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Characterization of Acquisition Geometry of
Pinhole SPECT
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Abstract— A method is presented to estimate the
acquisition geometry of a pinhole SPECT camera with
a circular detector orbit. This information is needed
for the reconstruction of tomographic images. The cal-
ibration uses the point source projection locations of a
tomographic acquisition of three point sources located
at known distances from each other. It is shown that
this simple phantom provides the necessary and suffi-
cient information for the proposed calibration method.
The knowledge of two of the distances between the
point sources proves to be essential. The geometry is
estimated by fitting analytically calculated projections
to the measured ones, using a simple least squares
Powell-algorithm. Some mild a priori knowledge is
used to constrain the solutions of the fit. Several of the
geometrical parameters are however highly correlated.
The effect of these correlations on the reconstructed
images is evaluated in simulation studies and related
to the estimation accuracy. The highly correlated de-
tector tilt and electrical shift are shown to be the criti-
cal parameters for accurate image reconstruction. The
performance of the algorithm is finally demonstrated
by phantom measurements. The method is based on
a single SPECT-scan of a simple calibration phantom,
executed immediately after the actual SPECT acqui-
sition. The method is also applicable to cone-beam
SPECT and X-ray CT.

Index Terms—Pinhole, geometric calibration, acqui-
sition geometry, SPECT.

I. Introduction

Because of their converging beam geometry, pinhole
cameras can provide high resolution images of targets close
to the focal point. The pinhole image magnification al-
lows a spatial resolution of projections and reconstructed
images (pinhole SPECT) below the intrinsic resolution of
the γ-camera. This superior resolution in comparison with
parallel hole imaging, comes at the expense of a severely
reduced field of view. This limited field of view restricts
the clinical use of pinhole SPECT to specific, smaller parts
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of the human body. Nevertheless, some potential clini-
cal applications, like for example thyroid scans, have been
reported in literature [1–5]. Further, the small field of
view poses no problem for imaging small laboratory an-
imals, like mice and rats. Such imaging also requires a
high spatial resolution. Therefore, pinhole SPECT pro-
vides an appropriate imaging technique for small animal
studies [6]. These studies are a powerful tool for studying
animal models of human disease or new radiopharmaceuti-
cals. In recent years several studies using pinhole SPECT
have been reported in literature [7–14], with up to submil-
limeter spatial resolution [7, 13].

To avoid artifacts and loss of resolution, the reconstruc-
tion of data acquired with a pinhole camera requires a
detailed description of the camera geometry [15–22]. For
cameras with the detector rotating on a circular orbit
around the rotation axis, seven parameters are necessary
and sufficient to completely describe this acquisition geom-
etry [18,21]. The focal length f and the electrical shifts eu
and ev constitute the intrinsic pinhole parameters. Their
value is independent of the position of the detector. The
focal length is the distance between the focal point and
the detector and the electrical shifts describe a collective
translation of the projection images, caused by drift of the
detector hardware. Regional distortions in the projection
images are not taken into account. The extrinsic parame-
ters d, m, Φ and Ψ depend on the position of the detector
with respect to the axis of rotation. They are conveniently
described by use of the central ray : the pinhole projection
ray orthogonal to the detector. The mechanical offset m
is the offset of this central ray from the rotation axis. The
distance d is the distance along the central ray between
the focal point and the rotation axis, in absence of the
mechanical offset m. It determines the radius of the circu-
lar orbit of the detector. The tilt Φ is the angle between
the detector and the axis of rotation, or equivalently the
complement of the angle between the central ray and the
axis of rotation. Finally, the twist Ψ describes the orienta-
tion of the detector pixel grid as a rotation around an axis
parallel to the central ray. All parameters are assumed
to remain constant during the pinhole acquisition. Fig-
ure 1, 2 and 3 illustrate the above parameters and table I
summarizes them.

The extrinsic parameters depend on the position of the
detector and the electrical shifts may vary in time. Also
remounting the same collimator has been reported to cause
changes of the mechanical offset [16]. Since these geomet-
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Fig. 1. Camera-Image Geometry: the z-axis is the rotation axis of
the imaging system and the xyz-origin is located to make the central
ray intersect the x′-axis.

TABLE I

Pinhole parameters.

Symbol Name Type Figure

f Focal length Intrinsic 1,3
d Distance d Extrinsic 1,3
m Mechanical offset Extrinsic 1,3
eu
ev

Electrical shift Intrinsic 2

Φ Tilt Extrinsic 1,2
Ψ Twist Extrinsic 1,2

rical changes call for frequent calibration of the pinhole
camera, we aim for an easy calibration procedure that al-
lows the determination of all seven geometrical parame-
ters from a single calibration measurement. The idea is
to perform a calibration immediately after each (series of)
acquisition(s), with the camera left in the acquisition ge-
ometry. The object in the field of view is simply replaced
by a calibration phantom and a second (possibly shorter)
acquisition is performed. The phantom used for calibra-
tion must be simple and easy to position under the camera.
In addition, the simplicity of the phantom design should
make it equally suited for cone beam SPECT and X-ray
CT, which encounter similar calibration problems.

Several methods have already been proposed to calcu-
late or estimate the geometry of a pinhole camera, cone
beam camera or X-ray CT. First Gullberg et al. [15] pro-
posed a very straightforward approach by fitting the cal-
culated projections of a point source to the measured ones
by a least squares minimization. The method assumes

an ideal camera geometry, except for the electrical shift.
The method was later extended to include the mechanical
offset [16] and for the calibration of astigmatic collima-
tors [17]. The method has the advantage of using a very
simple calibration phantom, applicable for SPECT as well
as CT. Some calibration parameters prove however to be
highly correlated and local minima in the minimization
cost function are expected to exist [15–18, 21]. This re-
duces the accuracy of the parameter estimates and makes
them dependent on the initial estimates of the fitting pro-
cedure. To avoid this, Li et al. [16] and Wang et al. [17]
incorporated a priori knowledge to confine the solutions to
a region near the global minimum of the cost function.

Rizo et al. [18] take a different approach by perform-
ing a series of measurements to avoid the correlations in
the simultaneous estimation of all parameters. The geo-
metrical parameters are separated into the intrinsic and
extrinsic parameters. The intrinsic parameters are mea-
sured using a grid of point sources, carefully placed with
respect to the detector. The phantom is specifically de-
signed to fit on the cone beam collimator. The extrinsic
parameters are again estimated by non-linear fitting using
the tomographic projection data of a single point source.
The method estimates all seven geometrical parameters
and also allows to measure the size of the detector pixels.
Kyriakopoulos et al. [19] adopt the idea of separate mea-
surements for the intrinsic and extrinsic parameters. The
intrinsic parameters are measured in a similar way as in
the method of Rizo et al.. The extrinsic parameters are
estimated by nonlinear fitting, using the projection of a
regular grid of point sources. The calibration is performed
for every projection angle, so the detector rotation is not
restricted to a circular orbit. The range of the projection
angle is however limited.

Finally, Bronnikov et al. [20] and Noo et al. [21,22] use
algebraic approaches to avoid the difficult non-linear esti-
mation problems of the above methods. Bronnikov et al.
make strong assumptions about the camera geometry, but
need only two 180 degree opposed projections to calculate
it. Noo et al. calculate the complete camera geometry,
except for the detector tilt, using the tomographic projec-
tion data of two point sources at a known distance from
each other. The parameters are calculated from the math-
ematical description of the ellipses that the point source
projections describe in the projection images during the
acquisition.

Because of the parameter correlations, complex and sys-
tem dependent calibration phantoms or multiple calibra-
tion measurements seem necessary for the accurate calcu-
lation of a complete pinhole geometry. Even small errors
on one of the parameter estimates can cause visibly detri-
mental effects in the reconstructed image [21]. The ques-
tion remains however whether this also applies for corre-
lated errors. We propose a new calibration method to es-
timate all seven parameters with a single calibration mea-
surement using non-linear fitting. The method is based
on the tomographic projection data of three point sources
at known distances from each other. The method incor-
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porates some a priori knowledge, mainly to avoid local
minima of the cost function. Its performance is not eval-
uated for the accuracy of the parameter estimates, but
for image reconstruction accuracy. This approach toler-
ates correlated errors, as long as they do not influence the
reconstructed image significantly.

Section II provides the theoretical framework of the pro-
posed calibration method. Subsections A and B describe
the geometry of a pinhole camera and its projection of a
point source. Subsection C treats the estimation of the
pinhole geometry from point source projections. It deter-
mines the necessary number of point sources and the con-
ditions on their locations in the field of view. Subsection D
finally illustrates how the fitting procedure is used to cal-
ibrate the camera and how to incorporate a priori knowl-
edge. Section III presents the simulations and experiments
performed to evaluate the methods performance. First the
necessary number of point sources is studied in subsection
A. Further, in section III B, the accuracy of the estimated
camera geometry is determined. The implications of the
estimation errors on the accuracy of reconstruction are as-
sessed in subsection C. Section III D finally evaluates the
performance of the method by real calibration measure-
ments. The results of the above experiments are presented
in section IV and discussed in section V.

II. Theory

A. Camera-Image Geometry

Consider a pinhole system consisting of a flat detector
and a pinhole collimator with an infinitely small aperture.
The detector rotates on a circular orbit during acquisition.
The 3D spatial activity distribution A(x, y, z) is projected
through the pinhole focus onto the detector. The distri-
bution is defined in the right handed Cartesian coordinate
system xyz, with the z-axis along the rotation axis. The
projection Pθ(u, v), for the detector at position θ on the
circular orbit, is defined in the uv Cartesian coordinate
system. These axes are fixed to the detector along known
directions in the detector element grid. The origin of the
uv coordinate system is the perpendicular projection of
the origin of the xyz system on the detector, as shown in
figure 1. The rotation angle θ is defined as the angle be-
tween the detector surface and the x-axis, measured in the
xy-plane.

At every detector position θ, the relative orientation of
the activity distribution and the detector is different. By
correcting for this rotation θ, the same distribution can be
expressed in a new coordinate system x′y′z′ rotating with
the uv-system around its own z′-axis, keeping the x′-axis
parallel to the detector surface.
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Notice that the angle θ expresses the relative orientation of
the detector and the image A(x, y, z) with respect to each
other. Their absolute orientations are of no importance

Fig. 2. The rotations θ, Φ and Ψ about the z-, x′- and y′′-axis
respectively, and the effect of the electrical offset ev on the image
formation. The geometry shown is for Ψ = 0. The symbol © indi-
cates axes perpendicular to the figure.

for image reconstruction purposes and no attempt will be
made to determine them.

The orientation of the uv-system (detector) can be fur-
ther specified by two additional angles, namely the tilt Φ
and the twist Ψ (cfr. figure 1, 2). The tilt Φ represents the
angle between the detector and the rotation axis. A cam-
era may be tilted deliberately to bring the focal point close
to a target organ, but in a way that allows the camera to
clear other parts of the body [1]. The tilt can be taken into
account by rotating the x′y′z′-system over the tilt angle Φ
to obtain the x′′y′′z′′ coordinate system. This rotation is
performed about the x′-axis and as a result, both the x′′-
and z′′-axis are parallel to the detector surface.
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The twist Ψ represents the angle between the u-axis and
the direction on the detector surface perpendicular to the
rotation axis. It is the orientation angle of the pixels on
the detector surface. Since the x′′-axis is still parallel to
the detector surface and orthogonal to the rotation axis,
the twist angle Ψ is also the angle between the u- and x′′-
axis. Rotating the x′′y′′z′′-system over this angle Ψ, finally
yields the x′′′y′′′z′′′ coordinate system, with the x′′′- and
z′′′-axis parallel to the u- and v-axis respectively.



x′′′

y′′′

z′′′


 =



cosΨ 0 −sinΨ

0 1 0
sinΨ 0 cosΨ





x′′

y′′

z′′


 (3)

Figure 2 summarizes the rotations of the xyz coordinate
system to align it with the uv-system. The geometry
shown is for Ψ = 0.
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Fig. 3. Projection of Point Source (x1,y1,z1), seen in z′′′-direction.

After application of the above rotations, the camera-
image geometry can further be described by the distances
f , d and m, as illustrated in figure 1. The distances f and
d are measured along the central ray and represent respec-
tively the focal length and the distance between the focal
point and the plane parallel to the detector and through
the xyz-origin. The mechanical offset m is the distance
between the central ray and the rotation axis. By defini-
tion this distance is measured in the direction orthogonal
to the rotation axis and parallel to the detector surface,
like the x′-axis (x′′-axis). Thereby, it forms the angle Ψ
with the u-axis and the length can be decomposed into its
uv-components (mu,mv).

mu = m cos Ψ
mv = m sin Ψ.

(4)

The origin of the xyz-system is chosen such along the z-
axis that the central ray intersects the x′-axis (x′′-axis).
Thereby, the mechanical offset m can be measured as the
distance between the xyz-origin and the central ray. Since
the uv-origin was defined as the orthogonal projection of
the xyz-origin, the offset m can equivalently be measured
as the distance between the uv-origin and the central ray.
Here the xyz-origin has been defined with respect to the
focal point and detector positions, instead of defining their
absolute positions in space. Once again, this absolute ref-
erence is of no importance for image reconstruction.

B. Point source Projection

Using the parameters and coordinate systems of the
above section, the pinhole projection of a point source
(x, y, z) can be calculated. The projection is defined by
its coordinates (uθ, vθ) in the uv coordinate system. Based
on congruent triangles, illustrated in figure 3, the following
equations hold:

x′′′ −mu

d+ y′′′
=
mu − uθ

f
(5)

z′′′ −mv

d+ y′′′
=
mv − vθ

f
. (6)

Rearranging them and inserting equations (4) yields

uθ = f
m cos Ψ− x′′′

d+ y′′′
+m cos Ψ (7)

vθ = f
m sin Ψ− z′′′

d+ y′′′
+m sin Ψ. (8)

The projections (uθ, vθ) are defined in the uv coordi-
nate system, but the projection location of the uv-origin
in the projection images is unknown and can be affected by
an electrical shift. This electrical shift causes a collective
translation of all detector locations (uθ, vθ) to the projec-
tion image locations (uimgθ , vimgθ ), as illustrated in figure
2. The projection location of the uv-origin can however be
described by the coordinates (eu, ev) with respect to some
known point in the projection image, like for example the
center of the image. Using these coordinates, the other
point source locations can be corrected as well:

uimgθ = f
m cos Ψ− x′′′(θ,Φ,Ψ)

d+ y′′′(θ,Φ,Ψ)
+m cos Ψ + eu (9)

vimgθ = f
m sin Ψ− z′′′(θ,Φ,Ψ)

d+ y′′′(θ,Φ,Ψ)
+m sin Ψ + ev. (10)

C. Projection Information

The above equations (9) and (10) express the point
source projections (uimgθ , vimgθ ) in function of the rotation
angle θ, the point source coordinates x, y, z and the ge-
ometrical parameters f, d,m, eu, ev,Φ and Ψ. The cali-
bration procedure under study poses the inverse problem
of determining the values of f, d,m, eu, ev,Φ and Ψ from
the measurement of a set of point sources. The position
of these point sources is unknown as well. Otherwise the
calibration phantom would have to be positioned carefully
under the camera or additional measurements to deter-
mine those locations would be required. However, assum-
ing a rigid calibration phantom, the distances between its
different point sources are fixed and known.

This section investigates how much information the pro-
jections of a point source provide about the camera geom-
etry. It determines the minimum number of point sources
yielding a unique solution of the calibration problem and
the restrictions on the point source locations in the field
of view. It does so by equating the relations (9) and (10)
expressed in function of two different sets of parameters
and coordinates

f, d,m, eu, ev,Φ,Ψ, and

xi, yi, zi with i = 1, 2, ..., I (11)

f̃ , d̃, m̃, ẽu, ẽv, Φ̃, Ψ̃ and

x̃i, ỹi, z̃i with i = 1, 2, ..., I (12)

for an increasing number of point sources I . The resulting
set of relations is then solved for the first set of parameters
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and coordinates in function of the second set. The calibra-
tion problem has a unique solution if it is found that the
two sets of parameters and coordinates have to be identi-
cal. This means that no false set of parameters and point
source locations can be found yielding the same projection
locations (uimgiθ , vimgiθ ) as the correct set.

Before starting, it is convenient to transform the Carte-
sian coordinates xiyizi into cylindrical coordinates

ri =
√
x2
i + y2

i (13)

αi = arctan

(
yi
xi

)
(14)

zi = zi. (15)

Using these coordinates, the right hand sides of equations
(9) and (10) expressed in the different sets of parameters
and coordinates are set equal to each other. The resulting
relations must be satisfied for every projection angle θ. As-
suming however a sufficiently large number of projections
angles, this is equivalent to satisfying those relations for
arbitrary projection angles θ. For point sources located off
the axis of rotation, the appendix demonstrates that this
yields the set of equations

Ψ̃ = Ψ, (16)

f̃ = f
cos Φ̃

cos Φ
, (17)

α̃i = αi i = 0, 1, ..., I , (18)

z̃i
r̃i

= a
zi
ri

+ b
d

ri
i = 0, 1, ..., I , (19)

d̃

r̃i
= b

zi
ri

+ a
d

ri
i = 0, 1, ..., I , (20)

m̃

r̃i
=
m

ri
i = 0, 1, ..., I , (21)

(m̃−m) cos Ψ + (ẽu − eu)

= f
sin Ψ

cos Φ
(sin Φ− sin Φ̃), (22)

(m̃−m) sin Ψ + (ẽv − ev)

= −f cos Ψ

cos Φ
(sin Φ− sin Φ̃) (23)

with

a =
1− sin Φ sin Φ̃

cos Φ cos Φ̃
, (24)

b =
sin Φ̃− sin Φ

cos Φ cos Φ̃
. (25)

First consider equation (20). Since both d̃ > 0 and
r̃i > 0, the right hand side of equation (20) must be strictly
positive as well. Since Φ ∈

]
−π2 , π2

[
, it can be easily shown

that this is always true for |zi| < d, which will normally be

satisfied because of the limited field of view of a pinhole
camera. Furthermore, for |zi| ≥ d, it can still be shown

that there is always a range of values of Φ̃ for which the
above remark is satisfied. This range narrows with larger
values of |Φ| and |zi|, but is still approximately equal to]
−π2 , π2

[
for any practical values of |Φ| and |zi|. Therefore,

we can neglect this constraint in the rest of the calcula-
tions.

With I = 1, the relations (16) to (23) show that differ-
ent sets of parameters can describe the same tomographic
projection of a single point source. The parameters Ψ and
α always have to be identical, as shown by equations (16)
and (18). But, equation (17) and (19) to (21), allow to cal-

culate the values of f̃ , z̃, d̃ and m̃ respectively in function
of arbitrary values of Φ̃ and r̃ and the true geometrical
parameters. Equations (22) and (23) finally determine the
values ẽu and ẽv respectively.

Consider now the projection of two point sources at loca-
tion r1α1z1 and r2α2z2, with z1 6= z2, by a pinhole camera.
The equations (16) to (23) still hold, but now for I = 2.
With m 6= 0 and m̃ 6= 0, it is easy to prove that these
relations can only hold for Φ̃ = Φ and that

z1

z̃1
=
z2

z̃2
=
r1
r̃1

=
r2
r̃2

=
d

d̃
=
m

m̃
. (26)

The above relation only allows a scaling of the r- and z-
coordinates of the point source locations. The distance
between the two point sources will be scaled as well. How-
ever, the knowledge of the distance between the two point
sources can be used to constrain the solution to the ones
with the correct distances, leaving only the trivial solution
possible. Thereby, two point sources provide sufficient in-
formation for the complete calibration of a pinhole camera,
if the mechanical offset m of the camera is non-zero. How-
ever, for a normal pinhole camera, the mechanical offset
may be assumed to be small and so a normal pinhole cam-
era agrees reasonably well with the special case of m = 0.
In that case the equations (16) to (23) can be satisfied for

an arbitrary value of Φ̃ and for an arbitrary number of
point sources I .

As mentioned before, the distances between different
point sources yield additional relations, that can be used
to constrain the solutions. For two different point sources
i and k, the conservation of the distance between them
yields the relation

(zi − zk)2 + r2
i + r2

k − 2rirk cos(αi − αk) =

(z̃i − z̃k)2 + r̃2
i + r̃2

k − 2r̃ir̃k cos(αi − αk) (27)

The parameters z̃i, z̃k, r̃i and r̃k can be written in function
of d̃ using the equations (19) and (20). Substituting them

in equation (27) and solving for d̃ yields

d̃ = gigk

√√√√√√√

(zi − zk)2 + r2
i + r2

k

−2rirk cos(αi − αk)

(zi − zk)2d2 + r2
i g

2
k + r2

kg
2
i

−2rirkgigk cos(αi − αk)

(28)
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Fig. 4. Parameter
�

d in function of
�

Φ for a unfavorable point source
configuration.

with

gi = b zi + a d (29)

and a and b as defined by equations (24) and (25). It is

easy to show that d̃ has always a real solution for an ar-
bitrary value of Φ̃. Thereby, with m = 0, it is possible to
calculate a false set of parameters to describe the tomo-
graphic projection data of two point sources, even if the
distance between the points is fixed at the correct value.

Finally consider the three point source case. The dis-
tances between these point sources yield three different
equations (like equation (28)) to calculate the value of d̃.
Of course, only those solutions that yield the same solu-
tion of d̃ by all three equations are acceptable. Equation
(28) shows that this depends on d and on the point source
locations ri, αi, zi for i = 1, 2, 3. It is easy to prove that a
common value of d̃ is always found if

z1 = z2 = z3. (30)

So three point sources located at the same z-location form
an inappropriate phantom to calibrate a pinhole camera.
Assuming three different z-locations, it is unclear whether
point source configurations exist yielding a common value
of d̃ for arbitrary values of Φ̃. However, there are cer-
tainly point source configurations, that yield nearly the
same value of d̃ for a broad range of Φ̃-values. From a cal-
ibration perspective, these geometries are equally unfavor-
able. This can be checked prior to calibration by plotting
the right hand side d̃ik of equation (28) in function of Φ̃

for the different point source combinations ik. At Φ̃ = Φ
the different curves cross or touch each other at exactly
the same point. For a configuration of point sources to be
suitable for calibration, at least two of the curves should
cross each other at a sufficiently large angle. Figure 4 and
5 show two examples of such curves for the point source
configurations of table II. The point source configuration
of figure 4 yields large variances for the parameters Φ and
ev, while the configuration of figure 5 yields good results.

Fig. 5. Parameter
�

d in function of
�

Φ for a favorable point source
configuration.

TABLE II
Point Sources Configurations used

in Fig. 4 and 5.

Fig Point x y z
nr. nr. [mm] [mm] [mm]

4 1 -30.0 0.0 -10.8
2 -35.0 0.0 0.0
3 -30.0 0.0 13.9

5 1 -30.0 0.0 -33.5
2 -35.0 0.0 -8.5
3 -30.0 0.0 33.5

d = 110 mm, Φ = 0.0 deg

D. Parameter Estimation

To estimate the geometry of a pinhole camera, we select
an appropriate point source configuration, as described
above. In principle, this requires knowledge of the point
source locations, the distance d and the tilt Φ. We assume
however that estimates of these parameter values with lim-
ited accuracy provide sufficient information for this pur-
pose. The resulting configuration serves as the calibration
phantom and a tomographic set of projections is obtained
from it over J projection angles θj (j = 1, 2, ..., J). Since
the above equations (9) and (10) provide very good ap-
proximations for the relation between the mass center of
a physical point source and that of its pinhole projection
[17], a set of projection data (uimgij , vimgij ) is obtained as
the projection mass centers of each point i at each angle j.
These data are fitted to ideal, calculated data (uestij , v

est
ij )

based on estimates of the point source locations and the
geometrical pinhole parameters. The goodness of fit is
evaluated by the least square cost function F . This cost
function sums the squared distances between the estimated
and measured point source projection locations. Better
estimates lead to smaller distances, eventually leading to
F = 0 for a perfect fit.

F =
∑

i

∑

j

[(
uimgij − uestij

)2

+
(
vimgij − vestij

)2
]
. (31)
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The minimization of F is performed with Powell’s method.
This is a direction set method for the multidimensional
minimization of functions. The minimization of an N-
variable function is performed by repeated cycles of N
successive one-dimensional line minimizations along con-
jugate directions [23].

The choice of the calibration phantom assures that only
the correct pinhole and point source geometry can be
found as a valid solution that minimizes the above func-
tion F . Therefore, the correct distances between the dif-
ferent point sources are imposed on the solution. This is
done by expressing the point source coordinates xi, yi, zi
with i = 1, 2, 3 in function of the distances 12, 13, 23 be-
tween the point sources. To do so, consider the calibration
phantom as a triangle with the three point sources located
in the vertices. The known distances 12, 13, 23 define the
shape of the triangle. The triangle can be placed at an
arbitrary position in the xyz space by three translations
and three rotations. Only the translations and rotations
have to be fitted. Further, the parameters f, d,Φ and Ψ
can be measured up to some reasonable accuracy. They
are used to constrain the result by specifying intervals in
which the parameter estimate is acceptable. For a param-
eter estimate outside such interval, the cost function is
evaluated in the closest acceptable value of the parameter
and a penalty proportional to the squared difference be-
tween the estimate and the acceptable value is added to
the result. This drives the algorithm back to the accept-
able parameter range.

III. Experiments

A. Calibration Phantom

The tomographic projection data of the calibration
phantom must contain sufficient information to enable the
correct determination of the complete acquisition geome-
try. Noo et al. [21] already observed that for this purpose
more than two point sources are necessary. This obser-
vation was confirmed by the calculations in the previous
chapter. The first experiment illustrates that at least three
point sources are necessary. For that purpose, the ideal
projection data of two point sources are simulated and
used to perform a camera calibration, while fixing one pa-
rameter at a wrong value. A configuration of point sources
provides sufficient information if no false set of parameter
values can be found that yields exactly the same projec-
tion data set (uimg1θ , vimg1θ ), as discussed in the theory. The
experiment shows that such false data sets can easily be
found for the two point source case, as predicted in the pre-
vious chapter. The results obtained from the above fitting
procedure are compared with results from an analytical
procedure. The latter method calculates the pinhole pa-
rameters using the equations (16) to (23) and (28) with
m = 0.

The experiment is performed for a pinhole camera with a
focal length f of 240 mm and a distance d equal to 110 mm.
The other pinhole parameters, including the mechanical
offset m, are all equal to zero. The two point sources

are located at x = −33.0 mm, y = 0.0 mm and at z =
−33.5 mm or z = 33.5 mm. The simulation is performed
for 64 equidistant projection angles.

B. Estimation Accuracy

In combination with noise, the correlations between the
geometric parameters can affect the estimation accuracy.
The centroids of the projected point sources can however
be accurately measured, except for any systematic errors
[15], yielding low uncertainties about the projection lo-
cations. To evaluate the parameter estimation accuracy,
the second experiment calculates the means, standard de-
viations and cross-correlations of the parameter estimates
from 100 simulations of calibration data sets. For two sam-
ple populations (x0, x1, ..., xN ) and (y0, y1, ..., yN ), with
means x̄ and ȳ respectively, the cross-correlation Pxy is
defined as

Pxy =

∑N
k=0 (xk − x̄) (yk − ȳ)√[∑N

k=0 (xk − x̄)2
] [∑N

k=0 (yk − ȳ)2
] . (32)

The data sets are obtained by adding Gaussian noise with
0.2 mm or 0.3 mm standard deviation, to the exact point
source projection coordinates, calculated with equations
(9) and (10) for 64 equidistant projection angles. These
standard deviations were chosen approximately 2 and 3
times larger then the statistical errors obtained by Gull-
berg et al. [15]. For still larger standard deviations, the
shape of the ’elliptical’ paths of the point source projec-
tions in the projection image is visually more disturbed
than the shape of a measured path. The camera- and
phantom geometries used, are similar to those used for
the real phantom measurements and are listed in table
III. Note that the curves of figure 5 have been generated
for this geometry. The table also contains the initial val-
ues with which the estimation process is started and the
constraints for the parameters f, d,Φ and Ψ.

The variances and covariances of the parameter esti-
mates can also be approximated analytically. For that
purpose, the equations (9) and (10) are approximated by
a linear Taylor series expansion about the true parame-
ter values and point source coordinates, taking into ac-
count that the distances between the point sources are
fixed. This yields a linear system

U = U0 +M ∆P (33)

where U0 is a vector with the uimgij and vimgij measurements
obtained at the expansion point. The matrix M contains
the first derivatives of the equations (9) and (10) evalu-
ated at the expansion point and the vector ∆P contains
the deviation from the expansion point. Such deviation
yields the measurement U instead of U0. The substitution
of equation (33) into equation (31) yields a linear estima-
tor minimizing the function F . The covariances of the
parameters cov(P ) can be approximated by propagating
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Fig. 6. Reconstruction Accuracy. (a) Central slice of the soft-
ware phantom. (b) Reconstruction of the yz plane of the phan-
tom, with the calibration estimate of Φ fixed at -6.0 deg instead of
0.0 deg. The radial scaling along the rotation axis is indicated by
the double arrows in the upper part of the image. The translation
along the rotation axis is visible from the seemingly displaced yz-
origin. (c) Reconstruction of the xy plane of the phantom, with
the calibration estimate of m fixed at -7.5 mm instead of 0.0 mm
(Φ = 0.0 deg). (d) Reconstruction of the yz plane of the phan-
tom, with the calibration estimate for f fixed at 223.3 mm instead of
240.0 mm (Φ = −25.0 deg). The background has been set to twice
the normal value for better visualization of the under sampling arti-
fact.

the covariances of the data cov(U) through this linear es-
timator, yielding

cov(P ) = (MTM)−1MT cov(U)M(MTM)−1. (34)

The parameter cross-correlations are easily obtained by
dividing each column and each row of cov(P ) by the square
root of its diagonal element. The approximated standard
deviations and cross-correlations are compared with those
obtained from the fitting procedure.

C. Reconstruction Accuracy

This third experiment relates estimation errors to the
estimation residue and the image reconstruction accuracy.
For this purpose a software phantom is created. The phan-
tom consists of a sphere, containing background activity,
with a cubic grid of point sources (pixels with high activ-
ity) inside. The contrast (highest activity level divided by
lowest activity level) between the point source and back-
ground activity equals 10. The sphere has a diameter
of 72.8 mm and the distance between neighboring point
sources is 15.4 mm. The sphere is discretized into pixels
of 1.4 mm. In total the sphere contains 57 point sources.
Figure 6a shows the central slice of this phantom.

Using the camera- and calibration phantom geometries
already listed in table III, the tomographic data of the

sphere and the calibration phantom are simulated for 64
equidistant projections of 128x128 pixels of 1.695 mm, us-
ing a ray driven projector. With one parameter held at a
wrong value and using the initial values and constraints of
table III for the other parameters, an estimate of the cam-
era geometry is calculated. Using this estimate, an OS-EM
reconstruction [24–26] of the sphere phantom is made and
compared to the original image. The reconstruction used
an iteration scheme with a decreasing number of subsets:
10x8, 8x4 and 5x1, where the first figure denotes the num-
ber of OS iterations and the second one the number of
subsets. The reconstructed image is registered to the orig-
inal image by translation and rotation, by a least squares
minimization of the distances between the original and re-
constructed point sources. In this experiment, the aver-
age distance between the original and reconstructed point
sources provides a measure of the reconstruction accuracy,
while the errors of the fixed parameter values relate to the
estimation accuracy. Both measures are compared to the
calibration residue, which is the only measure available in
practice.

D. Phantom Measurement

To evaluate the performance of the calibration method
with real data, a phantom was developed consisting of a
grid of 16 point sources. The grid can be divided into three
slices of 5 point sources. The point sources are approxi-
mately located in the vertices and the center of a 5 cm by
5 cm square. The distance between the different slices is
approximately 2.5 cm. One extra point source is added
to allow the unique identification of every point source in
reconstructed images.

Using our GE Millennium MPR camera with approxi-
mately the camera- and calibration phantom geometries
listed in table III and a tungsten knife-edge [27] pinhole
aperture of 3 mm, a tomographic acquisition of the phan-
tom was performed with 64 equidistant 60 s projections of
128x128 pixels of 1.695 mm. The phantom point sources
contain approximately 1.85 MBq 99mTc in 2.5µL water.
Without repositioning the camera, an identical acquisi-
tion, but with 25 s projections, is performed of the cal-
ibration phantom, which contains three 3.7 MBq 99mTc
point sources in 5.0µL water. The data of the second ac-
quisition are used to calibrate the camera. This allows to
reconstruct the grid phantom from the data of the first ac-
quisition. The reconstruction is performed with an OS-EM
algorithm with compensation for the pinhole sensitivity
[27]. The reconstruction used an iteration scheme with a
decreasing number of subsets: 10x8, 10x4 and 5x1, where
the first figure denotes the number of OS iterations and
the second one the number of subsets. The reconstruc-
tion pixel size is 1.4 mm. The calibration is performed
using the initial values and constraints of table III. The
distances between the different point sources of the orig-
inal phantom and of its reconstruction are measured and
compared distance by distance. The differences between
the measured and reconstructed distances provide a mea-
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sure of the reconstruction accuracy. The resolution of the
reconstructed point sources is also investigated.

IV. Results

A. Calibration Phantom

Consider the ideal pinhole camera with f and d equal
to 240.0 mm and 110.0 mm respectively. For the case of
two point sources, the calibration with ev fixed at a wrong
value results nevertheless in a perfect fit. For a linear vari-
ation of ev from -10.0 mm to 10.0 mm, in steps of 2.5 mm,
the detector tilt varies linearly from -2.4 deg to 2.4 deg.
The parameters f and d show some submillimeter varia-
tion as well. Similar results are obtained by fixing Φ at
a wrong value and allowing the parameter ev to be fitted.
These results are confirmed by the analytical calculations,
based on equations (16) to (23) and (28). The above varia-
tions clearly indicate that the tomographic projection data
of two point sources contain insufficient information for
the complete calibration of a pinhole camera with circular
detector orbit. Using the projection data of three point
sources, the experiment was repeated both for 0.0 and -
25.0 deg tilt. Consecutively, every parameter was fixed to
four different values, with increasing error, but none of
the attempts resulted a perfect fit using the incorrect pa-
rameter estimate, as predicted by the theory. The three
point source case is discussed in more detail in section C
’Reconstruction Accuracy’.

B. Estimation Accuracy

Table III presents the mean µCR and standard devia-
tion σCR of the calibration residue CR. This calibration
residue CR is expressed as the average distance between
the simulated and estimated point source projections after
calibration. The residue is very closely centered around its
mean value. It does not change with the detector tilt, but
differs for different noise levels. The table also presents the
standard deviations of the parameter estimates. Those are
calculated both using the series of noisy simulations (upper
values in table III) and by the analytical approximation of
equation (34) (lower values in table III). All estimates are
centered around the correct solution, but the spread dif-
fers for the different parameters. The largest errors are
found for the distances eu and ev, and for the tilt angle Φ.
The simulated and approximated standard deviations are
in very good agreement. A close inspection of the analyt-
ically approximated standard deviations indicates slightly
larger values of the estimates of tilted geometries than of
non-tilted geometries. The largest differences are found
for the parameters d and ev, but remain nevertheless un-
der 0.04 mm for 0.3 mm noise.

Table IV presents the cross-correlations of the param-
eter estimates, calculated for both 0.0 deg and -25.0 deg
tilt and 0.3 mm noise. The results for the 0.2 mm noise
cases are nearly identical. The cross-correlations from the
analytical and fitting procedures are in good agreement
with each other. The parameters m and eu, and ev and Φ
are highly correlated. The parameters f and d are highly

TABLE V

Calibration Residues and Reconstruction Errors in

function of the Estimate Error of Ψ (Φ = -25.0 deg).

∆Ψ CR RE
[deg] [mm] [mm]
-0.20 0.09 0.04
-0.40 0.19 0.07
-0.60 0.28 0.08
-0.80 0.38 0.08
-1.00 0.47 0.08
-1.20 0.56 0.07
-1.40 0.66 0.10
-1.60 0.75 0.12
-1.80 0.84 0.13
-2.00 0.93 0.11

correlated for 0.0 deg tilt, but to a lesser extent for the -
25.0 deg tilt case. In the latter case, there is an additional
correlation between the distance d and the parameters ev
and Φ. Finally, the twist Ψ shows no clear correlations
with any other parameter for the 0.0 deg tilt case. For Φ
= -25.0 deg however, there is strong correlation with the
parameters m and eu. The above mentioned correlations
are indicated in bold in table IV.

C. Reconstruction Accuracy

Figure 7 shows the reconstruction errorRE as a function
of the calibration residue CR, for calibrations performed
with one parameter estimate fixed at a wrong value. The
calibration residue CR is again defined as the average dis-
tance between the estimated and measured projections of
the calibration point sources. The reconstruction error
RE is defined as the average distance between the original
and reconstructed point sources in the software phantom.
The different symbols in the figure indicate the different
parameters, of which the estimate is fixed at 4 different
values, with increasing errors with respect to the correct
value. These errors are given in the table included in figure
7 and were chosen to yield calibration residues of approxi-
mately 1 mm and less, since real calibration measurements
indicated this limit to be easily obtainable. For all pa-
rameters, the calibration residues increase with increasing
errors. The residues show no large differences between the
0.0 and -25.0 deg tilt case, except for the parameter Ψ.
The estimate errors only cause sub-pixel reconstruction
errors which are less than the calibration residue. Table V
shows that this also holds for estimate errors of the twist
Ψ larger than -1.6 deg in the -25.0 deg tilt case. Fixing the
parameter estimates of ev or Φ to a wrong value results in
the largest reconstruction errors. The reconstruction er-
rors must be interpreted carefully, since the error on these
sub-pixel values can be of the same magnitude as the re-
construction errors themselves.

Visual inspection of the reconstructed images shows that
errors on the parameters ev and Φ cause the reconstructed
image to be translated along the axis of rotation with
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TABLE III
Estimation Accuracy.

True stands for the real camera and calibration phantom geometry, init for the initial estimates, and constraint for the

parameter estimate bounding limits. Upper standard deviations are based on simulations; lower standard deviations are

based on the analytic approximation.

Calibration Point Source Locations

x1 y1 z1 x2 y2 z2 x3 y3 z3

[mm] [mm] [mm] [mm] [mm] [mm] [mm] [mm] [mm]
true -30.0 0.0 -33.5 -35.0 0.0 -8.5 -30.0 0.0 33.5
init 0.0 0.0 0.0 0.0 0.0 25.5 0.0 13.2 65.7

Camera Geometry

f d m eu ev Φ Ψ
[mm] [mm] [mm] [mm] [mm] [deg] [deg]

true 240.0 110.0 0.0 0.0 0.0 0.0 or -25.0 0.0
init & 250.0 120.0 1.8 -0.4 0.8 -1.6 or -26.6 0.3
constraint ±50.0 ±50.0 ±10.0 ±10.0 ±5.0

Calibration Residue CR Parameter Estimate Standard Deviations

Tilt & µCR σCR f d m eu ev Φ Ψ
Noise level [mm] [mm] [mm] [mm] [mm] [mm] [mm] [deg] [deg]
Φ = 0.0 deg 0.2 0.1 0.1 0.3 0.4 0.10 0.01
σ = 0.2 mm

0.25 0.01
0.3 0.1 0.1 0.4 0.4 0.10 0.01

Φ = 0.0 deg 0.3 0.2 0.2 0.5 0.6 0.16 0.02
σ = 0.3 mm

0.37 0.01
0.4 0.2 0.2 0.5 0.6 0.14 0.02

Φ = -25.0 deg 0.3 0.1 0.1 0.4 0.4 0.10 0.03
σ = 0.2 mm

0.25 0.01
0.3 0.1 0.1 0.4 0.4 0.10 0.03

Φ = -25.0 deg 0.4 0.2 0.2 0.5 0.7 0.16 0.04
σ = 0.3 mm

0.37 0.01
0.4 0.2 0.2 0.5 0.7 0.14 0.04

respect to the original image. Additionally, the recon-
structed image is slightly scaled in radial direction accord-
ing to the position along the axis of rotation, as shown
in figure 6b. Inspection of the parameter estimates again
shows these parameters to be strongly correlated. Another
prominent correlation exists between the parameters m
and eu and errors on them cause the reconstructed images
to be rotated around the axis of rotation. There is however
no sign of a real image distortion. A reconstruction of the
central slice of the phantom is shown in figure 6c. Errors
on the other parameters visually have a less prominent in-
fluence on the reconstructed images. Besides the effects
of estimate errors, all reconstructions of the -25.0 deg tilt
case show an artifact due to the insufficient sampling of
the back region of the phantom. The artifact is clearly
visible in the right side of figure 6d.

D. Phantom Measurement

For each acquisition of the grid of point sources (Φ =
0.0 deg and Φ = -25.0 deg), two calibration measurements,
with intermediate repositioning of the calibration phan-
tom, were performed. The repositioning of the calibration
phantom provides two independent calibration measure-
ments of the same camera geometry and with the cali-
bration point sources at approximately the same location.
The results of the camera calibrations are listed in table

VI. The calibration residue is approximately 0.5 mm in all
four cases. The parameter estimates for the same cam-
era geometries show some little differences, as expected
due to the parameter correlations. The distances between
the point sources in the different reconstructions (based
on different calibration measurements) of the same pro-
jection data, are however identical up to 0.1 mm for both
tilt cases. When comparing the distances with those mea-
sured on the actual phantom, the largest difference found
was 1.0 mm for -25.0 deg tilt and 1.3 mm for 0.0 deg tilt.
Most differences are however much smaller. The distances
between the point sources of the real phantom have been
measured with an accuracy of approximately 0.3 mm.

The difference in coordinates of the estimated and mea-
sured point source projections after calibration, is not en-
tirely random and shows similarities for the three calibra-
tion point sources. This is illustrated in figure 8 by the
differences for the u coordinates of the projections of the
three calibration point sources from the first calibration
measurement with Φ = 0.0 deg.

The FWHM of the reconstructed point sources ranges
from 4.0 to 5.0 mm.

V. Discussion

Like Noo et al. [21], we find that two calibration point
sources provide insufficient information for the complete
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TABLE IV

Parameter Estimate Cross-correlations

Parameter Estimate Cross-correlation (σ = 0.3 mm)

Fitting f d m eu ev Φ Ψ
Φ = 0.0 deg f 1.00 0.97 -0.01 0.02 0.08 0.09 0.00

d 1.00 0.01 -0.01 0.10 0.11 0.02
m 1.00 -1.00 -0.11 -0.12 -0.14
eu 1.00 0.11 0.12 0.14
ev 1.00 0.99 -0.02
Φ 1.00 -0.02
Ψ 1.00

Analytical f d m eu ev Φ Ψ
Φ = 0.0 deg f 1.00 0.97 0.00 0.00 0.00 0.02 0.00

d 1.00 0.00 0.00 -0.03 -0.05 0.00
m 1.00 -1.00 0.00 0.00 -0.06
eu 1.00 0.00 0.00 0.06
ev 1.00 0.98 0.00
Φ 1.00 0.00
Ψ 1.00

Fitting f d m eu ev Φ Ψ
Φ = -25.0 deg f 1.00 0.70 0.00 0.00 0.23 0.29 0.11

d 1.00 -0.11 0.10 -0.51 -0.44 -0.08
m 1.00 -1.00 0.14 0.15 0.88
eu 1.00 -0.14 -0.15 -0.88
ev 1.00 0.99 0.24
Φ 1.00 0.25
Ψ 1.00

Analytical f d m eu ev Φ Ψ
Φ = -25.0 deg f 1.00 0.69 0.00 0.00 0.18 0.24 0.00

d 1.00 0.00 0.00 -0.54 -0.46 0.00
m 1.00 -1.00 0.00 0.00 0.90
eu 1.00 -0.00 -0.00 -0.90
ev 1.00 0.95 0.00
Φ 1.00 0.00
Ψ 1.00

TABLE VI

Camera Calibration Results.

Calibration Residue Parameter Estimates

CR f d m eu ev Φ Ψ
[mm] [mm] [mm] [mm] [mm] [mm] [deg] [deg]
0.52 252.9 117.4 0.3 4.1 5.9 0.97 -0.13

Φ ∼= 0.0 deg
0.53 253.0 117.5 0.2 4.3 6.2 1.04 -0.12
0.46 253.9 128.4 2.2 -2.2 7.7 -23.23 0.19

Φ ∼= -25.0 deg
0.48 253.9 128.3 2.5 -3.0 8.2 -23.15 0.22
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Parameter Estimate Errors

∆f ∆d ∆m ∆eu ∆ev ∆Φ ∆Ψ
[mm] [mm] [mm] [mm] [mm] [deg] [deg]
-4.18 -5.75 -1.88 -6.25 -6.88 -1.50 -0.20
-8.35 -11.50 -3.75 -12.50 -13.75 -3.00 -0.40
-12.53 -17.25 -5.63 -18.75 -20.63 -4.50 -0.60
-16.70 -23.00 -7.50 -25.00 -27.50 -6.00 -0.80

Fig. 7. RE versus CR for the listed Estimate Errors

Fig. 8. The difference in u coordinates of the measured (umeas) and
estimated (uest) calibration point source projections: (umeas−uest).

calibration of a pinhole camera. The addition of a third
point source overcomes this problem, if the point sources
are sufficiently well located, as shown in the theory. For
the experiments, the three point sources are located on a
slightly broken line, but approximately parallel to the ro-
tation axis. This proved to be more stable than the use of
a straight line, exactly parallel to the rotation axis. The
last, rather theoretic, method occasionally yielded an out-
lier with respect to the results in table III. The point

sources are located as far as possible from the axis of ro-
tation and the two outermost sources are also located as
far as possible from each other along the z-axis (axis of
rotation). The third point source was finally located in
between, but avoiding the plain of the focal point. In this
arrangement, the outermost point sources satisfy the de-
scription of Noo et al. [21] about the ideal point source
locations in his method. The location of the middle point
source seems a logical extension of this for three point
sources. However, placing the middle point source in the
plane of the pinhole focus does not seem to cause any prob-
lems. Further, since a large number of projection angles
over 360 deg are used in the calibration, the orientation
of the point sources around the rotation axis was not as-
sumed critical and the simplest geometry of a broken line
was chosen. However, later experiments show standard
deviations of the ev and Φ estimates of almost half the
original values for the middle point source rotated 180 deg
around the rotation axis. The standard deviations of the
other parameters seem unaffected by this rotation. Keep-
ing in mind the results of figure 7, this should seriously
reduce the reconstruction error. Surprisingly, this geome-
try shows a slightly worse crossing of the curves of d̃ than
the original geometry of figure 5. Finding the optimal cal-
ibration phantom geometry is a topic for future research.
To find out whether additional calibration point sources
could improve the performance, the second experiment has
once been performed for four point sources. The results
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are however very similar to the three point case.

As expected, some parameters are highly correlated.
The correlated parameters ev and Φ are clearly the most
critical. The second experiment shows that noisy data
cause the largest spread for the estimates of these param-
eters. Further, for the same calibration residue CR, the
reconstruction errors RE are the largest for ev and Φ, as
shown in the third experiment. This causes these parame-
ters to be the most difficult to estimate and it also causes
the largest distortions of reconstructed images, when they
are poorly estimated. From the image reconstruction point
of view, not all correlations cause trouble however. Al-
though noisy data also yield the largest standard devia-
tion of the estimates of eu, the reconstruction errors RE
caused by eu and m are only small.

The cross-correlations and their dependence on the tilt
angle Φ can intuitively be explained from a number of
geometrical considerations. First of all, for m = 0, the
twist Ψ causes a rotation of the detector around the cen-
tral ray. During acquisition, this rotation axis constantly
changes, which explains why the twist can easily be esti-
mated, yielding a small standard deviation of its estimate.
A correlated error between m and eu results in a rotation
of the reconstructed image around the axis of rotation. For
Φ = 0, the central ray is always orthogonal to the rota-
tion axis and no correlation between m, eu and Φ exists.
For a tilted detector however, the central ray is inclined
towards the rotation axis, yielding a component of the ro-
tation Φ along the rotation axis. This component along
a common axis establishes the correlation between m, eu
and Φ. Secondly, the ratio of the focal length f and the
distance d determines the magnification of the object in
the field of view. This explains the correlation between f
and d. The magnification is larger for parts of the object
closer to the focal point. Because of the rotation of the
focal point during acquisition, the magnification of parts
of the object away from the rotation axis varies with the
rotation angle θ. For larger tilt angles Φ this variation is
less prominent, explaining the smaller correlation of f and
d for such tilt angles. Finally, a correlated error between
ev and Φ, causes a translation of the reconstructed image
along the z-axis. This changes the distance between the
object and the focal point. For a tilted detector this also
changes the magnification of the object, which is normally
determined by the ratio of f and d. Thereby, additional
correlations between the parameters f, d, ev and Φ emerge.

For the simulation studies, the calibration method per-
forms well and the calibration residue CR provides a con-
servative measure of the reconstruction accuracy that may
be expected. For all badly estimated parameters, includ-
ing ev, the reconstruction error is always smaller than the
calibration residue and in most cases even much smaller.
Further, for the largest reconstruction errors, caused by ev
and Φ, the errors vary slowly throughout the reconstructed
image, indicating a gentle deformation of the original dis-
tribution. Finally, because of sensitivity considerations,
the geometries simulated in the experiments normally re-
quire a pinhole aperture of approximately 3 mm. The re-

construction errors presented in figure 7, are small with
respect to this aperture size, which determines the resolu-
tion of the system.

For the real camera calibrations, the residue is approx-
imately 0.5 mm. Figure 8 further illustrates that the in-
dividual distances between measured and calculated point
source projections are not totally random and independent
for different point sources. This suggests a systematic de-
viation of the camera geometry from the model presented.
We observed a sudden, submillimeter displacement of our
collimator during every acquisition. The effect of this dis-
placement is small, but noticeable in the projection data
set. However, it does not provide however a complete ex-
planation for figure 8.

The effect of the imperfect calibration match was stud-
ied on reconstructions of real tomographic data of the grid
of point sources. The small differences in parameter esti-
mates for the same camera geometry, only result in negli-
gible differences in the reconstructed images. The geome-
tries in the reconstructed images were also compared to
the real phantom geometry. Despite the measurement un-
certainty, even the largest differences (1.0 mm for -25.0 deg
tilt and 1.3 mm for 0.0 deg tilt) are small with respect to
the pinhole aperture of 3 mm, which determines the res-
olution. The FWHM of the reconstructed point sources
ranges between 4 mm and 5 mm and gives an indication
of the system resolution. Because of the larger resolution,
the errors will not cause any serious and noticeable degra-
dation of the reconstructed image accuracy.

As mentioned in the theory, the values of the parame-
ter estimates of f , d, Φ and Ψ were bounded during the
experiments. This was done to guide the procedure to a
useful solution. When starting with very poor initial esti-
mates, the unbounded procedure sometimes lead to unre-
alistic solutions with very high calibration residues. The
ranges of acceptable values were however sufficiently large
to avoid any interference with the effects of the parameter
correlations. Narrow parameter ranges, imposing strong
a priori knowledge, are not always beneficial, since they
may influence the convergence trajectory of the calibra-
tion procedure. For one of the real -25.0 deg tilt measure-
ments, constraining the parameter Φ within ±5 deg forced
the procedure to stop before convergence with the esti-
mate of Φ pinned at the limit of the acceptable values.
The constraining of the same calibration within ±10 deg
converged without any problem.

The results presented above are specific for the acquisi-
tion geometries used. The difference in standard deviation
of the estimate of Ψ between the 0.0 and -25.0 deg tilt case,
provides a clear example of this. Due to the difference in
tilt angle, there is a clear difference in the correlations
between the parameters m, eu and Ψ. The difference in
correlation affects the standard deviation of the estimate.
Fortunately, it has almost no effect on the reconstruction
accuracy. The acquisition geometries studied are those of a
perfect pinhole camera with a non-tilted or severely tilted
detector. The variation of the tilt was chosen to cover
the expected useful range of tilt values. Further, non-ideal
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cameras have nonzero parameters m, eu, ev and Ψ. De-
viations from this ideal case may however be expected to
be small and the deviations of the calibration results are
expected to be small as well. Thereby, only differences in
the relative magnitude of f and d may cause a markedly
different behavior from the above results. Especially for
smaller distances d, since then even small values of m, eu
and ev become relatively large. Our first experiments with
small values of d (30 mm) show however promising results.
As already mentioned, the use of a different calibration
phantom can yield significantly different results.

VI. Conclusions

A new method for the calibration of a pinhole camera
for image reconstruction purposes was presented. The to-
mographic projections of three point sources provide suffi-
cient information for this calibration. Thereby, it requires
only a single measurement of a simple calibration phan-
tom. The calibration is performed immediately after the
actual SPECT acquisition by replacing the object in the
field of view by the calibration phantom and executing a
second SPECT-scan.

Appendix

This appendix derives the equations (16) to (25) by
equating the right hand sides of equations (9) and (10)
expressed in two different sets of parameters and point
source coordinates (11) and (12). Using the cylindrical co-
ordinates, defined by equations (13) to (15), the equations
(9) and (10) are first rewritten as

u = f




m cos Ψ + z cos Φ sin Ψ
− r cos(α− θ) cos Ψ
+ r sin(α− θ) sin Φ sin Ψ




d+ r cos Φ sin(α− θ)− z sin Φ
+m cos Ψ + eu, (35)

v = f




m sin Ψ− z cos Φ cos Ψ
− r cos(α− θ) sin Ψ
− r sin(α− θ) sin Φ cos Ψ




d+ r cos Φ sin(α − θ)− z sin Φ
+m sin Ψ + ev , (36)

in which the subscript i, indicating the point source num-
ber, has been dropped for convenience. Since the point
source is assumed to be located off the rotation axis (z-
axis) and the detector tilt Φ must lie in the interval]
−π2 , π2

[
, the coefficient r cos Φ in the numerator is nonzero

and the above equations can further be rewritten as

u =
au cos(α− θ) + bu sin(α− θ) + cu

sin(α− θ) + g
, (37)

v =
av cos(α− θ) + bv sin(α− θ) + cv

sin(α− θ) + g
, (38)

with

au = −f cos Ψ

cos Φ
, (39)

av = −f sin Ψ

cos Φ
, (40)

bu = f
sin Φ sin Ψ

cos Φ
+m cos Ψ + eu, (41)

bv = −f sin Φ cos Ψ

cos Φ
+m sin Ψ + ev, (42)

cu = f

(
m cos Ψ

r cos Φ
+
z sin Ψ

r

)
+ g (m cos Ψ + eu)(43)

cv = f

(
m sin Ψ

r cos Φ
+
z cos Ψ

r

)
+ g (m sin Ψ + ev)(44)

g =
d− z sin Φ

r cos Φ
. (45)

With the equations (9) and (10) written in this form,
the first objective of this calculation is to prove that

ãu = au and ãv = av, (46)

b̃u = bu and b̃v = bv, (47)

c̃u = cu and c̃v = cv, (48)

g̃ = g, (49)

α̃ = α, (50)

with au, av, bu, bv, cu, cv, g, α and ãu, ãv , b̃u, b̃v, c̃u, c̃v, g̃, α̃
being expressed in the different parameter sets (11) and
(12). Before proceeding, it should be noticed that the
above equations (37) and (38) are only valid for g > 1.
Geometrically, this restriction simply states that the point
source must be located in the field of view for every pos-
sible projection angle θ. This remark must be satisfied by
any acceptable parameter set, implying that also g̃ > 1.

Equating now the right hand side of equation (37) ex-
pressed in the different parameter sets and multiplying
with both numerators yields

au sin γ̃ cos γ + bu sin γ̃ sin γ + (cu − b̃ug) sin γ̃

+ aug̃ cos γ + cug̃ = ãug cos γ̃ + c̃ug (51)

+ ãu sin γ cos γ̃ + b̃u sin γ sin γ̃ + (c̃u − bug̃) sin γ,

with

γ = α− θ, (52)

γ̃ = α̃− θ. (53)

The products of sines and cosines can further be rewritten,
yielding

1

2
(au − ãu) sin(γ + γ̃) +

1

2
(bu − b̃u) cos(γ + γ̃)

+ (cu − b̃ug) sin γ̃ − (c̃u − bug̃) sin γ

+ aug̃ cos γ − ãug cos γ̃

+
1

2
(au + ãu) sin(α̃− α) +

1

2
(bu − b̃u) cos(α̃ − α)

+ cug̃ − c̃ug = 0. (54)

Performing the same operation on equation (38) yields an
analogous result, which can be obtained by replacing the
subscripts u by v in equation (51) and (54).

The above equation contains a constant part, a part
varying with the projection angle θ and a part varying with
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2θ. Since the relation must be satisfied for every possible
projection angle, these parts may each individually be set
equal zero. Doing so for the 2θ-part yields

(au − ãu) sin(γ + γ̃) = (bu − b̃u) cos(γ + γ̃). (55)

Setting the coefficients of the sine and cosine functions
equal to zero results in the equations (46) and (47). Setting
the other parts of equation (54) now equal to zero, taking
into account the above results, yields

(cu − bug) sin γ̃ + aug cos γ̃ =

(c̃u − bug̃) sin γ + aug̃ cos γ (56)

and

au sin(α̃− α) + cug̃ − c̃ug = 0. (57)

Both the left and right hand side of equation (56) can
be written as a cosine with a specific amplitude and phase.
Setting the phase of both sides equal to each other yields

α̃− α = arctan

( �

cu
�

g − bu
au

)
− arctan

(
cu
g − bu
au

)
(58)

with au 6= 0, because f > 0 and Ψ ∈
]
−π2 , π2

[
. Further,

since g > 1, equation (57) can be written as

c̃u = cu
g̃

g
+
au
g

sin(α̃− α). (59)

Substituting this relation into equation (58) yields

α̃− α = arctan

(
cu
g − bu
au

− 1

gg̃
sin(α̃− α)

)

− arctan

(
cu
g − bu
au

)
. (60)

The above equation (60) can be written as

H(β) = β − arctan(x − y sinβ) + arctan(x) = 0, (61)

with

β = α̃− α, (62)

x =

cu
g − bu
au

, (63)

y =
1

gg̃
. (64)

Since the function H(β), with 0 < y < 1, is strictly in-
creasing,

∂H(β)

∂β
= 1− y cos(β)

1 + (x− y sin(β))2
> 0, (65)

equation (61) has a unique solution β = 0 or equivalently
α̃ = α. Substituting this result back into equation (56)
and (57) eventually yields the equations (48) and (49).

The above part derives the equations (46) to (50) for the
projection of a point source off the rotation axis. In princi-
ple these are already the equations (16) to (25), although
in a different form. The remainder of this appendix sys-
tematically transforms each of the equations (46) to (50)
into the corresponding equations of (16) to (25).

The relations ãu = au and ãv = av yield respectively

f
cos Ψ

cos Φ
= f̃

cos Ψ̃

cos Φ̃
, (66)

f
sin Ψ

cos Φ
= f̃

sin Ψ̃

cos Φ̃
. (67)

Dividing equation (67) by equation (66) leads to equation
(16) and substituting this result back into equation (66)
or (67) further yields equation (17). The substitution of

the equations (16) and (17) into the relations b̃u = bu and

b̃v = bv immediately yields the equations (22) and (23).
The equations c̃u = cu and c̃v = cv yield respectively

fm

r cos Φ
cos Ψ +

fz

r
sin Ψ + g(m cos Ψ + eu) =

fm̃

r̃ cos Φ
cos Ψ +

f̃ z̃

r̃
sin Ψ + g(m̃ cos Ψ + ẽu) (68)

and

fm

r cos Φ
sin Ψ− fz

r
cos Ψ + g(m sin Ψ + ev) =

fm̃

r̃ cos Φ
sin Ψ− f̃ z̃

r̃
cos Ψ + g(m̃ sin Ψ + ẽv), (69)

in which g̃ = g and equation (17) have already been used.
Further, with equations (22) and (23), (m̃ cos Ψ + ẽu) and
(m̃ sin Ψ + ẽv) can be written in function of (m cos Ψ + eu)
and (m sin Ψ + ev) respectively, yielding

fm̃

r̃ cos Φ
cos Ψ +

fz̃

r̃
sin Ψ + g

(
f(sin Φ− sin Φ̃)

cos Φ

)
sin Ψ

=
fm

r cos Φ
cos Ψ +

fz

r
sin Ψ (70)

and

fm̃

r̃ cos Φ
sin Ψ− fz̃

r̃
cos Ψ− g

(
f(sin Φ− sin Φ̃)

cos Φ

)
cos Ψ

=
fm

r cos Φ
sin Ψ− fz

r
cos Ψ. (71)

Multiplying equation (70) and (71) by cos Ψ and sin Ψ re-
spectively, adding the results and using equation (17) even-
tually yields equation (21). The substitution of equation
(21) and (17) into equation (70) or (71) further yields equa-
tion (19), (24) and (25). Using this result to substitute the
term

�

z
�

r in g̃ = g finally yields equation (20).
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