projection data
(u1:(6),v1:(0)) of pinhole p = 1. Now the substitutions of f, = f, my, = mcos®
and m,, = msin® in (A.50) and (A.51) of appendix A.3 immediately yield for each
additional pinhole aperture p > 1

fo = Ip, (4.25)
Myp = Muyp, (4.26)
Mayp = Myp. (4.27)

As a result, the three calibration point sources provide sufficient information to
calibrate the multipinhole situation considered. By noting that the equations (A.50)
to (A.54) are obtained for a single point source off the axis of rotation, it further
appears only necessary that each of the additional pinhole apertures p > 1 has one
such point source in its common field of view with the aperture p = 1.

To perform the above multipinhole calibration in practice, the single pinhole
parameters f,d, m, ey, e,, ®, ¥ and the phantom translations ¢, t,,t, and rotations
p1, P2, p3 are simply fitted simultaneously with the additional parameters f,, My,
My for p =2,..., P to all the available projection data (up;(6),vp:(9)).

4.3 Experiments

4.3.1 Calibration Phantom

The tomographic projection data of the calibration phantom must contain sufficient
information to enable the correct determination of the complete acquisition geom-
etry. Noo et al. [31] already observed that for this purpose more than two point
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sources are necessary. This observation was confirmed by the calculations in the
previous section. The first experiment illustrates that at least three point sources
are necessary. For that purpose, the ideal projection data of two point sources are
simulated and used to perform a camera calibration, while fixing one parameter at
a wrong value. A configuration of point sources provides sufficient information if no
false set of parameter values can be found that yields exactly the same projection
data set (u;g,v:9), as discussed in the theory. The experiment shows that such false
data sets can easily be found for the two point source case, as predicted in the pre-
vious chapter. The results obtained from the above fitting procedure are compared
with results from an analytical procedure. The latter method calculates the pinhole
parameters using the equations (4.9) to (4.16) and (4.21) with m = 0.

The experiment is performed for a pinhole camera with a focal length f of
240mm and a detector distance d of 350 mm (d* = 110mm). The other pinhole
parameters, including the mechanical offset m, are all equal to zero. The two
point sources are located at x = —33.0mm, y = 0.0mm and at z = —33.5mm or
z = 33.5mm. The simulation is performed for 64 equidistant projection angles over
360°.

4.3.2 Estimation Accuracy

In combination with noise, the correlations between the geometric parameters can
affect the estimation accuracy. The mass centers of the projected point sources can
however be accurately measured, except for any systematic errors [33], yielding low
uncertainties about the projection locations. To evaluate the parameter estimation
accuracy, the second experiment calculates the means, standard deviations and
cross-correlations of the parameter estimates from 100 simulations of calibration
data sets. For two sample populations (xg,z1,...,2x5) and (yo,y1,...,yn), with
means Z and ¥ respectively, the cross-correlation P, is defined as

P, = S0 (@6 — ) (s —9) ' (428)

VB on 7] [S, e - 07

The data sets are obtained by adding Gaussian noise with 0.2 mm or 0.3 mm stan-
dard deviation, to the exact point source projection coordinates, calculated with
equations (2.21) and (2.22) for 64 equidistant projection angles. These standard
deviations were chosen approximately 2 and 3 times larger then the statistical er-
rors obtained by Gullberg et al. [33]. For still larger standard deviations, the shape
of the ’elliptical’ paths of the point source projections in the projection image is
visually more disturbed than the shape of a measured path. The camera- and phan-
tom geometries used, are similar to those used for the real phantom measurements
of section 4.3.4 and are listed in table 4.2. Figure 4.2 further illustrates the posi-
tions of the calibration point sources in the field of view. Note that the curves of
figure 4.1 (b) have been generated for this geometry. Table 4.2 also contains the
initial values with which the estimation process is started and the constraints for
the parameters f,d*, ® and V.
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Figure 4.2: Shape of the calibration phantom and its relative position with respect
to the axis of rotation.

The variances and covariances of the parameter estimates can also be approxi-
mated analytically. For that purpose, the equations (2.21) and (2.22) are approx-
imated by a linear Taylor series expansion about the true parameter values and
point source coordinates, taking into account that the distances between the point
sources are fixed. This yields a linear system

U=Uy+MAP (4.29)

where Uy is a vector with the u;; and v;; measurements obtained at the expansion
point. The matrix M contains the first derivatives of the equations (2.21) and (2.22)
evaluated at the expansion point and the vector AP contains the deviation of the
parameters from the expansion point. Such deviation yields the measurement U
instead of Uy. The substitution of equation (4.29) into equation (4.24) yields a
linear estimator minimizing the function F'. The covariances of the parameters
cov(P) can be approximated by propagating the covariances of the data cov(U)
through this linear estimator, yielding

cov(P) = (MT M) *MT cov(U) M(MT M)~ (4.30)

The parameter cross-correlations are easily obtained by dividing each column and
each row of cov(P) by the square root of its diagonal element. The approximated
standard deviations and cross-correlations are compared with those obtained from
the fitting procedure.

4.3.3 Reconstruction Accuracy

This third experiment relates estimation errors to the estimation residue and the
image reconstruction accuracy. For this purpose a software phantom is created.
The phantom consists of a sphere, containing background activity, with a cubic grid
of point sources (pixels with high activity) inside. The contrast (highest activity
level divided by lowest activity level) between the point source and background
activity equals 10. The sphere has a diameter of 72.8 mm and the distance between
neighboring point sources is 15.4 mm. The sphere is discretized into pixels of 1.4 mm.
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In total the sphere contains 57 point sources. Figure 4.3 (a) shows the central slice
of this phantom.

Using the camera- and calibration phantom geometries already listed in table
4.2, the tomographic data of the sphere and the calibration phantom are simulated
for 64 equidistant projections of 128x128 pixels of 1.695 mm, using a ray driven
projector. With one parameter held at a wrong value and using the initial values
and constraints of table 4.2 for the other parameters, an estimate of the camera
geometry is calculated. Using this estimate, an OS-EM reconstruction [18,38,39] of
the sphere phantom is made and compared to the original image. The reconstruc-
tion used an iteration scheme with a decreasing number of subsets: 10x8, 8x4 and
5x1, where the first figure denotes the number of OS iterations and the second one
the number of subsets. The reconstructed image is registered to the original image
by translation and rotation, by a least squares minimization of the distances be-
tween the original and reconstructed point sources. In this experiment, the average
distance between the original and reconstructed point sources provides a measure
of the reconstruction accuracy, while the errors of the fixed parameter values relate
to the estimation accuracy. Both measures are compared to the calibration residue,
which is the only measure available in practice.

4.3.4 Phantom Measurement

To evaluate the performance of the calibration method with real data, a phantom
was developed consisting of a grid of 16 point sources. The grid can be divided into
three slices of 5 point sources. The point sources are approximately located in the
vertices and the center of a 5 cm by 5 cm square. The distance between the different
slices is approximately 2.5 cm. One extra point source is added to allow the unique
identification of every point source in the reconstructed images.

Using our GE Millennium MPR camera with approximately the camera- and
calibration phantom geometries listed in table 4.2 and a tungsten knife-edge [14]
pinhole aperture of 3 mm, a tomographic acquisition of the phantom was performed
with 64 equidistant 60s projections of 128x128 pixels of 1.695mm. The phan-
tom point sources contain approximately 1.85 MBq 29" Tc in 2.5 uL water. With-
out repositioning the camera, an identical acquisition, but with 25s projections, is
performed of the calibration phantom, which contains three 3.7 MBq *™Tc¢ point
sources in 5.0 uL. water. The data of the second acquisition are used to calibrate
the camera. This allows to reconstruct the grid phantom from the data of the
first acquisition. The reconstruction is performed with an OS-EM algorithm with
compensation for the pinhole sensitivity [14] as discussed in section 3.4.2. The re-
construction used an iteration scheme with a decreasing number of subsets: 10x8,
10x4 and 5x1, where the first figure denotes the number of OS iterations and the
second one the number of subsets. The reconstruction pixel size is 1.4 mm. The
calibration is performed using the initial values and constraints of table 4.2. The
distances between the different point sources of the original phantom and of its
reconstruction are measured and compared distance by distance. The differences
between the measured and reconstructed distances provide a measure of the re-
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Figure 4.3: Reconstruction Accuracy. (a) Central slice of the software phantom. (b)
Reconstruction of the yz plane of the phantom, with the calibration estimate of ®
fixed at -6.0° instead of 0.0°. The radial scaling along the rotation axis is indicated
by the double arrows in the upper part of the image. The translation along the
rotation axis is visible by the displaced yz-origin. (c) Reconstruction of the zy
plane of the phantom, with the calibration estimate of m fixed at —7.5 mm instead
of 0.0mm (® = 0.0°). (d) Reconstruction of the yz plane of the phantom, with
the calibration estimate for f fixed at 223.3 mm instead of 240.0 mm (® = —25.0°).
The background has been set to twice the normal value for better visualization of
the under sampling artifact.
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construction accuracy. The resolution of the reconstructed point sources is also
investigated.

4.3.5 Multipinhole Calibration

To illustrate the application of the calibration method in a multipinhole situation,
a calibration measurement was performed on a Siemens ECAM camera, equipped
with the 7 pinhole collimator illustrated in section 3.4.3. The calibration mea-
surement was acquired over 64 equidistant projection angles over 360° using the
entire scintillation crystal for photon detection. This resulted in a projection image
matrix of 220x160 square pixels of 2.40x2.40 mm?. The detector distance d was
approximately 220 mm and the tilt angle ® was close to zero. The position of the
calibration point sources closely resembled the optimal calibration setup 'optl’ of
chapter 5 (see figure 5.3 (a)), with the distances between the point sources sia,
s13 and sa3 equal to 25.89 mm, 19.00 mm and 26.43 mm respectively. The plane
trough the point sources was horizontal and at zero projection angle 8 the detector
is parallel to it. The initial values of the point source locations were chosen close
to their actual positions. The collimator design and the approximate camera setup
provided the initial values for the calibration procedure and they are listed in table
4.6.

4.4 Results

4.4.1 Calibration Phantom

Consider the ideal pinhole camera with f and d* equal to 240.0 mm and 110.0 mm
respectively. For the case of two point sources, the calibration with e, fixed at
a wrong value results nevertheless in a perfect fit. For a linear variation of e,
from —10.0 mm to 10.0 mm, in steps of 2.5 mm, the detector tilt varies linearly from
—2.4° to 2.4°. The parameters f and d* show some sub-millimeter variation as well.
Similar results are obtained by fixing ® at a wrong value and allowing the parameter
e, to be fitted. These results are confirmed by the analytical calculations, based on
equations (4.9) to (4.16) and (4.21). The above variations clearly indicate that the
tomographic projection data of two point sources contain insufficient information
for the complete calibration of a pinhole camera with circular detector orbit. Using
the projection data of three point sources, the experiment was repeated both for
0.0° and -25.0° tilt. Consecutively, every parameter was fixed to four different
values, with increasing error, but none of the attempts resulted a perfect fit using
the incorrect parameter estimate, as predicted by the theory. The three point source
case is discussed in more detail in section 4.4.3.
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Table 4.2: Estimation Accuracy.

True stands for the real camera and calibration phantom geometry, init for the initial estimates, and constraint for the parameter
estimate bounding limits. Upper standard deviations are based on simulations; lower standard deviations are based on the
analytic approximation.

Calibration Point Source Locations

T1 Y1 21 T2 Y2 22 Z3 Ys z3

[mm] [mm] [mm] [mm] [mm] [mm] [mm] [mm] [mmn]
true -30.0 0.0 -33.5 -35.0 0.0 -8.5 -30.0 0.0 33.5
init 0.0 0.0 0.0 0.0 0.0 25.5 0.0 13.2 65.7
Camera Geometry

\ d* m €q €y P )\

[mm] [mm] [mm] [mm] [mm] [deg] [deg]
true 240.0 110.0 0.0 0.0 0.0 0.0 or -25.0 0.0
init & 250.0 120.0 1.8 -0.4 0.8 -1.6 or -26.6 0.3
constraint +50.0 +£50.0 +10.0 +10.0 +£5.0
Calibration Residue CR Parameter Estimate Standard Deviations
Tilt & HCR OCR f d* m ey € ) G
Noise level [mm] [mm] [mm] [mm] [mm] [mm] [mm] [deg] [deg]
d = 0.0° 0.2 0.1 0.1 0.3 0.4 0.10 0.01
c = 0.2mm 0-25 0.01 0.3 0.1 0.1 0.4 0.4 0.10 0.01
® = 0.0° 0.3 0.2 0.2 0.5 0.6 0.16 0.02
o = 0.3mm 0.37 0.01 0.4 0.2 0.2 0.5 0.6 0.14 0.02
o = -25.0° 0.3 0.1 0.1 0.4 0.4 0.10 0.03
o = 0.2mm 0-25 0.01 0.3 0.1 0.1 0.4 0.4 0.10 0.03
o =-25.0° 0.4 0.2 0.2 0.5 0.7 0.16 0.04
o = 0.3mm 0-37 0.01 0.4 0.2 0.2 0.5 0.7 0.14 0.04
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Table 4.3: Parameter Estimate Cross-correlations

Parameter Estimate Cross-correlation (o = 0.3mm)

Fitting f d* m €y €y P v
d =0.0° f 1.00 0.97 -0.01 0.02 0.08 0.09 0.00
d* 1.00 0.01 -0.01 0.10 0.11 0.02
m 1.00 -1.00 -0.11 -0.12 -0.14
€y 1.00 0.11 0.12 0.14
€y 1.00 0.99 -0.02
P 1.00 -0.02
v 1.00
Analytical f d* m €y €y P v
d =0.0° f 1.00 0.97 0.00 0.00 0.00 0.02 0.00
d* 1.00 0.00 0.00 -0.03 -0.05 0.00
m 1.00 -1.00 0.00 0.00  -0.06
eu 1.00 0.00 0.00 0.06
€y 1.00 0.98 0.00
P 1.00 0.00
v 1.00
Fitting f d* m ey €y P v
& =-250° f 1.00 0.70 0.00 0.00 0.23 0.29 0.11
d* 1.00 -0.11 0.10 -0.51 -0.44 -0.08
m 1.00 -1.00 0.14 0.15  0.88
ey 1.00 -0.14 -0.15 -0.88
ey 1.00 0.99 0.24
P 1.00 0.25
) 1.00
Analytical f d* m ey €y d 1
®=-250° f 1.00 0.69 0.00 0.00 0.18 0.24 0.00
d* 1.00 0.00 0.00 -0.54 -0.46 0.00
m 1.00 -1.00 0.00 0.00  0.90
€y 1.00 -0.00 -0.00 -0.90
e 1.00 0.95 0.00
d 1.00 0.00
v 1.00
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4.4.2 Estimation Accuracy

Table 4.2 presents the mean ucgr and standard deviation ocg of the calibration
residue CR. This calibration residue CR is expressed as the average distance be-
tween the simulated and estimated point source projections after calibration. The
residue is very closely centered around its mean value. It does not change with
the detector tilt, but differs for different noise levels. The table also presents the
standard deviations of the parameter estimates. Those are calculated both using
the series of noisy simulations (upper values in table 4.2) and by the analytical
approximation of equation (4.30) (lower values in table 4.2). All estimates are cen-
tered around the correct solution, but the spread differs for the different parameters.
The largest errors are found for the distances e, and e,, and for the tilt angle ®.
The simulated and approximated standard deviations are in very good agreement.
A close inspection of the analytically approximated standard deviations indicates
slightly larger values of the estimates of tilted geometries than of non-tilted geome-
tries. The largest differences are found for the parameters d* and e,, but remain
nevertheless under 0.04 mm for 0.3 mm noise.

Table 4.3 presents the cross-correlations of the parameter estimates, calculated
for both 0.0° and -25.0° tilt and 0.3 mm noise. The results for the 0.2 mm noise
cases are nearly identical. The cross-correlations from the analytical and fitting
procedures are in good agreement with each other. The parameters m and e,, and
e, and @ are highly correlated. The parameters f and d* are highly correlated for
0.0° tilt, but to a lesser extent for the -25.0° tilt case. In the latter case, there
is an additional correlation between the distance d* and the parameters e, and
®. Finally, the twist U shows no clear correlations with any other parameter for
the 0.0° tilt case. For & = -25.0° however, there is strong correlation with the
parameters m and e,. The above mentioned correlations are indicated in bold in
table 4.3.

4.4.3 Reconstruction Accuracy

Figure 4.4 shows the reconstruction error RE as a function of the calibration residue
CR, for calibrations performed with one parameter estimate fixed at a wrong value.
The calibration residue C'R is again defined as the average distance between the
estimated and measured projections of the calibration point sources. The recon-
struction error RE is defined as the average distance between the original and
reconstructed point sources in the software phantom. The different symbols in the
figure indicate the different parameters, of which the estimate is fixed at 4 different
values, with increasing errors with respect to the correct value. These errors are
given in the table included in figure 4.4 and were chosen to yield calibration residues
of approximately 1 mm and less, since real calibration measurements indicated this
limit to be easily obtainable. For all parameters, the calibration residues increase
with increasing errors. The residues show no large differences between the 0.0° and
-25.0° tilt case, except for the parameter W. The estimate errors only cause sub-
pixel reconstruction errors which are less than the calibration residue. Table 4.4
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Figure 4.4: RE versus CR for the listed Parameter Estimate Errors

shows that this also holds for estimate errors of the twist ¥ larger than -1.6° in the
-25.0° tilt case. Fixing the parameter estimates of e, or ® to a wrong value results
in the largest reconstruction errors. The reconstruction errors must be interpreted
carefully, since the error on these sub-pixel values can be of the same magnitude as
the reconstruction errors themselves.

Visual inspection of the reconstructed images shows that errors on the param-
eters e, and ® cause the reconstructed image to be translated along the axis of
rotation with respect to the original image. Additionally, the reconstructed image
is slightly scaled in radial direction according to the position along the axis of rota-
tion, as shown in figure 4.3 (b). Inspection of the parameter estimates again shows
these parameters to be strongly correlated. Another prominent correlation exists
between the parameters m and e, and errors on them cause the reconstructed im-
ages to be rotated around the axis of rotation. There is however no sign of a real
image distortion. A reconstruction of the central slice of the phantom is shown
in figure 4.3 (c¢). Errors on the other parameters visually have a less prominent
influence on the reconstructed images. Besides the effects of estimate errors, all re-
constructions of the -25.0° tilt case show an artifact due to the insufficient sampling
of the back region of the phantom. The artifact is clearly visible in the right side
of figure 4.3 (d).
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Table 4.4: Calibration Residues and Reconstruction Errors in function of the Esti-
mate Error of ¥ (@ = -25.0°).

AU CR RE
deg]  [mm] [mm)
-0.20 0.09 0.04
-0.40 0.19 0.07
-0.60  0.28 0.08
-0.80 0.38 0.08
-1.00 0.47 0.08
-1.20 0.56 0.07
-1.40  0.66 0.10
-1.60 0.75 0.12
-1.80 0.84 0.13
-2.00 0.93 0.11

Table 4.5: Camera Calibration Results.

CR Parameter Estimates

CR f d* m eu €y i} \VJ

mm] [mm] [mm] [mm] [mm] [mm] [deg] [deg]
® 2 0.0° 0.52 2529 1174 0.3 4.1 5.9 0.97 -0.13

0.53 253.0 117.5 0.2 4.3 6.2 1.04 -0.12
d > 9500 0.46 253.9 1284 2.2 -2.2 7.7 -23.23  0.19

048 2539 1283 2.5 -3.0 8.2 -2315 0.22

4.4.4 Phantom Measurement

For each acquisition of the grid of point sources (& = 0.0° and ® = -25.0°), two
calibration measurements, with intermediate repositioning of the calibration phan-
tom, were performed. The repositioning of the calibration phantom provides two
independent calibration measurements of the same camera geometry and with the
calibration point sources at approximately the same location. The results of the
camera calibrations are listed in table 4.5. The calibration residue is approximately
0.5mm in all four cases. The parameter estimates for the same camera geometries
show some little differences, as expected due to the parameter correlations. The dis-
tances between the point sources in the different reconstructions (based on different
calibration measurements) of the same projection data, are however identical up
to 0.1 mm for both tilt cases. When comparing the distances with those measured
on the actual phantom, the largest difference found was 1.0 mm for -25.0° tilt and
1.3 mm for 0.0° tilt. Most differences are however much smaller. The distances be-
tween the point sources of the real phantom have been measured with an accuracy
of approximately 0.3 mm.
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Figure 4.5: The difference in u coordinates of the measured (u and estimated

(u®st) calibration point source projections: (u™¢*s — °5t),

The difference in coordinates of the estimated and measured point source pro-
jections after calibration, is not entirely random and shows similarities for the three
calibration point sources. This is illustrated in figure 4.5 by the differences for the
u coordinates of the projections of the three calibration point sources from the first
calibration measurement with & = 0.0°.

The FWHM of the reconstructed point sources ranges from 4.0 to 5.0 mm.

4.4.5 Multipinhole Calibration

Table 4.6 lists the results of the multipinhole calibration and figure 4.6 shows the
estimated and measured point source locations. Like for the single pinhole cali-
bration measurements, the estimated and measured projection locations generally
match well, although some systematic deviations between the estimated and mea-
sured locations do exist like for the small ellipse at the bottom of figure 4.6. The
calibration residue C'R, expressed as the average distance between the estimated
and measured projection locations, is 0.49 mm. The estimated geometry of the
camera generally corresponds very well with the anticipated initial values, although
the electrical shift e, is larger than expected.
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Figure 4.6: Estimated and measured point source projection locations of the mul-
tipinhole calibration measurement.

4.5 Discussion

Like Noo et al. [31], we find that two calibration point sources provide insufficient
information for the complete calibration of a pinhole camera. The addition of a
third point source overcomes this problem, if the point sources are sufficiently well
located, as shown in the theory. For the experiments, the three point sources are
located on a slightly broken line, but approximately parallel to the rotation axis.
This proved to be more stable than the use of a straight line, exactly parallel to
the rotation axis. The last, rather theoretic, method occasionally yielded an outlier
with respect to the results in table 4.2. The point sources are located as far as
possible from the axis of rotation and the two outermost sources are also located
as far as possible from each other along the z-axis (axis of rotation). The third
point source was finally located in between, but avoiding the plane of the focal
point. In this arrangement, the outermost point sources satisfy the description of
Noo et al. [31] about the ideal point source locations in his method. The location
of the middle point source seems a logical extension of this for three point sources.
However, placing the middle point source in the plane of the pinhole focus does not



4.5 Discussion 81

Table 4.6: Multipinhole Calibration.
Init stands for the initial values of the calibration derived from the collimator design,
while fit stands for the results of the actual calibration procedure.

CR d ey €y d L
[mm] [mm] [mm] [mm] [deg] [deg]
init 220.0 0.0 0.0 0.00  0.00
fit 049 2268 -7.2 -1.21 -0.04 -0.54
Mayp Map
[mm] [mm)] [mm]
P init fit init fit init fit
1 170.0 168.9 0.0 0.2 0.0 0.0
2 170.0 168.8 33.8 342 -195 -195
3 170.0 169.2 0.0 0.1 -39.0 -39.0
4 170.0 169.0 -33.8 -33.8 -19.5 -19.6
5 170.0 168.9 -33.8 -33.9 195 19.6
6 170.0 169.0 0.0 0.2 39.0 39.2
7 170.0 168.9 33.8 342 195 19.7

seem to cause any problems. Further, since a large number of projection angles
over 360° are used in the calibration, the orientation of the point sources around
the rotation axis was not assumed critical and the simplest geometry of a broken
line was chosen. However, later experiments show standard deviations of the e, and
® estimates of almost half the original values for the middle point source rotated
180° around the rotation axis. The standard deviations of the other parameters
seem unaffected by this rotation. Keeping in mind the results of figure 4.4, this
should seriously reduce the reconstruction error. Surprisingly, this geometry shows
a slightly worse intersection of the curves of d* than the original geometry of figure
4.1 (b). Finding the optimal calibration phantom geometry is the topic of the next
chapter.

As expected, some parameters are highly correlated. The correlated parameters
e, and ® are clearly the most critical. The second experiment shows that noisy
data cause the largest spread for the estimates of these parameters. Further, for
the same calibration residue C'R, the reconstruction errors RE are the largest for
e, and @, as shown in the third experiment. This causes these parameters to be the
most difficult to estimate and it also causes the largest distortions of reconstructed
images, when they are poorly estimated. From the image reconstruction point of
view, not all correlations cause trouble however. Although noisy data also yield
the largest standard deviation of the estimates of e,, the reconstruction errors RE
caused by e, and m are only small.

The cross-correlations and their dependence on the tilt angle ® can intuitively
be explained from a number of geometrical considerations. First of all, for m = 0,
the twist ¥ causes a rotation of the detector around the system central ray. During
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acquisition, this rotation axis constantly changes, which explains why the twist can
easily be estimated, yielding a small standard deviation of its estimate. A correlated
error between m and e, results in a rotation of the reconstructed image around the
axis of rotation. For ® = 0, the system central ray is always orthogonal to the
rotation axis and no correlation between m, e, and ® exists. For a tilted detector
however, the central ray is inclined towards the rotation axis, yielding a component
of the rotation ® along the rotation axis. This component along a common axis
establishes the correlation between m,e, and ®. Secondly, the ratio of the focal
length f and the distance d* determines the magnification of the object in the field
of view. This explains the correlation between f and d*. The magnification is
larger for parts of the object closer to the focal point. Because of the rotation of
the focal point during acquisition, the magnification of parts of the object away
from the rotation axis varies with the rotation angle 6. For larger tilt angles ® this
variation is less prominent, explaining the smaller correlation of f and d* for such
tilt angles. Finally, a correlated error between e, and ®, causes a translation of the
reconstructed image along the z-axis. This changes the distance between the object
and the focal point. For a tilted detector this also changes the magnification of the
object, which is normally determined by the ratio of f and d*. Thereby, additional
correlations between the parameters f,d, e, and ® emerge.

For the simulation studies, the calibration method performs well and the cali-
bration residue C'R provides a conservative measure of the reconstruction accuracy
that may be expected. For all badly estimated parameters, including e,,, the recon-
struction error is always smaller than the calibration residue and in most cases even
much smaller. Further, for the largest reconstruction errors, caused by e, and @,
the errors vary slowly throughout the reconstructed image, indicating a gentle de-
formation of the original distribution. Finally, because of sensitivity considerations,
the geometries simulated in the experiments normally require a pinhole aperture of
approximately 3mm. The reconstruction errors presented in figure 4.4, are small
with respect to this aperture size, which determines the resolution of the system.

For the real camera calibrations, the residue is approximately 0.5 mm, both for
the single and multipinhole calibrations. Figure 4.5 and 4.6 illustrate that the indi-
vidual distances between measured and calculated point source projections are not
totally random however. From figure 4.5 it is further clear that these differences
are also not independent for different point sources. This suggests systematic de-
viations of the camera geometry from the model presented in section 4.2. For the
GE Millennium MPR camera, we observed a sudden, sub-millimeter displacement
of the collimator during every acquisition. The effect of this displacement is small,
but noticeable in the projection data set. However, it does not provide a complete
explanation for figure 4.5. The remaining systematic differences also suggest that
with even more accurate models of the camera geometry, potentially tailored for a
specific camera, the estimation and reconstruction accuracy can be increased even
further, as illustrated in chapter 7 of this work.

The effect of the imperfect calibration match was studied on reconstructions
of real tomographic data of the grid of point sources. The small differences in
parameter estimates for the same camera geometry, only result in negligible dif-
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ferences in the reconstructed images. The geometries in the reconstructed images
were also compared to the real phantom geometry. Despite the measurement un-
certainty, even the largest differences (1.0mm for -25.0° tilt and 1.3 mm for 0.0°
tilt) are small with respect to the pinhole aperture of 3 mm, which determines the
resolution. The FWHM of the reconstructed point sources ranges between 4 mm
and 5mm and gives an indication of the system resolution. Because of the larger
resolution, the errors will not cause any serious and noticeable degradation of the
reconstructed image accuracy.

As mentioned in the theory, the values of the parameter estimates of f, d*, ®
and ¥ were bounded during the experiments. This was done to guide the pro-
cedure to a useful solution. When starting with very poor initial estimates, the
unbounded procedure sometimes leads to unrealistic solutions with very high cali-
bration residues. The ranges of acceptable values were however sufficiently large to
avoid any interference with the effects of the parameter correlations. Narrow pa-
rameter ranges, imposing strong a priori knowledge, are not always beneficial, since
they may influence the convergence trajectory of the calibration procedure. For
one of the real -25.0° tilt measurements, constraining the parameter ® within £5°
forced the procedure to stop before convergence with the estimate of ® pinned at
the limit of the acceptable values. The constraining of the same calibration within
+10° converged without any problem.

The results presented above are specific for the acquisition geometries used. The
difference in standard deviation of the estimate of ¥ between the 0.0° and -25.0°
tilt case, provides a clear example of this. Due to the difference in tilt angle, there
is a clear difference in the correlations between the parameters m, e, and ¥. The
difference in correlation affects the standard deviation of the estimate. Fortunately,
it has almost no effect on the reconstruction accuracy. The acquisition geometries
studied (for the single pinhole case) are those of a perfect pinhole camera with a
non-tilted or severely tilted detector. The variation of the tilt was chosen to cover
the expected useful range of tilt values. Further, non-ideal cameras have nonzero
parameters m, e,, ¢, and V. Deviations from this ideal case may however be
expected to be small and the deviations of the calibration results are expected to
be small as well. Finally, our experience with a different magnification f/d* in the
next chapter does not reveal markedly different behavior either.

4.6 Conclusion

In this chapter we have developed a new theory about the calibration of pinhole
cameras, which gives insight into the necessary and sufficient conditions for solving
the calibration problem. The theory resulted in a new and convenient method for
the complete calibration of a single pinhole camera. The usefulness of the theory
for designing calibration methods for multipinhole situations was demonstrated as
well, by the development of a calibration method for the multipinhole imaging sit-
uation considered in this work. Both the accuracy of the geometry estimate of the
single pinhole calibration and its effect on the accuracy of image reconstruction were
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studied in simulations and real calibration experiments. In both cases, it could be
concluded that the observed estimation accuracy only has a sub-resolution impact
on the accuracy of the reconstructed images. The application of the calibration
method in a multipinhole situation was further illustrated by a practical multipin-
hole calibration measurement. Because of the simplicity of the calibration phantom,
the calibration method is also applicable to cone-beam SPECT and X-ray CT.



Chapter 5

Optimization of Pinhole
SPECT Calibration

5.1 Introduction

In the previous chapter, we developed a calibration method to determine the pinhole
SPECT acquisition geometry from the SPECT acquisition of a calibration phantom
consisting of three point sources [29]. The method first acquires a pinhole SPECT
scan of the three point sources and calculates the mass centers of their projections.
The acquisition geometry is then determined by a least squares fit of estimated point
source projection locations to the measured mass centers. Besides the 7 parameters
of the acquisition geometry, the positions of the point sources are estimated as
well, but not the distances between them. This is accomplished by specifying the
point source coordinates by the 3 distances si2, S13, S23 between the point sources,
3 rotations p1, p2, p3 and 3 translations t,,t,,t,. The distances si2, 513, s23 define
the shape or configuration of the calibration phantom and remain fixed during the
calibration. This rigid phantom is then correctly positioned in the field of view by
the 3 rotations p1, p2, p3 and the 3 translations ¢.,t,,t., and these rotations and
translations have to be estimated by the calibration procedure.

With noisy calibration data, the acquisition geometry can only be estimated with
limited accuracy. Both the configuration of the calibration phantom sy2, 13, S23 and
its position in the field of view t,,t,,t., p1, p2, p3 influence this accuracy. In the re-
mainder of this work, this combination of phantom configuration and phantom po-
sition will be referred to as ’calibration setup’. Additionally, the use of an incorrect
phantom model s},, 15, shs (instead of si2, $13, S23) in the calibration calculations
can degrade this accuracy even further. During reconstruction, the resulting errors
on the acquisition geometry propagate into the reconstructed images, causing loss of
spatial resolution and/or image deformation. The aim of this study is to determine
an optimal calibration setup for accurate image reconstruction with a single pinhole
system in practice, despite noise on the calibration data and phantom model errors.

85
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Table 5.1: Calibration Entities.

Name # Parameters Parameters

Acquisition geometry 7 f,d,m, ey, e,, 0
Description: geometry of the pinhole system.

Phantom configuration 3 S12, 513, S23
Description: actual distances between the 3 calibration point sources.

Phantom model 3 Sl9, 813, Sha
Description: values of the distances between the 3 point sources
used in the calibration calculations.

Phantom position 6 Ly ty,tz, p1, P2, P3
Description: actual position & orientation of the phantom
in the field of view.

Calibration setup 9 812, 513, S23, Las Ly, t2y P1, P2, P3

Oor T, Y1, 21,2, Y2, 22, L3,Y3, 23
Description: phantom configuration + phantom position.

For clarity, table 5.1 provides an overview of the different entities involved in the
calibration process.

This chapter is entirely based on [40]. Section 5.2 first describes an efficient
mathematical procedure to evaluate the effects of noisy calibration data or phan-
tom model errors on the estimation accuracy of the calibration method and the
resulting accuracy of subsequent image reconstruction. With the above procedure,
section 5.3.1 then evaluates the accuracy of a large and representative set of possible
calibration setups of three point sources. From these results section 5.4.1 selects
two calibration setups yielding the best overall accuracy. The sections 5.3.2, 5.4.2
and 5.3.3, 5.4.3 further provide two experiments to verify or support the results of
section 5.4.1. These results are finally discussed in section 5.5.

5.2 Method

This section studies two sources of errors: noise on the calibration data and the
use of an incorrect phantom model in the calibration calculations. Both sources of
error result in errors on the calibration results, which, in turn, degrade the accu-
racy of image reconstruction by loss of spatial resolution and/or image deformation.
First, the analytical expressions for the projection of the calibration phantom are
repeated. Next, these expressions are used to calculate linear systems, which allow
us to evaluate the estimation accuracy as a function of the noise on the calibra-
tion data and/or the errors on the phantom model. Finally, the reconstruction
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accuracy is derived from this estimation accuracy by simulating and evaluating the
reconstruction of a grid of point sources. For that purpose, however, the estimation
accuracy results first have to be transformed into a more suitable representation.

5.2.1 Estimation Accuracy

The relations (2.21) and (2.22), repeated here for convenience,

m cos U — (6, D, T)
d* +y"(6,2,7)

u;(0) = f +m cosV + e, (5.1)
m sin¥ — 2/ (0, P, V)
d* +y;"(0,2,9)

define the projections of the calibration point sources U = (u;(6),v;(0)) i=1,2,3
as a function of the unknown calibration parameters P, which consist of both
the pinhole acquisition geometry f,d*,m,e,,e,,®, ¥ and the phantom position
teyty,ts, p1, p2, p3. Like in section 4.3.2, we assume again that for small variations
AP of these calibration parameters, the resulting projection coordinates U can also
be approximated from the original projections Uy by the linear system (4.29)

vi(0) = f +m sinV + e, (5.2)

U=Uy+ MAP. (5.3)

Here, M is a matrix containing the first order derivatives of the projection coor-
dinates U, specified in (5.1) and (5.2), to each of the 13 parameters of P. The
derivatives are evaluated for the original acquisition geometry and phantom posi-
tion, yielding the projections Uy. Similar to the real calibration method, calibration
of this linear system can be performed by solving (5.3) for the least square solution
of AP. With AU = U — Uy, this yields

AP = (MTM)"*MTAU. (5.4)

Expressed in this way, (5.4) allows us to calculate differences in the parameter esti-
mates AP, due to specific changes of the projection coordinates AU. Noise on the
projection coordinates, being the first source of error studied in this section, causes
such differences AU. The noise is however better characterized by its covariance
matrix cov(U) than by a single noise realization AU. This covariance matrix cov(U)
is propagated through the linear estimator of (5.4), yielding the covariance matrix
cov(P) of the estimated parameters P (4.30)

cov(P) = (MTM)"* M cov(U) M(M* M)~ (5.5)

The effect of phantom model errors on the estimation accuracy, the second source
of error, is studied in a two-step procedure. First the effect of small differences
AX in the calibration setup (z;, yi, z;) ¢ = 1,2, 3 (which change the phantom model
S12, 813, S23 INto S]4, 813, 853 ) on the resulting point source projections U is simulated
by the linear system

U=Uy+ NAX (5.6)



88 Optimization of Pinhole SPECT Calibration

in which NV is the matrix of the first order derivatives of the projection coordinates
U, given in (5.1) and (5.2), to the Cartesian coordinates X of the calibration point
sources. This system allows us to calculate the covariance matrix cov(U) due to
random variations cov(X) of the calibration setup

cov(U) = Ncov(X)NT. (5.7)

By substituting (5.7) now into (5.5), with M evaluated for the original phantom
configuration si2, 13, S23, the effects of the random variations of the phantom model
cov(X) on the estimation accuracy cov(P) are eventually obtained.

Finally, the combined effects of noise on the calibration data and errors on the
phantom model can easily be obtained by simply summing the covariance matrices
cov(P) of the individual effects together.

5.2.2 Toward Reconstruction Accuracy

The covariance matrix cov(P) provides an excellent measure of the errors on the
estimated parameters. In the next section however, the reconstruction accuracy
will be evaluated and that evaluation starts from specific differences AP instead
of a covariance matrix cov(P). If the errors on the different parameters of P
were all independent (zero covariances), the effects of each parameter error AP; =
0,...,0,20,,0,..., O]T j =1,...,13 could be evaluated individually. In this expres-
sion, o; represents the standard deviation of parameter j and a value of 2 standard
deviations is chosen as a conservative, but realistic parameter error. A similar ap-
proach will be followed here. As shown in appendix A.5, the covariance matrix
cov(P) can be decomposed as

cov(P)=Tcov(Q)IT'T =T 11T =177 (5.8)

in which I is the 13x13 identity matrix. (Note that this decomposition resembles
an eigenvalue decomposition, but the columns of I' do not have to form a set of
normalized and orthogonal (eigen)vectors.) Consequently, there exists a set of errors
AQ, which are independent of one another and which can be translated into the
parameter errors AP by a linear transformation AP = I’'AQ. Each individual error
AQ; =[0,..,0,2,0,...,0]" j =1,..,13 is now first transformed AP; = TAQ); to
the parameter errors AP and is then further processed as explained in the next
section. Appendix A.5 provides a recursive method to calculate T'.

Finally note that the phantom position parameters t,,t,,%., p1,p2, p3 are es-
timated during the calibration, but that they are not used in the reconstruction
process. Consequently, they can be ignored in the evaluation of the reconstruction
accuracy and the above decomposition can be restricted to the block of cov(P) of

the parameters f,d*, m, ey, e,, ®, ¥, yielding only 7 sets of independent parameter
errors AP, APs, ..., AP;.
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5.2.3 Reconstruction Accuracy

The reconstruction accuracy is evaluated for both loss of spatial resolution and
deformation of the reconstructed images by simulating the reconstruction of a grid
of point sources. Relatively simple grids can be used, since the circular orbit of
the pinhole camera causes circular symmetry of the reconstruction properties, with
respect to the axis of rotation. (In practice, the grid of 11 coplanar point sources,
shown in figure 5.2, will be used.)

Consider the reconstruction of a point source (zk,yx, zx) from its pinhole pro-
jections (ug(0),v(0)) at the projection angles 6. If it is reconstructed using the
correct acquisition geometry f,d*, m, ey, e,, ®, ¥, all projection rays (2.29)

fa"" + (ug(0) —mcos W — e,)y"”" + d*(ug(f) —mcos ¥ —e,) — fmcos ¥ =0
f2" 4+ (vg(0) —msin ¥ — e,)y" + d*(vi(8) — msin ¥ —e,) — fmsin¥ =0
(5.9)
intersect at the correct point (zy,yk, 2x) in the field of view. Mathematically, the
above projection rays yield a set of linear equations

uk(0)x + byr ()y + cur(0)z + dur(8) =0 VO
i (0) + byr(0)y + cor(0)z + dyi(0) =0 VO

or
A X + By =0 (5.10)

with the unique solution X}, = [z, yx, 2x]T. For an incorrect acquisition geometry
flod* ,m el el ® W' a similar set of equations exists, but the system will gen-
erally be overdetermined. We assume that in this case, the point source will be

reconstructed at the least squares solution
X[ =~ (AT A) " AT By, (5.11)

of this linear system.

The distances Sy () from the reconstructed’ point source X/t = [z£ yR 2T to
its different projection rays, provide a measure of the loss in spatial resolution due
to the incorrect calibration results. These distances can be specified as vectors Sy, =
[Swks Syks szk]T in the xyz coordinate system with a specific length and direction.
The loss in spatial resolution is specified in turn as the length of the largest vector
for all point sources and projection angles, regardless of its direction

res. loss = mgx(m]?x(HSk(@)H)) (5.12)

in which ||.|| denotes the Ly norm of a vector.

The image deformation due to the incorrect acquisition geometry is further
evaluated by considering the displacement vectors Ly = [k, lyk, Li]T = [|oft —
zil, [yl — i), |28 — z1|]T of the reconstructed point sources with respect to their
original locations. These vectors are first corrected for a global translation and a
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global rotation of all 11 point sources along and around the axis of rotation. The
remaining displacements reflect the deformation of the reconstructed image with
respect to the original phantom. This image deformation will be specified as the
largest displacement of all the point sources, regardless of its direction

img. deform. = m]f“X(”LkH)- (5.13)

The decomposition of a covariance matrix cov(P) = I'TT, explained in the previ-
ous section, yields seven sets of independent parameter estimate errors AP, AP, ...,
AP;. In such a case, the distances || Skp;(0)| and ||Lip;|, obtained with those 7
sets (j = 1,...,7), are first quadratically added together, before evaluating (5.12)
and (5.13).

IO =[S 1S 0)12 (514

Lkl = /Z [ Lxp;? (5.15)

This approach is based on the assumption that the 7 sets of errors each have an
independent effect on the image reconstruction accuracy.

5.3 Experiments

5.3.1 Optimal Calibration Setup

The first experiment evaluates the effect of the calibration setup on the estimation
and reconstruction accuracy, both in the case of noisy calibration data and the
case of phantom model errors. The aim is to find a calibration setup for optimal
reconstruction accuracy, and possibly also optimal estimation accuracy, in prac-
tice. For this purpose, the estimation and reconstruction accuracy are calculated,
as described in section 5.2, for a large set of calibration setups. The setups are
generated by systematically varying the positions of the 3 calibration point sources
over a spherical grid of possible point source locations in the pinhole field of view.
A cross-section of the grid is shown in figure 5.1, and the complete grid is obtained
by rotating this cross-section over 0°, 45°, 90° and 135° about the axis of rotation.
We assume that the set of calibration setups obtained in this way, is sufficiently
representative for the actual (infinite) set of possible calibration setups. Appendix
A.6 further demonstrates that the spherical volume of the point source grid covers
almost the entire field of view for pinhole cameras with small to moderate accep-
tance angles. The pinhole field of view is here defined as that part of space which
is seen by the camera at all projection angles. The results are inspected for the
smallest possible image deformations and resolution losses, and also for the lowest
standard deviations of the parameter estimates.
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Figure 5.1: Cross-section of the spherical grid of possible point source locations in
the field of view of the pinhole camera. The complete grid is obtained by rotating
the displayed grid over 0°, 45°, 90° and 135° about the axis of rotation.

The experiment is performed for a pinhole camera with 24 cm focal length f.
The focal point is rotating at 4 cm distance d* around the rotation axis and the
pinhole collimator has a 60° acceptance angle «. The parameters m, e, e,,, ® and ¥
are all equal to zero, simulating an ’ideal’ pinhole system. This acquisition geometry
yields a field of view of 4 cm in diameter and 64 equidistant projections over 360° are
simulated. The noise on the calibration data U is modelled by a diagonal covariance
matrix cov(U) in (5.5) with (independent) variances of 0.09 mm? (0.3 mm standard
deviation) for each coordinate of U. This noise is visually worse than the noise of
real calibration measurements with the above acquisition geometry. The phantom
model errors are also represented by a diagonal covariance matrix cov(X) (5.7),
with (independent) variances of 0.01 mm? (0.1 mm standard deviation) for each
Cartesian coordinate of X. Finally, the point source grid, used to evaluate the
reconstruction accuracy is shown in figure 5.2.

5.3.2 Linear System Verification

In this experiment, the validity of the linear systems (5.4) and (5.6) are evaluated
for the optimal calibration setups of the first experiment. This is done by applying
the calibration method to a series of simulated calibration measurements. First,
the noiseless projection locations Uy of the calibration point sources are calculated
with (5.1) and (5.2) for the correct calibration setup X. Next, 250 random noise
realizations of either the projection data U, (Gaussian noise, 0.3 mm standard
deviation) or the calibration setup X (Gaussian noise, 0.1 mm standard deviation)
are generated. To evaluate the case of noisy calibration data, the calibration method
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Figure 5.2: Grid of point sources to evaluate the deformation of reconstructed im-
ages. The numbers 1,2,3 and 4,5,6 indicate a relationship with the calibration point
sources in Figure 5.3. The additional point source 4,5 is only used in experiment
5.3.3 for the optimal calibration setup ’opt2’.

is directly applied to each of the 250 noise realizations of Uy. For the phantom
errors case, the noise realizations of X are used to calculate incorrect phantom
models s}, 8}3, Sh3, which are then used in calibration calculations with the noiseless
calibration data Uy. In the combined case, 250 different noise realizations of both Uy
and X are finally generated to simulate 250 calibrations with noise on the data and
phantom model errors. In each of the cases, mean values, variances and covariances
of the parameter estimates are calculated and compared with the corresponding
results of the linear system approaches.

The experiment is conducted for the same pinhole and acquisition characteristics
as in the first experiment.

5.3.3 Image Deformation

In the previous experiment, random modifications AX of the optimal calibration
setups were generated by modifying the Cartesian coordinates X of the calibra-
tion point sources ¢ = 1,2,3. For each calibration point source i individually, this
modification causes a displacement of the point source, represented by the vector
AX;. In the evaluation of the reconstruction accuracy, the displacements Lj of
the point sources k of the point source grid of figure 5.2 are studied. Keeping in
mind the circular symmetry of the reconstruction properties, each of the calibration
point sources i can be thought to be located at a specific location in the grid of
point sources k, as indicated in the figures 5.2 and 5.3 (see further) by the corre-
sponding numbers. With the displacements AX; already calculated in the previous
experiment, this additional experiment studies their relation with the resulting dis-
placements Li—; of the corresponding point sources after reconstruction. It does so
for both optimal calibration setups and is performed for the situation in which only
phantom model errors are present. The results AP of each of the 250 calibrations
of the previous experiment are used to evaluate the reconstruction accuracy as de-
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scribed in section 5.2.3 and the resulting displacements || Ly—;|| are compared with
the original displacements ||AX;|| of the corresponding point sources. Note that,
for calibration setup ‘opt2’, an additional point source 4,5’ was added to the grid
of figure 5.2 to enable this experiment.

The experiment is again conducted for the same pinhole and acquisition char-
acteristics as in the first experiment.

5.4 Results

5.4.1 Optimal Calibration Setup

With the standard deviations of the 7 acquisition parameters f,d*,m,e,,¢e,, ®, ¥
expressing the estimation accuracy, and with the resolution loss (5.12) and image
deformation (5.13) expressing the reconstruction accuracy, a total of 9 parameters
pi © = 1,9 express the accuracy of the entire calibration-reconstruction process.
For the same calibration setup, the accuracies p; generally differ in the different
situations of noisy data, phantom model errors and the combination of both. In
each situation, different calibration setups further minimize different parameters p;,
yielding pI™". No solution was found minimizing all 9 parameters p; simultaneously
in either a single or all 3 cases.

For the case of noisy calibration data, a large number of setups can be found,
yielding maximum image deformation and maximum loss of spatial resolution of
less than 0.05 mm, while the attainable image resolution is expected to be 0.5 mm
or worse. As these errors are much smaller than the attainable resolution, each of
these setups can be considered to be equally favorable. In the phantom model errors
case, also a large number of setups can be found yielding losses in spatial resolution
of less than 0.05 mm, but image deformation is 0.20 mm or higher for all possible
calibration setups. Nevertheless, a relatively large number of setups can be found
with image deformations of less than 0.25 mm. Finally, roughly the same amount
of setups satisfy these criteria in both cases

res. loss < 0.05 mm ) (5.16)
img. deform. < 0.05 mm for noisy data (5.17)
res. loss < 0.05 mm (5.18)
img. deform, < 0.25 mm OF model errors. (5.19)

This indicates that the optimality of the calibration setups in terms of the recon-
struction accuracy is not very clearly defined and many calibration setups can in
this respect be found to be optimal. This relative abundance of calibration setups
with excellent reconstruction accuracy in any situation, is exploited to find solu-
tions which also yield good estimation accuracy. The calibration setups ’optl’ and
‘opt2’ nearly minimize all 9 parameters p; simultaneously in the noisy data and the
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Figure 5.3: Optimal Calibration Setups: (a) 'optl’ and (b) ’opt2’. The numbers
1,2,3 and 4,5,6 indicate a relationship of the calibration point sources with specific
point sources of the point source grid of figure 5.2.

phantom model errors case respectively. More precisely, they minimize the objective

9

> (pi — pm)? (5.20)

i=1

in those respective cases (with the parameters p; expressed in millimeters or de-
grees), while also satisfying the reconstruction accuracy conditions (5.16) to (5.19).
The setups are shown in figure 5.3 and table 5.2 lists the parameters p; together
with the minimum values p*" for each case. Note that the minimum values p*‘"
are generally obtained with different calibration setups. Both optimal setups consist
of a triangular phantom configuration with the axis of rotation in the plane of the
triangle and all 3 point sources on the edge of the (spherical) field of view. In 'optl’
the triangle is isosceles, with the third side parallel to the axis of rotation. In ’opt2’
the triangle is equilateral and one point source is located on the axis of rotation.

Figure 5.4 and 5.5 illustrate the 6 calibration setups with the best performance
in terms of the objective (5.20) for the noisy data and phantom model errors case
respectively and satisfying the restrictions (5.16) to (5.19) (in both cases). In com-
parison with the calibration setups (a), the setups (b) to (f) yield only a marginal
increase in the value of the objective (5.20), indicating that this cost is relatively
flat and that multiple effective optima are actually available.

Regardless of the situation in which they were tested, the optimal calibration
setups ’'optl’ and ’opt2’ only show small deviations from the optimal accuracy. In
terms of reconstruction accuracy, the differences are so small that they will not
be noticeable in practice. In the phantom model errors and combined cases, the
calibration setup ’optl’ shows a marked increase in the standard deviation of the
focal length f and small increases in the standard deviations of e, and ®. The
calibration setup ’opt2’ on the other hand, shows small increases in the standard
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Figure 5.4: The 6 calibration setups with the best performance in terms of the
objective (5.20) for noisy calibration data. The value of objective (5.20) is indicated
in the figure. The circle represents the intersection of the horizontal plane containing
the axis of rotation (the dash-dotted line) with the pinhole field of view. Asterisks
indicate the position of the point sources of 'optl’. The solid triangles show the
calibration setups in 3D, while the dotted triangles are the orthogonal projections
of these calibration setups on the horizontal plane.

deviations of f,d*, e, and ® in the case of noisy calibration data and in the combined
case.

The image deformations (0.215 mm and 0.202 mm) of the optimal setups in the
phantom error case are clearly smaller than the 0.346 mm root mean square value
of the displacements 2||AX;|| causing them. (Twice the value of ||AX;|| is selected,
since the errors AP were calculated from two standard deviations of the geometric
parameter estimates.) The image deformation due to an incorrect phantom model
will thereby generally be of the same magnitude or less than the deformation of the
phantom model itself.

5.4.2 Linear System Verification

The results of the calibration simulations are indicated by ’sim1’ and ’sim2’ for the
calibration setups ’optl’ and ’opt2’ respectively. The standard deviations of the
parameter estimates, presented in table 5.2, show excellent agreement between the
linear system and simulation approaches. The correlations between the estimates of
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Table 5.2: Reconstruction & Estimation Accuracy.

Reconstruction Accuracy Estimation Accuracy (Standard deviation)

img. deform. res. loss f d* m ey €y ) v

[mm] [mm] [mm] [mm] [mm] [mm] [mm] [deg] [deg]

Data Noise min 0.013 0.024 0.20 0.03 003 022 019 0.04 0.01
optl 0.014 0.025 021 0.03 0.03 023 019 004 0.01

sim1 0.22 0.03 0.03 023 020 0.04 0.01

opt2 0.018 0.034 035 0.05 0.03 023 029 005 0.01

sim2 035 0.05 0.03 023 031 005 0.01

Model Errors min 0.201 0.002 0.00 0.12 0.00 0.00 277 0.66 0.00
optl 0.215 0.027 054 0.13 0.00 0.00 295 0.71 0.00

sim1 0.53 0.13 0.00 0.02 293 0.70 0.00

opt2 0.202 0.002 0.00 0.12 0.00 0.00 277 0.66 0.00

sim2 0.05 011 0.00 0.01 263 0.63 0.00

Combi min 0.202 0.025 020 0.12 0.03 022 278 066 0.01
optl 0.215 0.037 058 013 0.03 023 295 071 0.01

siml 058 013 0.03 023 295 071 0.01

opt2 0.203 0.034 035 0.13 0.03 023 279 066 0.01

sim2 0.33 0.13 0.03 024 27 066 0.01




5.4 Results

97

Table 5.3: Parameter Estimate Cross Correlations

Data f d* m €y €y P v
Noise f 1.00 0.97 0.00 0.00 0.00 0.00 0.00
d* 1.00 0.00 0.00 0.00 0.00 0.00
m 1.00 -1.00 0.00 0.00 0.00
ey 1.00 0.00 0.00 0.00
€y optl 1.00 0.92 0.00
o 1.00 0.00
o 1.00
Fi d* m €u €y D v
f 1.00 0.97 -0.06 0.06 -0.08 -0.12 -0.06
d* 1.00 -0.04 0.05 -0.08 -0.13 -0.07
m 1.00 -1.00 0.02 -0.01 -0.09
ey 1.00 -0.03 0.00 -0.09
€y siml 1.00 0.91 0.00
o 1.00 0.06
\g 1.00
Model f d* m €y €y P N
Errors f 1.00 0.43 0.00 0.00
d* 1.00 0.00 0.00
m 1.00
eu 1.00
ey optl 1.00 1.00
) 1.00
o 1.00
Fi d* m ey €y (i) g
f  1.00 0.43 -0.08 -0.08
d* 1.00 -0.09 -0.09
m 1.00
€y 1.00
€y sim1 1.00 1.00
d 1.00
v 1.00
Combi f d* m €y €y P N
f 1.00 0.47 0.00 0.00 0.00 0.00 0.00
d* 1.00 0.00 0.00 0.00 0.00 0.00
m 1.00 -1.00 0.00 0.00 0.00
eu 1.00 0.00 0.00 0.00
€y optl 1.00 1.00 0.00
d 1.00 0.00
o 1.00
Fi d* m ey €y (i) 7
f 1.00 0.49 -0.06 0.05 0.00 0.00 0.05
d* 1.00 -0.08 0.09 0.03 0.03 0.03
m 1.00 -1.00 0.05 0.05 0.00
ey 1.00 -0.05 -0.06 0.01
€y sim1 1.00 1.00 -0.12
o 1.00 -0.13
v 1.00

Cross correlations for parameters with zero standard deviation are

omitted.
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Table 5.4: Parameter Estimate Cross Correlations

Data f d* m €u €y P v
Noise f 1.00 0.99 0.00 0.00 0.70 0.52 0.00
d* 1.00 0.00 0.00 0.71 0.51 0.00
m 1.00 -1.00 0.00 0.00 0.03
eu 1.00 0.00 0.00 0.03
€ opt2 1.00 0.92 0.00
d 1.00 0.00
g 1.00
f d* m eu €y i) g
f 1.00 0.99 -0.07 0.0 0.6 0.52 -0.18
d* 1.00 -0.07 0.07r 0.70 0.51 -0.17
m 1.00 -1.00 -0.03 -0.05 -0.07
eu 1.00 0.03 0.05 0.08
€y sim2 1.00 0.93 -0.02
o 1.00 0.00
v 1.00
Model f d* m €y €y P v
Errors f 1.00
d* 1.00 0.00 0.00
m 1.00
euw 1.00
ey opt2 1.00 1.00
d 1.00
v 1.00
f d* m eu €y i) g
f 1.00
d* 1.00 0.14 0.14
m 1.00
€y 1.00
€y sim2 1.00 1.00
o 1.00
v 1.00
Combi f d* m €y €y P v
f 1.00 0.41 0.00 0.00 0.07 0.04 0.00
d* 1.00 0.00 0.00 0.03 0.02 0.00
m 1.00 -1.00 0.00 0.00 0.03
€u 1.00 0.00 0.00 -0.03
€y opt2 1.00 1.00 0.00
d 1.00 0.00
g 1.00
f d* m eu €y i) g
f 1.00 0.42 0.05 -0.05 0.07 0.04 0.09
d* 1.00 0.06 -0.06 0.07 0.06 -0.01
m 1.00 -1.00 -0.01 -0.01 -0.04
ey 1.00 0.02 0.02 0.04
ey sim2 1.00 1.00 -0.01
o 1.00 -0.01
v 1.00

Cross correlations for parameters with zero standard deviation are

omitted.
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Figure 5.5: The 6 calibration setups with the best performance in terms of the
objective (5.20) for phantom model errors. The value of objective (5.20) is indicated
in the figure. The circle represents the intersection of the horizontal plane containing
the axis of rotation (the dash-dotted line) with the pinhole field of view. Asterisks
indicate the position of the point sources of 'opt2’. The solid triangles show the
calibration setups in 3D, while the dotted triangles are the orthogonal projections
of these calibration setups on the horizontal plane.

the different parameters, shown in table 5.3 and 5.4, further show good agreement
as well between the different approaches. (Note that the cross correlations for
parameters with zero variance are omitted in table 5.3 and 5.4). Finally, the linear
system approaches assume zero bias on the parameter estimate results. Table 5.5
lists the mean values of the different parameter estimates. Considering the standard
deviations for these parameter estimates, the mean values are always very close to
the correct values, confirming the validity of the zero bias implicit assumption of
the linear systems.

5.4.3 Image Deformation

In figure 5.6, the displacements || L;|| of the reconstructed point sources 1,2,3 and
4,5,6 of figure 5.2 are plotted against the initial displacements AX; of the corre-
sponding point sources of the calibration setups ’opt1’ and ’opt2’ respectively. The
reconstruction image deformations ||L;|| are generally smaller than the modelling
errors ||AX;|| for both calibration setups and for each of its point sources. The
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Table 5.5: Parameter Estimate Mean Value

Estimation Accuracy (Mean value)

f d m €u €y ) U
[mm]  [mm] [mm] [mm] [mm] [deg] [deg]
Exact opt 240.00 40.00 0.00 0.00 0.00 0.00  0.00

Data Noise siml 239.99 40.00 0.00 0.01 0.00 0.00 0.00
sim2 240.01 40.00 0.00 0.03 0.03 0.01 0.00
Model Errors siml 239.96 40.01 0.00 0.00 -0.13 -0.03 0.00
sim2 240.01 40.01 0.00 0.00 0.32 0.07 0.00
Combination siml 239.96 40.00 0.00 -0.02 0.32 0.08 0.00
sim2 240.03 40.01 0.00 -0.01 0.14 0.03 0.00
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Figure 5.6: Displacements || L;|| of the reconstructed point sources versus the dis-
placements ||AX;]|| of the calibration model with respect to the phantom configura-
tion. (a) results for 'opt1” and (b) results for ’opt2’.

sum of the displacements ||L;|| of the point source reconstructions 1,2,3 or 4,5,6
is further always less than the sum of the corresponding modelling errors ||AX]|.
These data again support the earlier observation that the reconstruction image de-
formation due to an incorrect phantom model is of the same magnitude or less than
the deformation of the phantom model itself.

5.5 Discussion

The method we developed to determine the acquisition geometry of a pinhole camera
[29], is based on the assumption that the calibration phantom is the representation of
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an image, which can be thought of as an infinite collection of point sources. Stated in
this way, the best calibration phantom, is the one best representing the entire image.
From this point of view, the best way to improve the phantom probably consists
in adding additional point sources to it. It also suggests that the point sources
should be distributed to cover the entire field of view, although not necessarily
in a uniform way. Our results indicate that the theoretically minimal number of
point sources [29], placed at well chosen locations in the field of view, is already
sufficient for practical purposes. The above concept also explains how the use of an
incorrect phantom model, results in an equivalent deformation of the reconstructed
image. The calibration minimizes the inconsistency between the fixed, but incorrect
phantom model and the measured projections by modifying the projector. During
reconstruction, the same projector is then used to generate an image, which is
consistent with its projections.

The optimal calibration setups seem to agree with earlier findings of Wang et
al. [34] and Noo et al. [31] about optimal setups for their calibration methods. Wang
et al. [34] used a single calibration point source and reported that the estimation
accuracy improved with larger distances between the point source and the axis of
rotation. On the other hand, Noo et al. [31] used two point sources and reported
that these point sources should be placed well apart from each other and from the
focal plane, with the focal plane being the plane in which the focal point is rotating
during image acquisition. In both optimal calibration setups, the point sources are
all located on the edge of the field of view, yielding the best compromise in distance
to the axis of rotation and distance to the focal plane for a spherical field of view.
In calibration setup ’optl’, point source 2 is located exactly in the focal plane, but
at the largest possible distance from the rotation axis. The point sources 1 and 3
on the other hand, are located at a considerable distance from the focal plane, but
without sacrificing too much of their distance to the rotation axis. In the calibration
setup ’opt2’, point source 6 is placed as far as possible from the focal plane and
therefore on the axis of rotation. Point sources 4 and 5 are placed at a considerable
distance from the axis of rotation, but now closer to the focal plane. Some types
of calibration setups are also specifically prohibited by theory [29]. The 3 point
sources each must have a different position, they may not all 3 have the same z
coordinate and at least one point source must be located off the axis of rotation. As
expected, the optimal calibration setups are clearly different from these forbidden
setups.

In practice, noise on the calibration data and errors on the phantom model
will always be present in calibration experiments. In theory, the optimal setup for
each particular calibration may depend on the relative magnitude of the noise and
the model errors. The calibration setups we propose, are however nearly optimal
for both noise and model errors, which suggests that their performance is rather
independent of this relative magnitude. Further, for the realistic noise level of the
experiments, the small phantom model errors (0.1 mm standard deviation) clearly
dominate the reconstruction accuracy. Note however, that for a fixed phantom
configuration, the phantom model (distances between the point sources) only needs
to be measured once. Consequently, this should be done with care to keep the
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errors below the maximum tolerable deformations of reconstructed images. The
inaccuracies due to noise, on the other hand, only have a very limited impact on
the reconstruction accuracy with the proposed calibration setups and further noise
reduction does not seem necessary.

Apart from being quite simple and ignoring the difference between millimeters
and degrees, one can argue that the objective (5.20) used to find the optimal cali-
bration setups ’optl’ and 'opt2’ is rather arbitrary. The main conclusion of section
5.4.1 is however that the geometrically attractive setups ’optl’ and ’opt2’ yield
nearly the best possible accuracies of all parameters p;, especially with respect to
the reconstruction accuracy, and they do so in all situations studied. Although the
objective (5.20) may be simple, it will penalize calibration setups with a markedly
different behavior. Further, other setups closely resembling ’opt1l’ and ’opt2’ yield
very similar accuracies in terms of the above objective (see figure 5.4 and 5.5),
suggesting that the overall accuracy related to the proposed setups is stable as well.

The approach of the first experiment to start with a linear system to calculate
the calibration covariance matrix cov(P) and then decompose it into a set of in-
dependent errors AP, ..., AP; to evaluate the reconstruction accuracy, may seem
cumbersome. Two possible solutions have been considered. A first solution might
be to perform a series of calibration simulations with noisy data sets (AU) to cal-
culate the estimation accuracy. The result AP of each simulation individually can
then be used to evaluate the reconstruction accuracy for that particular noise real-
ization AU, while the calibration covariance matrix cov(P) can still be calculated
from a sufficiently large number of simulations, like in the second and third exper-
iment. Unfortunately, this procedure has to be repeated for each calibration setup
and is far too slow for such purposes. A second possibility is the use of some linear
system to evaluate the reconstruction accuracy directly from the covariance matrix
cov(P), avoiding its decomposition. However, the reconstruction accuracy must be
evaluated for both image deformation and spatial resolution. Further, a global ro-
tation and translation of the reconstructed image should not be considered as image
deformations. No linear system has been found that satisfies these requirements.

5.6 Conclusion

In this chapter, we have developed an efficient method to estimate the effect of
noise and phantom model errors on the accuracy of pinhole SPECT calibration
and the subsequent effect on the accuracy of image reconstruction. The method
allowed us to optimize the calibration method of chapter 4 for optimal calibration
and reconstruction accuracy. Two specific configurations of three point sources
with a specific position and orientation in the field of view have been proposed as
optimal pinhole SPECT calibration setups in practice. The setups yield optimal
reconstruction accuracy, while the accuracy of the estimated pinhole acquisition
geometry is nearly optimal as well. With the proposed calibration setups, errors in
the phantom model will cause image deformations of the same magnitude or less.



Chapter 6

Preliminary Comparison of
Single and Multipinhole
SPECT Imaging

6.1 Introduction

Recently, multipinhole SPECT imaging has been proposed as an alternative to single
pinhole SPECT for emission tomography imaging of small laboratory animals [2—4]
and has been applied successfully for this purpose. Because of the additional pin-
hole apertures available for imaging, multipinhole SPECT imaging has the poten-
tial for providing a better sensitivity for the activity distribution under study. The
additional pinhole apertures may also yield a better sampling of this activity distri-
bution, thereby getting closer to satisfying the data sufficiency conditions [5-7] for
pinhole imaging with a circular orbit of the detector. However, multipinhole imag-
ing most often also leads to overlapping projections and the effect of such overlap
on data sufficiency and on the accuracy of subsequent image reconstruction remains
yet to be understood more thoroughly. To avoid overlap, multipinhole collimation
can be applied with pinhole apertures with sufficiently small acceptance angles and
at a sufficiently large distance from the activity distribution under study. However
this has a negative effect on the overall sensitivity and the sampling of the activity
distribution will also become more sparse, because of the converging-diverging beam
geometry of pinhole SPECT imaging. In conclusion, multipinhole SPECT imaging
shows potential for improved emission tomography of small laboratory animals over
single pinhole SPECT, but the exact conditions under which this becomes reality
remain yet to be determined.

This chapter conducts a comparative simulation study of the reconstruction
problem in pinhole and multipinhole SPECT imaging. The multipinhole situation
studied is the situation already explained in section 3.4.3. It is a 7 pinhole config-
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uration with all pinholes focusing on the same spherical field of view, aiming for
optimal sensitivity with minimal overlap of the pinhole projections. The situation
is compared with a single pinhole situation with a much larger acceptance angle
pinhole aperture at the minimum distance from the spherical field of view to avoid
truncation. In this way, the single pinhole situation has optimal sensitivity for
the activity in the field of view, but a significantly different way of sampling it in
comparison with the multipinhole situation. We thereby mainly study the effects
of differences in sampling, while keeping the corresponding sensitivities at realistic
levels.

The idea of this chapter is to study how well each voxel of the above spherical
field of view can be reconstructed in practice. From a data sufficiency point of
view, most of these voxels can not be reconstructed exactly, but these sufficiency
conditions do not reveal how bad’ the reconstruction of those voxels will be. We
therefore revert to the ideas of Fessler et al. [41,42] and Qi et al. [43,44] to study
the characteristics of local impulse responses after convergence of a maximum-a-
posteriori (or MAP) reconstruction with the quadratic prior. These local impulse
responses allow us to evaluate the quality of reconstruction in each voxel of the
reconstructed image. We select the contrast recovery coefficient from the work of
Qi et al. [43,44] as a measure of the quality of reconstruction, but we back it up
with some additional measures, since we will show that the contrast recovery is not
always a reliable measure.

6.2 Theory

6.2.1 MAP Reconstruction

In section 3.2.1 it was shown how the application of Bayes’ rule to the problem of
reconstructing an image A from emission tomography data ) with Poisson noise
leads to the log-likelihood L(Q|A)

L(Q|A) = qu In( ZC” Zc” (6.1)

Optimization of this likelihood with respect to the reconstruction image A even-
tually yielded the MLEM algorithm (3.16) for image reconstruction in emission
tomography. This algorithm was obtained by the assumption that each reconstruc-
tion image A is equally likely, such that p(A) was constant. In maximum-a-posteriori
or MAP reconstruction, some expectation p(A) about the reconstruction image A is
available prior to reconstruction and this expectation is taken into account during
image reconstruction. This can be done by incorporating a mathematical expression
of p(A) in the derivation of the reconstruction algorithm, or equivalently by adding
a penalty term U(A) to the above log-likelihood L(Q|A), yielding the posterior
likelihood G(A|Q),

G(A|Q) = Zqzancw ZCUA — BU(A) (6.2)



6.2 Theory 105

which penalizes solutions A not satisfying the expectation p(A). The expectation
p(A) and the penalty term U(A) in the above posterior likelihood are related by

In (p(A)) = =BU(A) (6.3)

The parameter [ controls the relative importance of the penalty term U(A) with
respect to the original log-likelihood. The choice of

L 2
UN) =3 wjki()\] 2U2>\k) (6.4)
ik

yields the posterior likelihood G(A|Q) for image reconstruction with the quadratic
prior. This quadratic prior favors smoothness in the reconstructed image A by
penalizing differences in neighboring voxels in a quadratic way. The parameter
o allows you to tune the severity of the prior (although o equals 1 throughout
this chapter). The weights wj; define the space invariant neighborhood of each
voxel with wjr = wy; and wj, = wj_i. The addition of the quadratic prior has
a regularizing effect on image reconstruction: its smoothing effect is small for a
strong likelihood L(g;|A) (i.e. when good quality information for the reconstruction
is available), but large for a weak likelihood L(g;|A).

6.2.2 Linearized Local Impulse Response

In this section we explicitly assume that the activity distribution A = {\; : j =
1,...,J} and its projection Q = {g; : i =1, ..., I} are expressed as column matrices,
while C' = {¢;;} is the system matrix for projection. The reconstruction A from the
projection data @ of an unknown activity distribution A, with Q(A) = C A, by the
above MAP algorithm can be considered as an optimization problem in which the
estimator A is implicitly defined as

A= argg\rjlzgé G(AQ). (6.5)

Because this estimator A is non-linear in the data @, space-variant and object-
dependent, it can not be studied using the regular impulse response theory for
linear, space-invariant systems. However, Fessler [41] has proposed a generalization
of the impulse response for emission tomography, called the linearized local impulse
response [;

LY = 2-A@Q(A)) (6.6)

J
This linearized local impulse response measures the change in the mean recon-
structed image due to a perturbation in one of the voxels of the activity distribution
A. The impulse response is local, since it depends on the particular voxel being con-
sidered (voxel j) and also because it depends on the particular point A in the space
of all possible realizations A = {A; > 0}. It is further linear because it is based

on the assumption that the estimator A is locally linear about the expansion point
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Q(A) (i.e. the ensemble mean of reconstructions from noisy data @ is approximately
equal to the reconstruction from noiseless data [41]).

Now consider the perturbation of the unknown activity distribution A with a
very small fraction ¢ of an impulse e;, which is 1 in voxel j and 0 in each voxel
k # j, yielding the new activity distribution A,

A = A+ de;. (6.7)

Because of the linearity of the projection operation C, the projection of this modified
activity distribution A further yields the projection data (). instead of @), with

Qe(Ae) = Q(A) + Céej' (68)

Reconstruction from the projection data Q. will eventually yield the reconstruction
Ae
Ao = A +615(A) (6.9)

in which [;(A) (or I for convenience) represents the local impulse response of the
reconstruction algorithm for the perturbation de; of the original activity distribution

A.

Applying the chain rule of differentiation to the linearized local impulse response
(6.6) yields

L(A) = S5 . (6.10)

From (6.8) it is now clear that the second differentiation in (6.10) actually repre-

sents the projection of a perturbation e; of the original activity distribution A [41],

yielding

aA(_Q)
9Q

To evaluate the derivative of the reconstruction A in the above expression (6.11),

note that reconstruction A(Q) from projection () maximizes the posterior likelihood
G(A|Q) and thus it thereby satisfies

OL(QIA)

o,

B ﬂaU(A)
A=A@Q) 0Aj

=0 Vj. (6.12)
A=A(Q)

Performing a differentiation of (6.12) with respect to @ using the chain rule yields

(- -

9’L(QIA)

8>\j8qi

0°L(QIA)

X, 0N

92U (A)
ONjON,

-8 (6.13)

0Q
in which the square brackets explicitly indicate that the derivatives of the likelihood
L and the prior penalty U are the elements of a matrix. With the assumption
that Q(A) = Q(A) (i.e. the projections of the reconstructed and original activity
distribution are equal) the evaluation of (6.13) for Q = Q yields [41]

(CTD (1) C + 53) ag(g) =C'D (;) (6.14)

4qi
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in which D(1/q;) represents a diagonal matrix with diagonal elements (1/g;). The
matrix R is further the matrix of the second derivatives of the prior energy function
U with elements R;

Ry = Y wy k=j (6.15)
1#]
= —wj k#J (6.16)

By assuming that (C" D(1/¢;)C + BR) is invertible, the substitution of (6.14) into
(6.11) with @ = Q eventually yields

1;(A) = (C’TD <1> C+ ﬁR) - c'p <1> Ce; (6.17)

qi qi

or

Ij(A) = [F + BR]"'Fe; (6.18)

in which F = CTD(1/g;)C represents the Fisher information matrix. The matrix
inversion in (6.17) and (6.18) illustrates the importance of the quadratic prior for
regularization in this application. Without the complicating scaling by the variance
D(1/g;), the Fisher information matrix F would yield F = CTC, in which C is
the system matrix of the pinhole or multipinhole projection. Both for pinhole and
multipinhole imaging, with a circular detector orbit, this matrix is not of full rank
(cfr. section 3.2.1) and as a result, F' is not invertible. The smoothing prior R helps
to regularize the inversion, although it excludes at the same time the ideal system
response [; = e;.

6.2.3 Efficient Calculation of the Linearized Local Impulse
Response

The calculation of the linearized local impulse response I; from (6.18) requires the
inversion of the JxJ matrix F'+ 3R, in which J represents the total number of image
voxels. Given the relatively high number of image voxels in emission tomography,
this solution is not feasible in practice. Note however that R is a circulant matrix
and so a multiplication with R is a space-invariant operation. If F' were to be
space-invariant as well, then (6.18) would reduce to the subsequent convolution
of the perturbation e; with the convolution masks defined by F and [F + SR]™*
respectively. Generally, the pinhole and multipinhole SPECT projections are not
space invariant and as a result F' will not be space invariant either. However,
for two neighboring voxels j and k, the projections Ce; and Cej are expected
to be very similar. Since the difference in count rates ¢; in neighboring detector
bins ¢ (voxels j and k will project to neighboring detector bins) can generally be
expected to be quite similar as well, the results of Fe; and Fe; are also expected
to be very similar, except for the small shift of the result from voxel j to voxel k.
Furthermore, the local impulse response [; is typically concentrated around voxel
j. These observations motivate the assumption of a locally space-invariant Fisher
information matrix [41-44].
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To calculate the linear local impulse response ; for voxel j we exploit this local
space-invariance by replacing the rows (or columns) of the Fisher information matrix
by shifted versions of the row (or column) of voxel j. This results in a modified
Fisher information matrix that is space-invariant, but well adapted to calculate the
linearized local impulse response for voxel j. The resulting convolutions can now be
performed in Fourier space, yielding an approximate, but efficient way of calculating
linearized local impulse responses.

6.2.4 Linearized Local Impulse Response Analysis

Qi et al. [43,44] proposed the contrast recovery as a measure of the accuracy with
which a voxel can be reconstructed. This contrast recovery is the change of voxel j,
termed l;, for a perturbation e; in that voxel j. The idea is that the more informa-
tion there is available for the reconstruction of voxel j, the better the linearized local
impulse response [; will resemble the original perturbation e;, since the quadratic
prior will only cause very moderate smoothing of the response in such situations.
With less information for reconstruction available, the prior will gain in relative
strength and cause more smoothing of the response. As a result, a higher contrast
recovery l; reflects a better reconstruction for the voxel considered.

Although Qi et al. obtained very good results for regular PET imaging [43,44],
we believe that the contrast recovery by itself is not always an ideal measure of how
well a voxel can be reconstructed from projections. The problem is that it does
not take the shape of the linearized local impulse response into account, only the
value of its central pixel. In our opinion, impulse responses which are symmetrical
and closely centered about their origin are preferable over responses with activity
radiating out in various directions. To evaluate such behavior, we introduce some
additional measures. First the linearized local impulse response is thresholded to
a fraction of its contrast recovery and only the central part of the response is
selected by region growing. Then 4 additional measures of how well a voxel can
be reconstructed are derived:

1. The minimum distance d,,;, from voxel j to the edge of the thresholded
impulse response [;.

2. The maximum distance d;,q, from voxel j to the edge of the thresholded
impulse response /;.

3. The second order moment of the intensities of the thresholded impulse /; with
respect to voxel j (dint)-

4. The total number of voxels fv in the thresholded impulse response ;.

For a symmetrical and well centered local impulse response, all 4 measures should
be as low as possible, and the ratio of din/dmaz should be as high as possible.
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Figure 6.1: Contrast Recovery Experiment: (a) regular circular parallel hole acqui-
sition of a uniform elliptical activity distribution with 160 equidistant projections
over 3607, (b) similar acquisition of equal length, but skipping the 30% most hori-
zontal projection angles.

6.3 Experiments

6.3.1 Contrast Recovery

To illustrate that the contrast recovery is not always an appropriate measure of how
well an image can be reconstructed, we simulate 2 different parallel hole SPECT
acquisitions (2D) of a uniformly attenuating ellipse of uniform activity, as illustrated
in figure 6.1 (a) and (b). The ellipse has a long axis length of 54 cm, a short
axis length of 27 cm and a linear attenuation coefficient of 0.15 cm~!. The first
acquisition (figure 6.1 (a)) is a regular circular acquisition over 360° consisting of
160 equidistant projections. The second acquisition skips the 30% most horizontal
projections as indicated in figure 6.1 (b), but the remaining projections are acquired
over a longer time interval to keep the total acquisition time identical. For this
second acquisition, the Orlov data sufficiency criterium [12] is not satisfied, and as
a result the contrast recovery coefficients in the second scenario should be lower than
in the first scenario, if the contrast recovery coefficient is to be a reliable predictor
of how well the pixels of an image can be reconstructed. The contrast recoveries
are calculated for a prior strength 8 of 0.1 and the neighborweights wj;, are 1/6
for horizontally and vertically neighboring pixels, 1/12 for diagonally neighboring
pixels and 0.0 otherwise.
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6.3.2 Single versus Multipinhole SPECT

To evaluate the difference between single and multipinhole SPECT imaging, the
concept of the linearized local impulse response is applied to the reconstruction of a
non-attenuating sphere of uniform activity (activity of 1 in each voxel) in the center
of the field of view of a single and a multipinhole system. The sphere has a radius of
50 mm and is simulated in a 60x60x60 image matrix of 1.2 mm cubic voxels. Both
the single and multipinhole systems perform a circular acquisition over 360° with
64 equidistant projections. For both systems, the detector has 256x196 detector
pixels of 1.95 mm, yielding the dimensions of the scintillation crystal of a Siemens
ECAM system.

The multipinhole system is the system already discussed in section 3.4.3. It con-
sists of 1 central and 6 non-central knife-edge pinhole apertures of 1.5 mm diameter
D and 60° acceptance angle «, which all focus on the same field of view. The focal
length f equals 170 mm and the detector distance d equals 220 mm, such that the
central pinhole aperture rotates on a distance d* of 50 mm around the axis of rota-
tion. Figure 6.2 shows a projection image of the above uniform sphere to illustrate
the limited amount of overlap in these projections. The single pinhole system also
has a knife-edge aperture of 1.5 mm diameter D and a focal length f of 170 mm,
but it has an acceptance angle of 120° which allows to reduce the distance d* to 35
mm for better sensitivity without truncation of the spherical activity distribution.
Like the multipinhole collimator, this collimator is available for future experimental
evaluation. For both systems, the parameters mq,, m1,, €y, €y, ® and ¥ are equal
to zero, simulating the ideal single and multipinhole systems. The sensitivity of
both the single and multipinhole systems is modelled with (2.40). This sensitivity
model was assumed sufficiently accurate for this purpose.

Linearized local impulse responses are generated for a quarter plane, as illus-
trated in figure 6.3. Because of the circular symmetry of the reconstruction prop-
erties and the symmetry with respect to the central transaxial plane, this quarter
plane provides all information about the reconstruction of the entire sphere. Besides
the contrast recovery coefficient (for a perturbation e; of 1), the additional measures
dmin, Amaz, dint and v are calculated after thresholding the impulse responses to
1/15 of their contrast recovery. The quadratic prior has a strength § of 250 and
the neighborweights w;j, are 1/12 for voxels with a touching plane, 1/24 for voxels
with a common rib and 0.0 otherwise. For the six voxels indicated in figure 6.3
the results of the above calculations were also verified by MAP reconstruction of
the above spherical activity distribution with and without a perturbation e;. The
reconstructions were performed with an iteration scheme with a decreasing number
of subsets: 10x16, 10x12, 10x8, 10x4, 10x2, 10x1 in which the first figure denotes
the number of iterations and the second figure the number of subsets.
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Figure 6.2: Projection of the sphere with uniform activity by the multipinhole
system.

Axis of rototation

Figure 6.3: Comparison of single and multipinhole imaging: axial plane through the
uniform activity distribution. The quarter plane studied, as well as the six control
voxels are indicated.
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(a) (b) ()

Figure 6.4: Contrast Recovery Experiment: the contrast recovery of the acquisitions
(a) and (b) of figure 6.1, (c) indicates where the contrast recovery of acquisition (b)
is better (white), equal (light gray) or inferior (dark gray) with respect to acquisition

(a).

6.4 Results

6.4.1 Contrast Recovery

Figure 6.4 (a) and (b) show the contrast recovery results for the acquisitions illus-
trated in figure 6.1 (a) and (b) respectively. Figure 6.4 (c) further indicates where
the contrast recovery of acquisition (b) is better (white), equal (light gray) or infe-
rior (dark gray) with respect to acquisition (a). Despite the fact that acquisition (b)
does not satisfy the Orlov data sufficiency condition for parallel hole imaging [12],
yielding a very low quality image reconstruction as shown in figure 6.5 (b), the
contrast recovery in the central part of the ellipse is higher for acquisition (b) than
for acquisition (a).

The complete linearized local impulse responses for the central pixel of the el-
lipse are illustrated in figure 6.6 (a) and (b) respectively. Despite the higher contrast
recovery for acquisition (b), the complete local impulse response of acquisition (a)
is much more radially symmetric than the one of acquisition (b) and we therefore
prefer acquisition (a). The higher contrast recovery of acquisition (b) for the cen-
tral part of the ellipse is attributed to the fact that this acquisition always measures
this part of the image with the highest sensitivity (low attenuation) and with lower
interference of neighboring activity. This type of acquisition predominantly mea-
sures information however about the horizontal spread of the activity distribution,
while the vertical spread is largely ignored. This explains the asymmetry of the
local impulse response, with a large spread in the vertical direction and a relatively
narrow spread in the opposite direction. The local impulse response of acquisition
(a) is more symmetrical, since it measures the information about the spread of the
activity distribution more uniformly over all possible directions.
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(a) (b) ()

Figure 6.5: Contrast Recovery Experiment: MLEM reconstructions of the acqui-
sitions (a) and (b) of figure 6.1 in comparison with the actual uniform activity
distribution (c). The reconstructions are performed with an iteration scheme of
10x16, 10x12, 10x8, 10x4, 10x2, 10x1 in which the first figure indicates the number
of iterations and the second figure the number of subsets.

(a) (b)

Figure 6.6: Contrast Recovery Experiment: linearized local impulse responses for

the central pixel of the elliptical activity distribution for acquisition (a) and (b) of
figure 6.1.
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6.4.2 Single versus Multipinhole SPECT

The figures 6.7 to 6.11 show the results of the contrast recovery l;7 the minimum

distance d,;,, the maximum distance d,,q., the intensity weighted distance d;,;
and the total number of voxels v respectively for both the single (a) and multip-
inhole case (b) for the quarter plane of the spherical activity distribution shown in
figure 6.3. The images (c) further indicate for each parameter where in the image
multipinhole shows better (white), equal (light gray) or inferior (dark gray) results
with respect to single pinhole imaging. One pixel in the single pinhole simulation,
yielded very unrealistic results, except for the contrast recovery, and is omitted in
the above images. The cause for these errors is attributed to the convolution and in-
version calculations in the Fourier domain, but the exact cause remains unknown for
the moment. The results for the multipinhole situation are generally more uniform
than in the single pinhole case. Multipinhole generally outperforms single pinhole
imaging at larger distances from the central plane and also in the vicinity of the axis
of rotation. This can easily be explained by the fact the multipinhole sampling of
this region must be superior to the single pinhole sampling. Single pinhole imaging
outperforms multipinhole however close to the single pinhole aperture orbit. This
can be explained by the fact that here the sensitivity of the single pinhole aperture
is higher than the combined sensitivity of the multipinhole apertures. Further, the
sampling of the single pinhole in terms of data sufficiency is quite good as well for
this region.

The performance of single and multipinhole imaging at the very edge of the
spherical activity distribution is variable, but it is not considered here, since the
assumption of the local space-invariance of the Fisher information is not correct
at this edge. In the interior of the sphere, where this local invariance assumption
is not violated, the above results appear to be very accurate, as supported by the
results presented in figure 6.12. This figure compares the above results in the 6
voxels indicated in figure 6.3 with the results obtained from true MAP reconstruc-
tions of the sphere with and without the perturbations and for both the single and
multipinhole situation. The results are in excellent agreement.

6.5 Discussion

In the theory section 6.2, 4 additional measures besides the contrast recovery l?, were
introduced to evaluate the shape of the linearized local impulse responses of MAP
reconstructions. These measures are not claimed to be optimal, but the results of the
first experiment indicate that the contrast recovery coefficient by itself is not always
a reliable measure to study the reconstruction of emission tomography images. In
this respect, we have to mention that, besides the contrast recovery coefficient, Qi
et al. [43,44] also study the noise properties of the reconstruction, by analyzing
the variance of the reconstructed images. In this chapter we have not conducted
such variance analysis, since our primary interest is a better understanding of the
impact of the differences between single and multipinhole collimation on image
reconstruction. In this first attempt, we chose to do so in the absence of noise,
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(a) (b) ()

Figure 6.7: Contrast Recovery for single pinhole (a) and multipinhole (b) imaging
in identical gray scale. Image (c) illustrates where multipinhole imaging performs
better (white), equal (light gray) or inferior (dark gray) with respect to single
pinhole imaging.

(a) (b) (c)

Figure 6.8: The minimum distance d,;, for single pinhole (a) and multipinhole (b)
imaging in identical gray scale. Image (c) illustrates where multipinhole imaging
performs better (white), equal (light gray) or inferior (dark gray) with respect to
single pinhole imaging.

although it should be included in later stages of the investigation. However, the
above observation about the variance does not take away our concern that in terms
of resolution, the contrast recovery coefficient is not always a reliable measure for
reconstruction accuracy when sufficiently uniform resolution is desirable.

Multipinhole SPECT outperforms single pinhole SPECT in almost the entire
field of view. Only in the most remote parts of the field of view with respect to
the axis of rotation does single pinhole SPECT outperform multipinhole imaging.
Furthermore, multipinhole SPECT yields also more uniform results over the entire
sphere of interest in comparison with single pinhole imaging. We attribute this
uniformity to a more uniform sampling of the activity distribution by the multipin-
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(a) (b) ()

Figure 6.9: The maximum distance d,,,, for single pinhole (a) and multipinhole (b)
imaging in identical gray scale. Image (c) illustrates where multipinhole imaging
performs better (white), equal (light gray) or inferior (dark gray) with respect to
single pinhole imaging.

(a) (b) ()

Figure 6.10: The intensity weighted distance d;,; for single pinhole (a) and multip-
inhole (b) imaging in identical gray scale. Image (c) illustrates where multipinhole
imaging performs better (white), equal (light gray) or inferior (dark gray) with
respect to single pinhole imaging.

hole approach. This does not exclude however that for particular imaging purposes
single pinhole SPECT might be the method of choice. For both the single and
multipinhole case, it should also be noted that neither the collimator design or the
distances d* of the acquisition orbit were optimized for the given task, although we
believe that the choices made do not specifically yield disadvantages for either of
the imaging approaches. The spatial resolution of pinhole or multipinhole SPECT
imaging was not taken into account.

The uniform sphere used as a phantom in this study is a poor representation
of any real activity distribution that might be encountered in practice. It was
nevertheless chosen, since it allows for an easy interpretation of the results.
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(a) (b) ()

Figure 6.11: The number of voxels fv for single pinhole (a) and multipinhole (b)
imaging in identical gray scale. Image (c) illustrates where multipinhole imaging
performs better (white), equal (light gray) or inferior (dark gray) with respect to
single pinhole imaging.

Finally, the close agreement between the simulated results and those obtained
from MAP reconstructions with and without a perturbation show a remarkably
good agreement. We thereby believe that the analysis of the linearized local im-
pulse responses is a good approach for studying the differences between single and
multipinhole imaging. In this context it should also be mentioned that the above
results are expected to be equally valid for regular MLEM reconstruction, since the
primary task of the quadratic prior is only to stabilize the matrix inversion in (6.18).
The prior strength 8 of 250 required for sufficient regularization was surprisingly
large. We do not have an explanation for this high value at this moment, but the
actual validation MAP reconstructions used the same value and yielded excellent
agreement.

6.6 Conclusion

In this chapter, we have demonstrated that the contrast recovery coefficient is not
under all circumstances a reliable measure to study the quality of reconstruction
in emission tomography. With an extended set of quality measures, the difference
in reconstruction accuracy of single and multipinhole imaging was studied, reveal-
ing that multipinhole yields a generally better and more uniform image quality in
comparison with single pinhole imaging. The study was performed by analyzing
the linearized local impulse responses of MAP reconstructions and this technique
has proven to be an excellent predictor of the reconstruction accuracy in single and
multipinhole SPECT.
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Figure 6.12: Validation of the simulation results in figure 6.7 to 6.11 for the 6 voxels
indicated in figure 6.3. The numbering of the voxels is identical to 6.3.



Chapter 7

Extension: Pinhole SPECT
Calibration with Oscillating
Detector Tilt

7.1 Introduction

In chapter 4, a method was developed to determine the acquisition geometry of a
pinhole camera. To do so, a model of the pinhole camera acquisition geometry was
developed, yielding 7 parameters f, d, m, e,, e,, ® and ¥ in the single pinhole case.
The model assumed that all 7 parameters remain constant during image acquisi-
tion, yielding a rigid camera-collimator assembly that rotates on a circular orbit
around a fixed axis during data acquisition. As discussed in section 4.5, the above
assumption will often not be entirely accurate in practice. This chapter illustrates
how the calibration method of chapter 4 can be extended to more complex acquisi-
tion geometries in order to increase the calibration and subsequent reconstruction
accuracy in such situations. The chapter concentrates on a particular case, in which
the tilt angle ® oscillates slightly during image acquisition, but the idea of extension
is potentially applicable to other situations as well. This chapter is based on [45].

7.2 Materials & Methods

Figure 7.1 (a) shows the mass centers of the projections of three point sources mea-
sured on a single head DSX camera (SMV) and the estimated projection locations
which best fit these measurements under the assumption that the parameters f,
d, m, €y, €,, ® and ¥ remain constant during acquisition. A total of 4 of such
calibration measurements were performed on the DSX camera with a 1.5 mm (2
measurements with identical acquisition geometry) and a 3.0 mm (2 measurements
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Figure 7.1: Measured and estimated mass centers of the projections of the 3 cali-
bration point sources, (a) when neglecting the oscillating tilt angle and (b) when
incorporating the oscillating tilt angle.

with identical acquisition geometry) pinhole aperture. The measurements consisted
of 64 equidistant projection angles over 360° with a focal length f of approximately
200 mm, a detector distance d of approximately 240 mm and an approximately zero
tilt angle ®. The calibration setup was very similar to the optimal calibration setup
‘optl’ of chapter 5, with the distances between the point sources si2, s13 and sa3
equal to 25.89 mm, 19.00 mm and 26.43 mm respectively. The plane trough the
point sources was horizontal and at zero projection angle 6 the detector is parallel
to it. A similar measurement was also obtained with an ECAM camera (Siemens).
Clearly, the fixed 7 parameter model of chapter 4 results in a significant mismatch
between the measured and estimated projection locations. This unsuccessful cali-
bration is expected in turn to affect the accuracy of image reconstruction.

The most plausible explanation for the failing calibration is that the detector
performs a slight oscillation around its supporting arm during the rotation of the
camera, as illustrated in figure 7.2. We found that this oscillation is well modelled
by a sinusoidal variation of the tilt angle around an axis inside the crystal and as a
function of the projection angle 6, yielding

Dy = D+ AP cos(d + ) (7.1)

in which ® represents the average tilt angle, A® represents the amplitude of the
oscillation and 3 represents its phase. The variable tilt angle @y still indicates the
inclination of the detector plane with respect to the axis of rotation, but because
of its variable nature, the origin of the xyz coordinate system, as defined in section
2.3, is no longer uniquely defined. Instead, the location of the origin along the axis
of rotation depends on the projection angle # and as a result, both the detector
distance d and the z coordinates of the point source locations now depend on the
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Z %y
iz of rotation

Figure 7.2: Model of the oscillating detector tilt. The solid lines show the average
detector position, while the dashed lines show the most extreme positions of the
detector during the oscillation.

angle 6 as well, yielding dg and zy. Simple trigoniometry yields

cos ¢
do=d 7.2
0 cos @y (7.2)
and
zg = z — (dsin ® — dgy cos Dy) (7.3)

in which d and z now represent the detector distance and z coordinates respectively
at the average tilt angle ®. The substitution of the parameters ®, d and z (not
2"} of (4.1) and (4.2) by the parameters ®p, dy and zy respectively, yields a new
(extended) pinhole acquisition model which takes the oscillating tilt angle ®y into
account. With this extended model, containing two additional parameters A® and
0, a much closer match between the measured and estimated point source projection
locations is obtained, as shown in figure 7.1(b).

7.3 Results and Discussion

For all four calibration measurements the extended calibrations consistently indi-
cated an oscillation of the tilt with amplitude A® = 0.3° and a phase ( ranging from
0.0° to -0.6°. Table 7.1 lists the results of these calibration measurements. Only
the calibrations with oscillating tilt yield close matches between the estimated and
measured point source projections like in figure 7.2 (b). The reconstructions of the
three calibration point sources with compensation for this variable tilt are supe-
rior to reconstructions without compensation, as shown in figure 7.3 for one of the
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measurements with the 1.5 mm pinhole aperture. With compensation, the recon-
structed point sources resemble much closer the expected symmetrical blob-shaped
activity distribution than without compensation.

Figure 7.3: Reconstructed calibration sources with 1.5 mm pinhole, with (left) and
without (right) variable tilt. Reconstruction from 64 128x128 projections by 8
subsets and 4 iterations of OSEM in a 128x128x128 image of 0.5 mm cubic voxels.
A longitudinal slice is shown with the vertical axis along the axis of rotation. Each
image is scaled to its own maximum. (Courtesy of M. Defrise).

Despite the small amplitude A® of the tilt angle oscillation of just 0.3°, the
effect of the oscillation on image acquisition is surprisingly large, as can be clearly
seen in figure 7.1 (a) by the inclination of the estimated set of ellipses with respect
to the measured ones. As expected, this effect propagates into the accuracy of
the reconstructed images and compensation for the variable tilt results in improved
reconstruction accuracy, which is appreciable by simple visual inspection of figure
7.3. These observations indicate that even small variations of the tilt angle ® proof
to be critical for accurate pinhole SPECT imaging.

The small magnitude of the oscillation amplitude A® makes it also a very plau-
sible explanation for the unexpected results of the calibration measurements (the
orientation of the measured ellipses), since relatively large deviations from the rigid
acquisition model of chapter 4 are not expected for regular SPECT cameras and
should be easy to determine. The same effect can for example also be explained
by an oscillation of the electrical shift e, as a function of the projection angle 6,
but then the amplitude of the oscillation should be in the order of several millime-
ters, which is in our opinion very unlikely. A second observation motivating the
oscillating tilt assumption is that most cameras, like the DSX and ECAM camera,
have a supporting axis close to the scintillation crystal and the tilt of the detector
can usually also be adjusted by a rotation around this axis. We hypothesize that if
the mass distribution of the detector-collimator combination is not balanced with
respect to this axis, gravity can cause small oscillations around this axis. This hy-
pothesis is supported by the fact that the largest deviations from the average tilt
angle ® occurred when the above axis is in a horizontal position, since 3 is approx-
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Table 7.1: Calibration results of the DSX calibration measurements. Measurements
1 and 2 were performed with the 1.5 mm pinhole aperture and an identical acqui-
sition geometry. Measurements 3 and 4 were performed with the 3mm pinhole
aperture and an identical acquisition geometry.

d m €y [ d A Ié] v

# [mm] [mm] [mm] [mm] [mm] [deg] [deg] [deg] [deg]
Without oscillating tilt

1 1983 2418 14 -6.0 2.3 2.04 0.00 0.00 -0.34
2 199.8 2435 0.9 -2.2 -06 128 0.00 0.00 -0.20
3 1935 2423 1.9 -6.6 4.9 2.81 0.00 0.00 -0.58
4 191.2 2404 1.2 -3.0 5.5 291 0.00 0.00 -0.59
With oscillating tilt

1 2006 2447 0.2 0.8 3.2 1.11 0.31 -0.09 -0.19
2 201.6 2457 0.1 2.3 3.3 1.36 0.31 -0.01 -0.12
3 196.7 246.2 0.1 2.8 4.2 145 0.31 -0.63 -0.17
4 195.0 244.1 0.2 2.2 4.9 1.62 031 -0.40 -0.19

imately zero. From this point of view, the problem of variable tilt angles, which to
our knowledge has never been reported in the literature so far, may even be a more
common problem than expected up till now.

The calibration procedure of this chapter estimated two additional parameters
Ad and § when compared with the original calibration procedure of chapter 4.
Nevertheless, it did so using the projections from just three point sources, which is
also the minimal number of point sources required to estimate only the parameters
fyd, m, ey, e,, ® and ¥. This can be explained by the fact that the measured
ellipses contain more information about the acquisition geometry than just about
the above 7 parameters. If not, it should have been possible to obtain a good
match between the measured and estimated point source projections, using only
the rigid acquisition model of chapter 4. The uniqueness of the solution of the
calibration method of this chapter can in principle be analyzed analytically, as was
done for the original calibration method of chapter 4 in section 4.2. We consider
such analysis however beyond the scope of this chapter. In practice no problems
with the uniqueness of the solution were encountered.

Finally, the oscillating tilt is certainly not the only deviation of the DSX acquisi-
tion geometry from the rigid acquisition model of chapter 4. The measured ’ellipses’
of figure 7.1 are for instance not closed (even if all point source projections could
have been used in the data). Consequently, further improvement may be obtained
with even better models of this acquisition geometry.
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7.4 Conclusion

Based on a practical example, this chapter illustrated how the original calibration
method of chapter 4 can be extended to more complex acquisition geometries than
the original rigid acquisition model. The chapter also illustrated how slight varia-
tions of the detector tilt during image acquisition have a clear impact and result in
degraded accuracy of the reconstructed images if not corrected for.



Chapter 8

Application: MicroSPECT
Imaging of a Rodent Model
for Parkinson’s Disease

8.1 Introduction

In recent years several studies using pinhole SPECT have been reported in literature
[13,17,46-61]. This chapter illustrates the application of single pinhole SPECT
imaging to a rodent model for Parkinson’s disease. This model was developed at
this university by Dr. E. Lauwers and Prof. Dr. V. Baekelandt of the Center for
Experimental Surgery and Anaesthesiology, in corporation with Prof. Dr. Z. Debyser
of the Subfaculty of Medicine KULAK and Prof. Dr. B. Nuttin of the Laboratory
of Experimental Neurosurgery and Neuroanatomy.

8.2 Materials & Methods

Rodent Model Lentiviral vectors, manipulated strings of viral genetic material,
are promising tools for gene transfer into the central nervous system. The
stereotactic injection of lentiviral vectors encoding human a-synuclein in the
substantia nigra of rats causes overexpression of a-synuclein. This results in
a rat model with Lewy-like neuropathology and neurodegeneration similar to
Parkinson’s disease [62,63]. This a-synuclein model offers advantages as a
realistic and slowly-progressing neurodegenerative pathology as compared to
acute lesional models, like the stereotactic injection of 6-OH-dopamine into
the substantia nigra [59,61].

Study Design Five unilateral lentiviral vector-transduced Wistar rats, 9 months
after vector delivery, and 5 normal age-matched rats were injected with 300
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MBq of the high affinity presynaptic dopamine transporter ligand 23I-FP-CIT
to evaluate the dopamine transporter in the rat striatum. In three lentiviral
vector-transduced rats, contralateral control (sham) injections of green fluo-
rescent protein vectors or saline were performed. For comparative evaluation,
the 6-OH-dopamine lesion-model was used on a single rat.

Pinhole SPECT Imaging All rats were imaged, 1.5 hour after injection with
1231 FP-CIT, using a single-head GE Millennium MPR camera with a single
pinhole collimator of (approximately) 240 mm focal length f. The collimator
has a pinhole aperture of 3 mm diameter D, zero inclination angle n and an
acceptance angle a of approximately 75°. The scan consists of 64 equidistant
1 min projections over 360° in 128x128 projection images of 1.695x1.695 mm?
pixels. The distance d* between the focal point and the axis of rotation
was approximately 50 mm. After each acquisition, a calibration scan was
performed to estimate the acquisition geometry of the pinhole system with
a calibration phantom similar to the optimal calibration phantom ’optl’ of
chapter 5. The distances between the point sources sj2, s13 and ss3 equal
25.89 mm, 19.00 mm and 26.43 mm respectively. The plane trough the point
sources was horizontal and at zero projection angle 6 the detector is parallel
to it.

Tterative OS-EM image reconstruction [18, 38], taking the results of the cam-
era calibration into account, was performed in a 50x50x80 image with a voxel
size of 1.2 mm. The reconstruction used an iteration scheme with a decreasing
number of subsets: 10x16, 10x8, 10x4, 10x2 and 10x1, where the first figure
denotes the number of OS iterations and the second one the number of sub-
sets. The pinhole sensitivity was modelled as explained in section 3.4.2 and
resolution recovery was partially performed by a Gaussian smoothing of 12.0
mm FWHM during projection and backprojection. No corrections were made
for attenuation or scatter.

Data Analysis The reconstructed images were registered manually to a rat brain
atlas to determine the volumes of the right and left striatum in the recon-
structed images. For quantification, the right-to-left asymmetry ratios of these
volumes of interest were used. Both the average and maximum pixel values
in the volumes of interest were considered.

8.3 Results and Discussion

Figure 8.1 shows the reconstructions of a normal rat, a lentiviral transduced rat and
the 6-OH-dopamine rat. Figure 8.2 further shows the asymmetry ratios, obtained
from the reconstructions, for the different groups of rats. The asymmetry ratios
are shown for both the maximum pixel value and the average pixel values of the
volume of interest. For the normal rats, the left and right striatum are both clearly
visible and the resolution is sufficient to discriminate them from each other. The
uptake in the left and right striatum is approximately equal, although the uptake
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Lentiviral
dopamine

6-OH-

Figure 8.1: Examples of reconstructed images. The cursor is positioned in the left
striatum. L and R indicate the left and right side of the animal respectively.
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Figure 8.2: Right-to-left asymmetry ratios of the reconstructed activity in the right
and left striatum. The boxplots show median value, 25% and 75% percentile, and
minimum and maximum value. The left and right boxes show the results for the
mean and maximum activity in the region of interest respectively.

in the right striatum always appears slightly larger than in the left striatum. This
phenomenon can be explained by the washout of activity from the rat brain during
image acquisition (approximately 1 hour) in combination with the fact that the right
striatum is imaged with the highest sensitivity and magnification at the beginning
of the acquisition (pinhole focus is closest to the right striatum), while the left
striatum is imaged with the highest sensitivity and magnification at the end of the
acquisition.

The above explanation for the unexpected right-to-left asymmetry ratio for the
control rats was validated by a simulation experiment. A software phantom was
created consisting of two small spheres with high activity, representing the left and
right striatum, in a larger sphere of 3.5 cm diameter with uniform background
activity. The ratio of the striatum to background activity equals 5. Figure 8.3
shows the central slice of the phantom. With this phantom, the above pinhole
acquisition is simulated with a linear 30% washout of activity from the striatum
and a linear 10% washout of activity from the background during the acquisition.
The projections take a realistic model of the pinhole resolution (obtained from a
point source measurement) and the pinhole sensitivity into account and also model
uniform attenuation of 0.15 cm~! within the sphere. The reconstruction is per-
formed as explained in section 8.2, without attenuation correction and with only
partial resolution recovery. The reconstruction (iteration scheme: 10x16, 10x12,
10x8, 10x4, 10x2, 10x1 with the first figure indicating the number of iterations and
the second figure the number of subsets) shows a right-to-left asymmetry of 1.074
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Figure 8.3: Central slice of the striatum phantom.

in terms of the maximum intensity in the right and left striatum and 1.051 in terms
of the mean intensity, similar to the rat brain reconstructions. Although we don’t
know the actual washout of activity during the pinhole acquisition, the experiment
demonstrates at least that right-to-left asymmetries in the reconstruction of the
striatum can be expected.

For the lentiviral transduced rats, the right striatum is still visible, but shows
a moderately reduced uptake in comparison with the left striatum, which is as-
sumed unaffected by the unilateral transduction. The average asymmetry ratio is
decreased by 15% in comparison with the normal rats. For the 6-OH-dopamine
rat, the decrease in uptake of the right striatum is clearly appreciable from the
reconstruction image. The asymmetry ratio is down by 56% in comparison with
the normal rat population. This decrease is highly significant. Please note that the
asymmetry ratios also take any aspecific tracer uptake into account and that the
asymmetry ratios for just the specific tracer uptake will be even better than the
above values. The above results also confirm the expectations raised by the results
of motor behavioral tests.

8.4 Conclusion

The lentiviral vector-mediated rat model with a-synuclein overexpression in the
substantia nigra results in a moderate regional reduction of dopamine transporter
activity and single pinhole SPECT imaging is able to provide sufficient spatial
resolution and sensitivity to detect this reduction in practice.






Chapter 9

General Conclusion

9.1 Main Contributions

The major contribution of this work to the field of pinhole SPECT imaging, is
the theoretical study of the geometrical calibration of pinhole SPECT systems and
the subsequent development and optimization of a convenient calibration method
to determine the complete acquisition geometry of these systems in practice. The
theory studies the necessary and sufficient conditions to uniquely determine the
acquisition geometry from the projections of a set of point sources. The theory
was originally developed to study single pinhole systems, but was later extended
to multipinhole situations as well and any further extensions (like pinhole SPECT
with multiple detectors or the calibration of pinhole SPECT systems with deviating
detector orbits) are in principle straightforward.

The results of the theory were used to develop a new pinhole SPECT calibration
method, which consists of imaging three point sources in the field of view, with at
least two of the distances between the point sources being known. The mass centers
of the point source projections are processed by least square fitting to determine the
desired acquisition geometry. The calibration method is easy to perform in practice
and yields, in contrast to previously developed methods [30-36], the entire acqui-
sition geometry from this single measurement. The calibration method assumes a
rigid camera system, but it has been demonstrated that corrections for less rigid
camera systems can easily be implemented as well.

The accuracy of the calibration method depends on the noise in the calibration
measurement, the position of the calibration point sources in the field of view and
the accuracy with which the distances between these point sources are known. The
errors on the calibration results propagate in turn into the reconstructed images,
causing loss of spatial resolution and image deformations. In order to minimize
this propagation of errors, the position of the point sources in the field of view
(the calibration setup) was optimized for both the best possible calibration and
reconstruction accuracy. This optimization required the development of an efficient
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method to evaluate the calibration and reconstruction accuracy in case of noisy
calibration data and errors on the distances between the point sources.

Finally, with the recent development of multipinhole SPECT imaging, a pre-
liminary study has been performed to evaluate the benefit of multipinhole SPECT
imaging over single pinhole SPECT. The study evaluates the characteristics of the
linearized local impulse responses of single and multipinhole SPECT reconstruc-
tion. It has been demonstrated that the contrast recovery coefficient of these re-
sponses [43,44] is by itself not always a reliable measure of the quality of image
reconstruction. To verify the results of the comparative study, some additional
measures of image quality were therefore used as well. The study shows a generally
better and more uniform accuracy of multipinhole reconstruction in comparison
with single pinhole imaging. Furthermore, validation of the results indicates that
the linearized local impulse responses are excellent tools for this type of study. More
research is however needed on this topic to develop and compare optimal pinhole
and multipinhole systems.

The evaluation of the above calibration method and the comparison between
single and multipinhole SPECT required the implementation of the necessary pin-
hole SPECT calibration and reconstruction software. Since the correction for the
pinhole sensitivity is essential for performing accurate pinhole SPECT imaging in
practice, pinhole SPECT sensitivity was studied as well and a practical method
to determine the true angular pinhole sensitivity from a flood source measurement
was developed. This method is sufficiently accurate for single pinhole SPECT imag-
ing with relatively large acceptance angles, but the sensitivity model needs further
refinement to accurately predict the angular sensitivity of inclined pinhole aper-
tures with small acceptance angles, which are typically encountered in multipinhole
SPECT imaging. Nevertheless, multipinhole reconstruction with sensitivity correc-
tion is already possible, but only by using measurements of the angular pinhole
sensitivity. These measurements inevitably contain noise which will propagate into
the reconstructed images. Thanks to the software and the experience gained with
pinhole SPECT imaging, we are now able to successfully perform small animal
pinhole SPECT studies, as was illustrated in chapter 8.

9.2 Suggestions for Future Work

9.2.1 Pinhole Sensitivity

As discussed in the previous section, the analytical model of pinhole sensitivity used
in this work is not sufficiently accurate for inclined pinhole apertures with small
acceptance angles. Up to our knowledge, analytical expressions of the sensitivity of
such inclined pinhole apertures have not been discussed in the literature either and
remain a topic for future research. A possible alternative is the numerical sensitivity
calculation of Schramm et al. In combination with such research, it should be kept
in mind that large gradients in sensitivity will be present in the projection images
and that these gradients will shift with variations in the mechanical offsets and
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electrical shifts. We therefore anticipate that an accurate model of the sensitivity
of inclined pinhole apertures with small acceptance angles, will only proof useful in
practice when these variations can be taken into account.

9.2.2 Multipinhole SPECT

The theoretical study of single and multipinhole SPECT imaging of chapter 6 is only
a first attempt to fully understand the differences between single and multipinhole
imaging. Most of the current approaches to multipinhole SPECT imaging [2-4] are
at least partially based on intuition with experimental validation and prove to be
successful, but a fundamental theory about the topic remains yet to be developed.
Such theory should focus on sampling (data sufficiency), resolution, sensitivity, noise
and the effects of overlapping projections. Eventually, the theory should make
it possible to design optimal configurations of pinhole apertures for multipinhole
imaging.

9.2.3 Resolution Recovery

Pinhole imaging is always a trade-off between spatial resolution and sensitivity:
larger pinhole apertures yield better sensitivity, but at the expense of a decreased
spatial resolution and vice versa. By resolution recovery techniques, part of the loss
in spatial resolution due to the finite size of the pinhole aperture can however be
recovered. Consequently, the same spatial resolution of the reconstructed images
can be obtained with higher sensitivity (larger pinhole apertures) when resolution
recovery is applied. A resolution recovery technique based on multiple ray tracing
through the pinhole aperture, has recently been developed at the Vrije Universiteit
Brussel by M. Defrise et al. [45] and has already been implemented in our pinhole
and multipinhole reconstruction software.

The first results obtained with this technique, indicate a clear improvement in
the spatial resolution of the reconstruction image. The improvement in spatial
resolution is illustrated in figure 9.1. The figure shows the reconstruction of a small
hot rod phantom with (right) and without (left) resolution recovery (The use of the
phantom is courtesy of N. U. Schramm, Research Center Juelich GmbH, Germany).
The resolution recovery is performed by tracing 7 rays through the pinhole aperture
with 3 mm diameter D and 120° acceptance angle a. The phantom was imaged
on a Siemens ECAM camera by 64 equidistant projections over 360° in a 128x128
projection matrix with 1.95 mm detector pixels. The focal length f was 170 mm
and the distance d* was 39 mm. OSEM reconstruction was performed with 0.6
mm cubic voxels and with a decreasing number of subsets: 10x16, 10x12, 10x8,
10x4, 10x2, 10x1 in which the first figure denotes the number of iterations and the
second figure the number subsets. The reconstructed images were post-smoothed
with a 1.5 mm FWHM Gaussian kernel. With resolution recovery, the rods in
the sectors with the 3.0 mm, 2.7 mm, 2.4 mm and 2.1 mm rods are visible, while
the 2.1 mm rods are not visible in the reconstruction without resolution recovery.
Furthermore, the rods in the reconstruction without resolution recovery clearly have



134 General Conclusion

Figure 9.1: Reconstructions with (right) and without (left) resolution recovery of a
hot rod phantom with 3.0 mm, 2.7 mm, 2.4 mm, 2.1 mm, 1.8 mm and 1.5 mm rods.
(The use of the phantom is courtesy of N. U. Schramm, Research Center Juelich
GmbH, Germany.)

a lower maximum intensity, because of the additional blurring in comparison with
the rods with resolution recovery. The resolution recovery technique also appears to
have a noise reducing effect on the reconstruction. This noise reduction is attributed
to the more accurate model of the pinhole (or multipinhole) projection, which allows
for a better match of the projection of the reconstruction image and the actual
measurement.

In its current implementation the above resolution recovery technique requires
however a significant increase in the reconstruction computation time. The recon-
struction of the above example with resolution recovery takes 7 times longer to
complete in comparison with the reconstruction without resolution recovery. Fur-
ther research on more efficient implementations of the above resolution recovery
technique is therefore highly desirable.

9.2.4 Multipinhole Calibration

A pinhole acquisition of 3 point sources in combination with the knowledge of 2
of the distances between these point sources is the minimum requirement for the
unique geometrical calibration of a traditional pinhole system. This requirement
also allows the calibration of the multipinhole systems considered in this work, but
may not be strictly necessary. In multipinhole situations it is considerably more
difficult to allocate the measured point source projection locations to the correct
point source and the correct pinhole aperture. It is thereby interesting to study the
minimum requirements for the unique calibration of multipinhole systems, in order
to limit the number of point sources used to the minimum number required.
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9.2.5 Pinhole Reconstruction using Anatomical Information

Simultaneously to this work, K. Baete et al. [64—66] developed at our department a
maximum-a-posteriori algorithm to take anatomical information from MRI (Mag-
netic Resonance Imaging) or CT (Computed Tomography) images into account
during image reconstruction. The method is based on a priori knowledge about of
the activity distribution in the structures that can be delineated in the anatomical
images. The much better spatial resolution of the delineated anatomical struc-
tures allows the algorithm to minimize partial volume effects in the reconstruction
of the emission tomography images. This improves the quality of reconstruction
in terms of quantification. Furthermore, this technique could represent a suitable
regularization of the underdetermined problem of pinhole and multipinhole image
reconstruction. As a result, we anticipate that the use of the above reconstruction
algorithm in pinhole and multipinhole applications will yield a significant improve-
ment in the quality of the reconstructed images.

9.2.6 Attenuation & Scatter

So far attenuation and scatter are not modelled in the current version of our pinhole
reconstruction software. The application of corrections for attenuation and scatter
should at least in theory further improve the accuracy of the reconstructed images,
especially for quantification purposes. Because of the limited size of most laboratory
animals, the impact of this correction is however expected to be limited.






Appendix A

Proofs and Derivations

A.1 Small Acceptance Angle Aperture Model

This appendix calculates the overlap F of the projections of the ellipses E., Iy and
E)} defined in section 2.4.3. Instead of projecting the ellipses directly on a plane
orthogonal to the photon paths, the ellipses are first projected on the back plane of
the collimator plate (the plane of Ej). The result is then simply multiplied by cos T
to obtain the desired result.

Consider the pinhole aperture with diameter D, acceptance angle o and inclina-
tion angle 7 illustrated in figure A.1. The center of the pinhole aperture is located
at the distances dy and d; from the front and back plane of the collimator plate
respectively. First, we calculate the exact shape and position of the ellipses £/ and
Ey. The long axis Ay of the ellipse E¢ can be readily calculated as

_Apt+Ap+Ags

A 4 (A1)
with
Ay = (df — (D/2)sinn)(tann — tan(n — /2)), (A.2)
Apo = D/cosn, (A.3)
Ars = (dy+ (D/2)sinn)(tan(n + a/2) — tann). (A4)

With By being the short axis of Fy and with the xyy; coordinate system at the
center of Ey and with the z; and y; axes along the long and short axes of Ey
respectively, the ellipse E; can be expressed as
2 2
x Y
f f
—5 + =5 =1 (A.5)
2 2
43 Bj
From the aperture geometry it is further clear that the x ry; origin is displaced with
respect to the system central ray by the amounts (note that the angle n is defined
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Figure A.1: Model of a small acceptance angle knife edge pinhole aperture.

in the plane of figure A.1)
Amf = —dftann—(Afg—Afl)/Q, (AG)
Ayf = 0. (A?)
At zp = —(Aps — Ap1)/2 = a7, which is the projection of the focal point of the

pinhole aperture on the z; axis along the pinhole central ray, the width of Ef in
the y; direction further needs to be D* with

df
D*=D+2 2). A.
cosT tan(a/2) (A.8)

From (A.5), this observation eventually yields By

D* A%
Br= -\ (A.9)
2 | A $— T
Now the position and shape of E is completely determined. An analogous calcu-
lation can further be performed to calculate the shape and position of Ej, yielding
very similar results, except for some changes in sign.

Now consider a point source at position (zp,¥p,2p) in the field of view of the
pinhole collimator. From this position we calculate the angle x between its photon
paths and the system central ray and also the projections of this angle on the z,z,

(ke) and ypz, (Ky) planes respectively
x2 + y2
yr = (A.10)

Zp

K = arctan

Ky = arctan (_pr) , (A.11)

P
Ky = arctan (_yp> . (A.12)

Zp
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As explained previously, we first project the ellipses £y, E. and E; on the back
plane of the collimator plate along the direction x. The projection of Ej, is of course
trivial and can be immediately described in the xpy;, coordinate system.

2 2

Ty, Yy
— 1. A.13

As mentioned, the values of Ay, By, Az, and Ay, are calculated analogously to
(A1), (A.9), (A.6) and (A.7) respectively. The projection of Ey is straightforward
as well, since only its position needs to be recalculated, not its shape and orientation.
This immediately results in

(zp + Axpp)? n (Yo + Ayyp)?

=1 (A.14)
2 2
Aj By
with
Azp, = Axy — Axy — (df + dp) tan kg, (A.15)
Azp, = Ay, — Ayp — (df + dp) tan ky, (A.16)

and Az and Ayy as in (A.6) and (A.7).

The projection of E. is somewhat more complicated, since this circle is inclined
by the angle n with respect to the plane it is projected on. In the x.y. coordinate
system shown in figure A.1, E. is easily expressed as

2 Yz
D/t e~ - (A.17)

Each point (., y.) of the z.y. plane is now projected along the direction s on the
Tpyp plane, yielding

xp+ Az, = x.(cosn+ sinntank,) + dp tan k, (A.18)
Y+ Ay = Y+ xcsinntanky + dp tanky, (A.19)

Solving (A.18) and (A.19) for x. and y. and substituting them into (A.17) yields

(zp + Azep)? n ((yp + Ayep) + g(xp + Az p))?

YT B2 =1 (A.20)
with

A. = D(cosn+sinntank,)/2, (A.21)
B. = D/2, (A.22)
Axy, = Az — dptankg, (A.23)
Ay, = Ay, —dptank,, (A.24)

a7 t
g = sin 7 tan K, (A.25)

cosn +sinntan s,
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The term g(zp — Axep) finds its origin in the fact that the lower part of E. (z. > 0)
is projected by longer projection rays than the upper part (z. > 0), because of
the inclination angle 7. As a result, the lower parts of F. are projected at larger
absolute values of (y, — Ayep) in comparison with the corresponding upper parts
for nonzero angles ,, which leads to an ellipse of which the long and short axis are
rotated over an angle v with respect to the axes of the xpy;, coordinate system.

1 2g
Y= 5 arctan (1_92_-362/14?:> . (A26)
In the rotated coordinate system
Ty = (Tp+ Azep)cosy — (Yo + Ayes) siny (A.27)
Yy = (@p+ Azep)siny + (yp + Ayep) cosy (A.28)
expression (A.20) reduces to
2
y
A2 +35 = =1 (A.29)
with
2 ; 2\ —1/2
cosy (sinvy + gcosy)
A, = ( a2t B ) , (A-30)
. 2 . 2 —-1/2
sin -~y (cosy — gsinwy)
o= () 3y

With the projections of F¢, E. and E known analytically, the overlap between
them is calculated by simulation and eventually multiplied with cos .

A.2 Coordinate Transformations

Consider the general coordinate systems xyz and uv as defined in section 2.3 and
the coordinate systems z,y,z2, and u,v, specific for pinhole focus p, first introduced
in section 2.2.5. This appendix provides the transformations between these different
coordinate systems.

First consider the xyz and the x,y,2, coordinate systems. The x,yp,z, coor-
dinate system rotates with the detector over the projection angles 8 during image
acquisition and the z,y, plane is parallel to the detector. The xyz coordinate sys-
tem remains immobile during image acquisition and is generally not aligned with the
detector. Therefore it is actually more convenient to establish the relation between
the 2"’y coordinate system (2.9) and the x,y,z, system. The origin of the
z"'y" 2" system is located on the axis of rotation, while the origin of the x,y,z,
system is located in the pinhole focal point. Consequently, the x'’y"'2"" system
needs to be corrected for the translation of the x"’y"'2""" origin to the pinhole focal

point. A second observation is that the z'”, 2" axes are aligned with the columns
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and rows of the detector pixels, also after correction for the above translation. The
Zp,Yp axes on the other hand, are aligned with the inclination 7, of the pinhole
central ray. To align both systems, a rotation over the aperture specific angle ¢,
between the systems is required. The combination of the translation and rotation
correction yields

"

T Map cos(, —sing, 0 Tp
l= = |+ 0 0 1 Yp (A.32)
2" Map sin¢, cos¢, O Zp

Now consider the uv and u,v, coordinate systems. Both systems rotate with
the detector over the projection angles 6, but the origin of the uv system is defined
at the center of the projection images Q(u, v, 6), while the origin of the u,v, system
is defined as the orthogonal projection of the pinhole focal point on the detector.
Thereby, the translation of the uv origin to the u,v, origin requires correction for
both the mechanical and electrical offsets. Further, the same rotation correction as
above is required to align the axis of both systems, which leads to

cos(, —sing,

- leg e ]l

For clarity, the electrical shifts e, and e, are the mixed intrinsic and extrinsic
electrical shifts e and e of (2.19) and (2.20).

The inverse relations are further readily derived as

Muyp + ey

e (A.33)

O T "

Tp cos(, sing, T Moap
yp | = 0 0 1 vyl = —fp (A.34)
Zp —sing, cos¢, O | 2" Maup
and -
up | | cosCp sing, w || Muptey
{ Up ] N { —sin¢, cos¢, } < v ] [ Mop + €y ’ (A.35)

A.3 Pinhole Calibration Equations

This appendix derives the equations (4.9) to (4.18) by equating the right hand sides
of equations (4.1) and (4.2) expressed in two different sets of parameters and point
source coordinates (4.4) and (4.5). Using the cylindrical coordinates, defined by
equations (4.6) to (4.8), the equations (4.1) and (4.2) are first rewritten as

mcosW + zcos®sinW¥ — rcosa* cos W + rsin o™ sin P sin ¥

*— A.36
v f d* + rcos®sina* — zsin ® ( )
msinW — zcosPcos¥ — rcosa*sin ¥ — rsin o™ sin ® cos ¥
* = A.37
v ! d* + rcos®sina* — zsin ® ( )
with

ot = a-—0 (A.38)

v = u—mcosVU —e, (A.39)

v—msinV¥ — e, (A.40)
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and in which the subscript i, indicating the point source number, has been dropped
for convenience. Since the point source is assumed to be located off the rotation axis
(z-axis) and the detector tilt ® must lie in the interval | -7, % [, the coefficient 7 cos ®
in the denominator is nonzero and the above equations can further be rewritten as

ay, cos(a — 0) 4 by sin(a — 0) + ¢,

_ A.41
u sinfa — 0) + g ’ | )
p— G cos(a—0) +bysin(a —0) + Co. (A.42)
sinfa — 0) + g
with
cos ¥
P A.43
a fcos P ( )
sin ¥
_ s A4
Qo fcos o’ ( )
in ®sin ¥
b, = fw +mcos VU + ey, (A.45)
cos P
in ® v
b, — _fM +msinU + e,, (A.46)
cos P
v in ¥
o - f(mcos 4 zsin ) 4 g(meosW + ey), (A.47)
r cos r
o — (msm 4 2cos ) 4 g(msin® +ey), (A.48)
rcos ® r
d* — zsin®
T Y

With the equations (4.1) and (4.2) written in this form, the first objective of
this calculation is to prove that

ay, =a, and @, = ay, (A.50)
by=b, and b, =b,, (A51)
Cu=2c¢, and ¢, = ¢y, (A.52)
g=9, (A.53)
a = q, (A.54)

with ., ay, by, by, Cu, €y, g, @ and @y, @y, bu,gv, Cu, Cy, J, @ being expressed in the dif-
ferent parameter sets (4.4) and (4.5). Before proceeding, it should be noticed that
the above equations (A.41) and (A.42) are only valid for ¢ > 1. Geometrically,
this restriction simply states that the point source must be located in the field of
view for every possible projection angle #. This remark must be satisfied by any
acceptable parameter set, implying that also g > 1.

Equating now the right hand side of equation (A.41) expressed in the different
parameter sets and multiplying with both numerators yields

@y, SIN7Y co8 7y + by sinysiny + (¢, — litg) SNy + a,g cosy + ¢ug =

A.55
Ay siny cosy + by, sinysiny + (¢, — byg) siny + @, g cosy + é,g ( )
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with

v = a—0, (A.56)
¥ = a-6. (A.57)

The products of sines and cosines can further be rewritten, yielding

%(Nau — y) Sin(’y + ﬁ) + %(bu - bAz;) COS('Y +7)
+(cu — bug)sing — (¢ — by g) siny + a,, g cosy — a, g cosy (A.58)

+1(ay +ay)sin(@ — a) + 3(by, — by) cos(@ — a) + ¢y — cug = 0.

Performing the same operation on equation (A.42) yields an analogous result, which
can be obtained by replacing the subscripts « by v in equation (A.55) and (A.58).

The above equation contains a constant part, a part varying with the projection
angle 0 and a part varying with 26. Since the relation must be satisfied for every
possible projection angle, these parts may each individually be set equal zero. Doing
so for the 20-part yields

(ay — @y) sin(y +7) = (by — by) cos(y + 7). (A.59)

Setting the coefficients of the sine and cosine functions equal to zero results in the
equations (A.50) and (A.51). Setting the other parts of equation (A.58) now equal
to zero, taking into account the above results, yields

(cy — bug)sinyg + aygcosy = (¢, — byg) siny + a,g cos~y (A.60)

and
ay sin(a — a) + ¢,g — é,g9 = 0. (A.61)

Both the left and right hand side of equation (A.60) can be written as a cosine
with a specific amplitude and phase. Setting the phase of both sides equal to each

other yields
~ ET“ - Vu Cu bu
a —a = arctan | -2 — arctan | 2 (A.62)
y (y

with a, # 0, because f > 0and ¥ € ]—%, 5 [ Further, since g > 1, equation (A.61)
can be written as

~ g Qu .
Cu = Cy> + — sin(a — «). A.63
pi ( ) (A.63)

Substituting this relation into equation (A.62) yields

. Cu bu 1 — Cu bu
& — o = arctan | -2 — —sin(a@ — a) | — arctan | -2 . (A.64)

oy 99 Ay

The above equation (A.64) can be written as

H(B) = 8 — arctan(x — ysin 8) + arctan(z) = 0, (A.65)
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with

ﬁ = a — a7 (A.66)

Cu b,
= £ A.

x o (A.67)
L (A.68)

y = — . .
99

Since the function H(8), with 0 < y < 1, is strictly increasing,

OH(B) _ | yeosth (A.69)

0B 1+ (z — ysin(B))?
equation (A.65) has a unique solution S = 0 or equivalently @ = a. Substituting
this result back into equation (A.60) and (A.61) eventually yields the equations

(A.52) and (A.53). Note that the relations (A.50) to (A.54) remain equally valid
when replacing m cos ® and m sin ® by m,, and m, respectively in (A.43) to (A.49).

The above part derives the equations (A.50) to (A.54) for the projection of a
point source off the rotation axis. In principle these are already the equations (4.9)
to (4.18), although in a different form. The remainder of this appendix system-
atically transforms each of the equations (A.50) to (A.54) into the corresponding
equations of (4.9) to (4.18).

The relations a, = a, and a, = a, yield respectively

cos ¥ ~cos U

R (A.70)
sin ¥ _ fsin§. (A.71)
COS@ COS (I)

Dividing equation (A.71) by equation (A.70) leads to equation (4.9) and substituting
this result back into equation (A.70) or (A.71) further yields equation (4.10). The
substitution of the equations (4.9) and (4.10) into the relations Eu = b, and EJ = b,
immediately yields the equations (4.15) and (4.16). The equations ¢, = ¢, and
Cy = ¢, yield respectively

fm cos\Il—i—Esin\Il—i—g(mcos\Il—l—eu):
rcos P r
7z

me cos U+ 22 sin @ + g(mcos VU + &) (A.72)
7 cos P r

and

fm

r cos O
fm

7 cos ®

sin ¥ — Ecos\I'—l—g(msin\II—I—ev) =
r

sin¥ — % cos U + g(msin ¥ + €,) (A.73)
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in which g = g and equation (4.10) have already been used. Further, with equations
(4.15) and (4.16), (mcos ¥ + é,,) and (msin ¥ + €,) can be written in function of
(mcos¥ +e,) and (msin ¥ + ¢,) respectively, yielding

J cos ¥ + f—fsin\ll—l—g (JM’M) sin ¥
r

7 cos cos @
=M osw P (A.74)
r cos P T
and
me sin\IJ—f—Nzcos\I/—g M cos ¥
r cos O T cos ®
= fm sin ¥ — fz cos U. (A.75)
7 cos ® r

Multiplying equation (A.74) and (A.75) by cos ¥ and sin ¥ respectively, adding the
results and using equation (4.10) eventually yields equation (4.14). The substi-
tution of equation (4.14) and (4.10) into equation (A.74) or (A.75) further yields
equation (4.12), with a and b as in (4.17) and (4.18) respectively. Using this result

z

to substitute the term £ in g = g finally yields equation (4.13).

A.4 Calibration Phantom Position

Section 4.2.2 explains how the positions (z;,y;, z;) of the calibration point sources
i = 1,2,3 have to be expressed in terms of 3 translations t.,t,,t., 3 rotations
p1, P2, p3 and the distances sja, S13, S23 between the point sources. This appendix
illustrates how this can be done. The transformation proposed first places the
phantom in the field of view with point 1 in the xyz origin, point 2 on the positive
z axis and point 3 in the zy half plane of positive y coordinates. The phantom
is then rotated 3 times over the angles p1, p2, p3 along different axes to its correct
orientation and eventually it is translated in the x,y and z directions by t;,t,,t.
to the correct position in the field of view. Doing so, yields the transformation

X; ty Cxi
Yyi | = |ty | TRsRa Ry | ¢y (A.76)

Zj tz Czi
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with
[ cospr  —sinp; 0 |
R = sinpy  cosp; 0O (A7)
| O 0 L |
[ cosps 0 —sinpy |
Ry = 0 1 0 (A.78)
| sinpa 0 cospa |
cosps —sinpz 0 |
R3 = sinps  cosps 0 (A.79)
0 0 1|
and with
[ cor ] [0
Cy1 = 0 (A80)
L Cz1 ] L 0
[ ca2 ] [ 512
L Cz2 ] L 0
Cz3 2512
Cy3 = \/S§3 _ (5%2"‘25%3_5%3)2 . (A82)
| Cz3 | 0 o1

A.5 Covariance Matrix Decomposition

This section demonstrates a recursive method to calculate the matrix I" of (5.8) for
a small 3x3 covariance matrix

Oxx Oxy Ozxz
cov(P) = | Ozy Oyy Oyz |- (A.83)
Ozz Oyz Ozz

AP,

The first column of I', which equals =5

, is calculated as

Ozx
AQP L= | a/Tus (A.84)
/6\/ O—II
with
a =7 (A.85)
B === (A.86)

Oz
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and cov(P) is modified into cov(P;)

0 0 0
cov(P)=| 0 oy — a0, 0y —afog |- (A.87)
0 Oyz — af3or, 0. — 620'1'7;

In this new covariance matrix cov(P;), the variance of z has been eliminated and
the variances of y and z have been reduced by the appropriate amount, according to
their covariances with the parameter x. The covariance oy, has also been adapted
to the new values of the variances of y and z. The above procedure is now system-
atically repeated for the other diagonal elements, yielding the other columns of T
For the above 3x3 covariance matrix cov(P) this procedure yields

O 0 0

/O Oyy — a0y, 0
o 'y Oyyt+
6\/ Ozx Y Oyy — a? Oxx \/ ZZ ﬁ2y?2
T

r= (A.88)

with 5
Oyz — 304y
y= Ty Q0 (A.89)
Oyy — Q2044
From (A.88), it is easy to prove that cov(P) = I'T'T (5.8) and extension of the
method to larger covariance matrices is straightforward.

A.6 Pinhole SPECT Field of View

This appendix calculates the shape of the field of view of a pinhole camera with a
circular detector orbit and the overlap with the largest sphere inscribed in this field
of view. The results are valid for zero mechanical offset m and zero tilt angle ®.

Consider a point source rotating around an axis at a distance d* in front of a
stationary pinhole camera, as shown in figure A.2. During rotation, the point source
describes a circle with radius 7 in a plane at a distance z from the central ray of
the pinhole camera. At each position 6, the point source projection ray intersects
the pinhole central ray at an angle 7

A.90
d* —rsinf ( )

(\/7“2 cos? 0 + z2>
T=arctan| —— | .

To be located in the field of view, the ray angle 7 of the point source projection
must be less than half of the acceptance angle « of the pinhole aperture. At each
z location, the maximum radius r is thereby limited. During rotation, the angle 7
maximizes to

Tmaz = arctan (ﬁ) if 72 4 2% > rd* (A.91)

Tmaz = arctan (\ / %) if 72 + 22 < rd". (A.92)
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Pinhole Camera

AL e

"J Pinhole Wiew Cone ";‘-

Figure A.2: Point source rotating in front of a stationary pinhole camera.

At this maximum angle position of the point source 7,4, the radius of rotation
Tmaz that yields Tye. = /2 can be calculated

Tmaz = 4" — Ga7ay if z > d"sin(a/2) cos(a/2) (A.93)

Tmaz = \/d*2 sin?(a/2) — 22 if z < d*sin(a/2) cos(a/2). (A.94)

Figure A.3 illustrates the shape of this field of view. The field of view consists of a
central spherical zone (z < d* sin(«/2) cos(/2)) with two conical extensions along
the rotation axis (z > d*sin(«/2) cos(e/2)). From this observation, it is easy to
calculate the volume Vy,, of this field of view.

cosXa/2) +1
2 cos(a/2)
Further, it is obvious from (A.93,A.94) that the largest sphere that can be inscribed

in this field of view, is a sphere with radius d*3 sin(a/2) located at the center of the
field of view. The volume Vyppere is readily calculated as

Vioy = gwd*?’ sin3(a/2) (A.95)

4
Vsphere = gﬂ'd*S sin¥(a/2). (A.96)

The overlap between this sphere and the actual field of view only depends on the
aperture angle « of the pinhole system.
Vsphere 2 cos(a/2)

Viow cos¥a/2) +1 (A.97)
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Figure A.4: Fractional overlap of a spherical approximation (Vppere) of the pinhole
field of view and the true field of view (Vy,,) as a function of the pinhole aperture
angle a.

Figure A.4 shows the overlap of the sphere and the actual field of view. For small
to moderate aperture angles, the sphere covers almost the entire field of view.
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